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Applied Mathematics

SECTION - A

1 QUADRATIC EQUATIONS
|

LEARNING OBJECTIVES

Introduction

Identity and Equation

Root of an Equation

Factorization Method of Solving a Quadratic Equation
Formula Method of Solving a Quadratic Equation
Equations Reducible to Quadratic Form
Simultaneous Equations in Two Variables

INTRODUCTION

In our earlier classes, we have already learnt about expressions of the type :
2x2 +5x—6, 7Tx=3, x*—x’+2x+9 etc.
These are called polynomials in the variable 'x'.
We say that the solution of the polynomial equation 2x-5=0 is x=5/2,
because this value of x satisfies the equation 2x-5=0.
In the present chapter, we shall study the methods of finding real and
complex roots of the polynomial equations of the type ax’ +bc+c=0 where a,b,c

,are arbitrary complex numbers

IDENTITY AND EQUATION

An identity is a statement of equality between two expressions which is
free for all value of the variable involved.
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For example, (x—1)>+4(x—-1)+10-x> -2x-7 =0 is an identity, because the
above statement is true for all values of x.

An equation is a statement of equality between two expressions which is
not true for all values of the variable involved.

For example:
(i) sinx=0 is true for x=0,+ 27
(ii) x*>—5x+6=0 is true for x=2, 3.

A polynomial equated to zero is called a polynomial equation. The
degree of a polynomial equation is same as the degree of the corresponding
polynomial.

For example, 2x> —7x+6=0is a polynomial equation of degree 2.

A polynomial equation of degree 2 is called a quadratic equation.

ROOT OF AN EQUATION

A value of the variable for which an equation is satisfied is called a root
of the equation, under consideration.

5.
For example, 5 s root of 4x> —16x+15 =0, because

2
5
4(—) —-16 [£J+15=25—40+15:O-
2 2

Also, 1 is not a root of 4x> —16x+15=0, because

41> -16(1)+15=4-16+15=3%0.

FACTORIZATION METHOD OF SOLVING A
QUADRATIC EQUATION

The principal underlying this method is that if xy=0then either x=0
or y=0.
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Let b=0, then ax’ +c=0ie., x> =—c/a or x=1vJ—c/a . So, let us assume
that b#0.

The method of factorization is applicable only if we can write b as the sum of
two numbers whose product is ac. The value of b is changed in the given
equation and the factorization is carried.

For example, consider the quadratic equation
x*—x—6=0.
Here b=- 1, We write b=-1=(-3)+2, because (-3)(2) = -6 = (1)(-6).
1 = x*-3x+2x-6=0 = x(x-3)+2(x-3)=0
(x-3)(x+2)=0 = x=3, =2.

. 2 4
Example 1. Solve the equation : Xre o X .
x+3 2x+3

Sol. We have xX+2 = x+4 )
2x+3

(x+2)2x+3)=(x+3)(x+4)
2x 4 3x+4x+6=x>+4x+3x+12
x*=6 = x:i\/g

The roots are —\/g and \/E )

WORKING RULES FOR SOLVING PROBLEMS

Rule 1. If the equation to solve is ax’ +c=0, then write x> =—c/a and then
x=++-c/a. The roots are N—c/a and +-c/a.

Rule II. If the equation to solve is ax’ +bc+c =0, then find two number | and m
Such that /+m =0 and Im=ac. Put b=1[1+m in the equation and

Factorize the L.H.S
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EXERCISE 1.1
SHORT ANSWER TYPE QUESTIONS

Solve the following equations by the method of factorization:
1. 7x°+49=0 2. 2x*+1=0

LONG ANSWER TYPE QUESTIONS

Solve the following equations by the method of factorization :

3. 2z°-10=z 4, 2x*+3ix+2=0

5. abx’ —(a+b)x+1=0 6.~ *d9__49 , P
q P X=—p X—-q

Answers

2. +42i/2 ) 4. i/2,-2i

pi+q’
p+yq

6. 0,p+gq,

FORMULA METHOD OF SOLVING A QUADRATIC
EQUATION

The “ormula method’ of solving a quadratic equation is used when the
‘factorization method’ is not easily application.

Let ax® +bx+c =0, az0

be the given quadratic equation where a, b, ¢ are complex numbers.

= = C-a#0)
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b* —4ac
2a
‘o —b++/b*> —4ac
2a '
These are the required roots of the given equation.

=

Example 2. Solve: x* +2|x|-8=0
Sol. We have x> +2|x|-8=0 .. |x|°+ 2|x|-8=0 ¢ |x|P=x%)

244132 —246
| x|= = =—4,2
2 2
| x| =-4is impossible and |x| =2 = x =% 2.

Roots are - 2, 2.

WORKING RULES FOR SOLVING PROBLEMS

Step I.  Simplify the given equation and express it in the form ax” +bx+c =0

Step II. Identify the values of a, b and c.

—b++b* —4ac

Step III. Use the formula: x= 5 and simplify it.
a

Step IV. The values of x are the roots of the given equation.

EXERCISE 1.2
SHORT ANSWER TYPE QUESTIONS

Solve the following equations by the formula method :

. x2=9x+20=0 2. x*—x-12=0

. X +x+1=0 4. x*2x+2=0.
3x* =7x+5=0 6. 9x> +10x+3=0
21x* =29x +11=0 8. x’ +4ix—4=0.

Answers

3. 3

-+
2
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5. igi . : . %i*@i 8. —2i —2i

EQUATIONS REDUCIBLE TO QUARATIC FORM

In this section, we shall solve equations which are not quadratic, but
could be reduced to quadratic form by certain substitutions.

Type I. Equation of the form aX’+bX"+c=0, where X is more
function of x.

WORKING RULES FOR SOLVING aX > +bX" +c=0,
WHERE X IS SOME FUNCTION OF X

Step I. Put X" = y and get the quadratic equation ay’ +by+c=0.
Step II. Solve this equation and get two values of y.

Step III. Find the values of x by putting y = X ".

Example 3. Solve the equation: (x> =5x+7)" —(x=2)(x-3) =1.

Sol. We have  (x” —5x+7) —(x-2)(x-3)=1.

= (x* =5x)° +49 +14(x* =5x)— (x> =5x+6) =1

= (x* =5x)% +13(x* =5x)+42=0 ...(1)

Let y=x2-5x . (1) = P’ +13y+42=0 = (y+7)(y+6)=0

L y=-7,-6

Either y=-7 y = -6

x> =5x=-7 or x*-5x+7=0 o x2=5x=-6 or x*-5x+6=0

L 52528 5+i3 _ C5+4425-24 541

o X = =23
2 2 2 2
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Si;\/g’ 23

The roots are

Type II. Equation of the form a(p*)? +b(p*) + c = 0.

WORKING RULES FOR SOLVING a(p®)? +b(p*) +c =0
Step I. Put p* =y and get the quadratic equation ay* + by +c¢ =0
Step II. Solve this equation and get two values of y .

Step III. Find the values of x by putting y = p*

Example 4. Solve the equation :
52¥ — 5¥*3 4 125 = 5%
Sol. We have 52¥ — 5%+3 4+ 125 = 5%,
(5%)2—-5% 53+ 125—-5*=0 = (5%)?-5*(5*+ 1)+125=0
(5)2 —126.5* + 125=0 ..o(1)

(1) = y2— 126y +125=0

126 +4/(-126)" - 4(1)(125)
- 2(1)

y =1, 125

y=125

Either y=1
5*=125 = 5*=5'= x=3

5¥=1 = 5¥=50 = x=0

The roots are 0, 3.

Type III. Equation of the form aX + ; + ¢ =0, where X is some function of

X.

WORKING RULES FOR SOLVING aX + % + ¢ = 0, WHERE X IS SOME
FUNCTION OF x

Step I. Put X = y and get the equation ay + £+ c=0.
Y
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Step II. Multiply both sides by y and get the quadratic equation
ay’ +cy+b=0.
Step III. Solve this equation and get two values of y.

Step IV. Find the values of x by putting y =X

Example 5. Solve the equation :

8\/ X _\/x+3=2
x+3 X

Sol. We have 8\/ i —\/x+3:
x+3 X

X’:3 - (1)

Let y= 8y° —1=2y = 8y’ -2y—-1=0

x+3

X 1

x+3 4 3 non-negative.

=—=4x=x+3=>x= 3 =1. This is impossible, because L.H.S. is

. the root is 1.

Type IV. Equation of the form A(x+ a) (x+ b) (x + ¢) (x+ d) = k.

WORKING RULES FOR SOLVING A(x+ a) (x+ b) (x + ¢) (x+ d) = k

Step I. Express the given equation in the form A(x+ a) (x+ b) (x + ¢) (x+ d) = k,
if already not so. Note that the coefficient of x in each factor should be T’

Step II. Group a, b, ¢, d into two pairs having equal sums. Leta + b = c + d.
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Step III. Write the equation in the form: A(x+ a) (x+ b) (x + ¢) (x+ d) = k.
Multiply the factors and get Alx> + (a+b)x +ab| [x* +(c+d)x+cd|=k
ie., ﬂ[xz +(a+b)x+ ab] [x2 +(c+d)x+cd]:k, because a + b =c + d.

Step IV. Put x*> + (a + b)x = y and get the equation A(y +ab)(y+cd) =k .

Simplify and get the quadratic equation Ay* + A(ab+cd)y + Aabcd —k = 0.
Step V. Solve the equation and get two values of y.

Step VI. Find the value of x by putting y = x* + (a +b)x .

Example 6. Solve the equation :
x(x+1D)*(x+2)="72
Sol. We have x(x+1D)*(x+2)="72
= (x+0)(x+D(x+D)(x+2)=72
0+2=1+1
(1) implies [(x + 0)x + 2)] [(x+1)x+1)]=72
= (x> +2x)(x* +2x+1)=72
Lety=x2+2x . (2) = yO+D)=72 = y°+y-72=0

—1+4/1+ 288

2

. Either y=8 or y=-9
= x +2x=8 = x +2x-8=0 = x’+2x=-9 = x*+2x+9=0
Lo T2EV4432  -236 —2++/4-36  —2+42i

2,—4 = X =
2 2 2 2

— 142420 .

=

The roots are 2,—4,—1 + 2+/2i.
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Type V. Equation of the form ax% + bx3 + cx2? + bx + a = 0. In this
equation, coefficients of terms equidistant from beginning and end are
numerically equal.

WORKING RULES FOR SOLVING ax* + bx3+cx2 +tbx+a=0

Step I. Divide both sides of the equation by x? and get

a

b
axzibx+ci—+—2=0
X x

Step II. Collect terms equidistant from beginning and end.

1 1 .
Step III. Put x+—=y or x—— =y, as per requirement, and get a
X X

quadratic equation.

Step IV. Solve this equation and get two values of y.

Step V. Find the values of x by putting y = x+l (or X — 1 >
X X

Example 7. Solve the equation :
6x* —25x° +12x> +25x+6=0
Sol. We have 6x* —25x" +12x*> +25x+6=0.
This is a reciprocal equation. Dividing throughout by x°, we get

6x* X’ x? X 6
- 25—+12—+25—+—
x’ x’ x’ x?  x?

6x° —25x+12+§+%=0
X X

Grouping terms equidistant from beginning and end, we get

6(x2 +L2)—25(x—lj+12 =0
X X

1 2
Let y=X-— . 1 1 j+2:[x—lj +2=y’+2 .
X X
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(1) = 6(y>+2)-25y+12=0 = 6y —25y—24 =0= y=3/28/3

. Either y=3/2 y=8/3
1 3
X——== =
x 2

x? -1 3
X

= 3x> -8x-3=0
+ ./ +
ML 2”6:3‘5 ., _8t64¥36 8410

6

The roots are -1/2, 2, -1/3, 3.

Type VI. Equation of the form Nax +b tJex +d =kor \Jex+ f

WORKING RULES FOR SOLVING +/ax + b + Vcx + d =k or \Jex+ f
Step I. Square both sides of the equation.

Step II. Transpose the terms, so that the expression under radical sign in on
one side.

Step III. Square both sides again and solve it and get the values of x.

Step IV. Test all values of x so obtained and reject those values which do not
Satisfy the given equation.

Example 8. Solve the equation :

J1=5x+4/1-3x =2

Sol. We have 1-5x++1-3x=2.

Squaring, we get (1 —-5x)+ (1-3x)+2+/1-5x+/1-3x =4

= 2 J0-5x)1-3x)=2+8x = (I-5x)1-3x)=1+4x
Squaring again, we get 1-5x—-3x+15x> =1+16x” +8x

= x?+16x=0 = x(x+16)=0
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x=0,-16

0 is a root of (1) if /1-5(0) ++/1-3(-16) =2

or if \/I+\/I=2 if 2 =2, whichis true. .. x=0 is a root.

x=—-16is aroot of (1) if 1-5(~16) +,/1-3(~16) =2
or if V81++/49=2 if 9+ 7 =2if 16 = 2, which is not true.

x = —16 is an extraneous root. .. The only root is O.

Type VII. Equation of the form p(ax’ +bx +c)+gvax’ +bx+c=r.

WORKING RULES FOR SOLVING p(ax’ +bx+c)+qvax’ +bx+c=r.

Step I. Put vax’ +bx+c =y and get the quadratic equation py> +qy—-r=0.

Step II. Solve this equation and get two values of y. If any or both values of

y are negative, then we reject those values, because y =+ ax’ +bx+c

is always non-negative.
Step III. Find the values of x by using y =~ax’ +bx+c

Example 9. Solve the equation :

8+9,/(Bx—1)(x—2) =3x> —7x.

. We have 8+9,/(3x—1)(x—2) =3x* —7x.

ON3x2 —6x—x+2 =3x> —Tx—8
9V3x2 —=7x+2 =Bx> =7x+2)-10

y=N3xt=Tx+2 o) = 9y=y’-10 = y’-9y-10=0

y_9i«/81+40 9111
2

=-1,10
2
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Either y=-1 y = 10.

N3x?P=Tx+2=-1 N3x2=T7x+2=10
A3x2 =7x+2 =100

3x* =7x-98=0
7T+ 49 + 1176 _

This is impossible because L.H.S. is

non — negative.

X =

The roots are 7, -14/3.

Type VIII. Equation of the form +ax> +bx+c i\/d)c2 +ex+ f =kor gx+h.

WORKING RULES FOR SOLVING

\/ax2 +bx+ci\/d)c2 +ex+f =kor gx+h

Stepl.  Let the given equation be Nax* +bx+c i\/a’x2 tex+ [ =k

Step II.  Put Vax’ +bx+c=A4 and ydx* +ex+ f =B and get the equation
A-B=k (1)
Step III. Simplify A° - B> and let it be p(x)
A* = B*= p(x), (2
where p(x) is either a quadratic polynomial or a linear polynomial or
a constant

2 2
Step IV. Divide (2) by (1) and get AA‘i - p:“) ic., A+B=% (3)

Step V. Solve (1) and (3) and get the value of A (or of B).
Step VI. Find the value of x by putting AN ax’ +bx+c . The value of B will

also give the same value of x.
Other forms of the given equation are also solved by following the

same method.

Example 10. Solve the equations :

V5x? —6x+8—1/5x2 —6x—7 =1
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Sol. We have \/5x2—6x+8—\/5x2—6x—7=1 ....(1)

Let A = vV5x* —6x+8 and B = V5x* —6x—7
1) = A-B=1
Now, A* —B* =(5x* —6x+8)—(5x> —6x—-7)=15

A* —B* =15
Dividing (3) by (2), we get ﬂ
A-B
= A+ B =15
1) + 4 = 24=16 ie, A=8 . 5x’—6x+8=8
or 5x* —6x+8=64 ie., 5x*—6x-56=0

_ 643641120 6434, 14

10 10 5
The roots are 4, -14/5.

Remark. In the above example, (2) — (4) implies -2B=- 14 ie., B=7
V5x® —6x—7=Tie., 5x* —6x-56=0

Solving this equation, we shall get the same value of x as we got by using A = 8.

Vxt+k+x—k _
x+k—x—k

StepI. Apply Componendo and Dividendo property

(i.e.,ﬁ =54 th_ct dJ on both sides of the given equation.

b d a-b c-d
Step II. Square both sides of this equation and simplify to get the values
of x.

Step III. Test all values of x so obtained and reject those values which do

Type IX. Equation of the form A

WORKING RULES FOR SOLVING A

Not satisfy the given equation.
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Ja+x++a-x _a

\/a+x—\/a—x _X'

Example 11. Solve the equation :

Sol. We have \/a+x+\/a—x:£.
Ja+x —a-x

X

Applying componendo and dividend, we get

(\/a+x +\/a—x)+( a+x—\/a—x): a+x

(\/a+x +\/a—x)—(\/a+x—\/a—x) a—x

z\/izi_i:;lii = \/a+x(a—x)=\/a—x(a+x)

\/a+x\/a—x\/a—x—\/a+x =0
Either Na+x=0 ...(1) or vJa-x=0

«/a—x—«/a+x=0

(1) = a+x=0 ie., x=-a (2) = a-x=01te, x=a

3 = Na-x=Aa+x = a-x=a+x = 2x=0 ie, x=0
x=0 does not satisfy the given equation. .. The root are *a.

Type X. Equation of the form a(l + x)*"° £b(1-x)*" =c(1-x*)""

WORKING RULES FOR SOLVING a(1 + x)*"° +b(1-x)*" =c(1-x*)""’

Step I. Cube both sides of the equation by using the formula :
(a+b)’ =a’ +b’ +3ab(a+b) or (a—-b) =a’ -b’ -3ab(a->).

Step II. Replace a(1+ x)*"” £ b(1-x)*"" by c(1-x*)"" in this equation.

Step III. Simplify the equation and get a quadratic equation in x.

Step IV. Solve this quadratic equation to get the required value of x.
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Example 12. Solve the equation (1+x)>° +(1-x)*"7 =3(1-x2)"".
Sol. We have (I+x)*? +(1-x)*° =31-x")""
Cubing, we get [a+ 02 +a-x2"F =pa-x>"]
= (+xf +(1-0)2+30+ 02 1= 0 |1+ x) (=02 = 270-27)
= (1427 +2x)+ 1+ x> —2x) +3(1-x7)*"*. 3(1—x*)'"? =27-27x"
[Using (1)]

29x? =254+9(1-x2)=0 = 29x”> -25+9-9x*> =0

20x° =16 »* =02
20 5

X = iZ\/g. :. The roots are i2/\/§.

EXERCISE 1.3
LONG ANSWER TYPE QUESTIONS

Solve the following equations :
(i) x*-8x-9=0 (i) (x*=5x)> =30(x> =5x)-216=0
(@) 27 +47 =8 (i) 7" +7" =50

. () VBx+l-v/x-1=2 (ii) Vx+2++x+7 =+/6x+13

. (i) 3x® +15x—2=2x" +5x+1 (ii) 12494 (x—1)(Bx+2) =3x" —x

(i) VX2 +3x432+4x% +3x+5=9 (i) Vx*—3x+36—+x’ —3x+9 =3
Answers
(ii) -4, 2, 3, 9 2. (i) 1 (i) +1

(i) 2
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4.() - (i) —% 5. (i) -4, 1 (ii) 0, 3

SIMULTANEOUS EQUATIONS IN TWO VARIABLES

The different methods of solving simultaneous equations are illustrated below:

Example 13. Solve the equations :
(i) x*+y’ =185

x+y=19
Sol. (i) We have x> +y’ =185
(2) implies y=19-x.
Putting this value of y in (1), we get
x2+(19-x2)=185 ie., x> +361+x>-38x=185
2x% =38x+176=0 = x* —19x+88=0

(x—8)(x—-1D)=0 = x=38,1

. Either x=8 x=11
y=19-x=19-8=11 y=19-x=19-11=8

. The solution is x=8, y=11; x=11, y =8.
10
(i) We have \/E+\/E=—
y Vx 3

(1) =
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x(10-x)=9 [using (2)]

x2=10x+9=0

. Either x=1 x=9
y=10-x=10-1=9 y=10-x=10-9=1

. The solution is x=1y=9;x=9,y=1.

| EXERCISE 1.4
LONG ANSWER TYPE QUESTIONS

Solve the following simultaneous equations :

1. x+2y=1x>+y> =10 2. x+y=20,xy =64

[y 5
3. x+y=10, /£+ Y2 4. 4x-3y=1,12xy+13x> =25
y x 2

Answers
1. x=3,y=-1;x=-13/5,y=9/5 2. x=16,y=4;,x=4,y=16

3. x=8y=2x=2,y=8 4. x=1,y=1x=-25/29,y=-43/29
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SUMMARY

-1

An expression of the form a,x" +a,x" +a,,where nis a non-

negative integer and q,,4q,,.......,a, belong to some number system F,

is called a polynomial in the variable x over F.

(i) The degree of polynomial is defined as the highest index of the variable
X occurring in the polynomial.

. (i) An identity is a statement of equality between two expressions which is

true for all values of the variable involved.

. If f{x) = 0 is a polynomial equation and f{a) = O, then a is called a root of the

polynomial equation.

N e

2a

. If ax? +bx+¢c=0, a#0, then x= , Where a, b, ¢ be any complex
numbers.

. A quadratic equation has exactly two roots.

TEST YOURSELF

. If the constant term in a quadratic equation is zero, then prove that one
root is zero.

. If x be a real number, find the least value of 3x> —24x+64.
3. Solve :
(i) x*—7|x|+12=0 (i) (x> +4x)" —2x> —8x+1=0

. Solve :

X

i) (V3+v2) +(3-+2) =10 (ii)( 5+2J€)x+( 5—2\/8) =10.

(iii) x(2/3)(10g2 X*l) — \/5 .

sin x —sinx

. Show that the equation ™" —e =4 has no solution.
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Answer

3. (i) £3,+4 (i) —2++/5,-2%4/5

(i) — 2, 2 (ii) g,zﬁ
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SECTION - A

2 ARITHMETIC PROGRESSIONS

LEARNING OBJECTIVES

Sequence

Progression

Series

Definition of an Arithmetic progression (A.P.)
Standard A.P.

General Term of an A.P.

Theorem

Sum of First n Terms of an A.P.

Arithmetic Means

Single A.M. Between Any Two Given Numbers
n A.M.s Between Any Two Given Numbers
Use of A.P. in Solving Practical Problems

SEQUENCE

A succession of numbers formed according to a certain rule and
arranged in a definite is called a sequence.

1 .
For example, —, is a sequence.

In a sequence, the numbers occurring at its first place, second place,
third place, nth place are respectively called its first term, second term,
third term, nth term.
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The nth term of sequence is denoted by T,,¢,,a,,a(n),u,, etc. For example,

the succession of numbers 3, 7, 11, 15, form a sequence, given by the
fule T, =4n-1,ne N. For this sequence, the 10th term, Tio is equal to

39 (=4(10)-1).

A sequence containing finite number of terms is called a finite sequence
and a sequence having infinitely many terms is called an infinite sequence.
For simplicity, an infinite sequence is generally referred as a ‘sequence’ only.
For example, the sequence 2, ,4, 8, 16 is a finite sequence and the sequence 1,
2,4,7,11, 16, is an infinite sequence.

Remark 1. A sequence can be thought of as a function defined on the set of
natural numbers.

Remark 2. The sequence Ti, Tz, T3, is generally written as (7).

Illustrations. (i) 1, 3, 7, 15, is a sequence and 7, =2" -1,ne N .

(i) 5, 7,9, 11, is a sequence, because each term (except first) is obtained by
adding 2 to the previous term,

.e., T, =T +2,n>1.

(iii) 1, 4, 5, 9, 14,.... Is a sequence, because each term (except first two) is
obtained by taking the sum of preceding two terms,

ie., T,.,=T +T

n+l>

n>1.

(iv) To define a sequence, we need not have an algebraic formula for its nth
term. For example, the arrangement :

2,3,5,7,11, 13,17, 19, of price numbers

is a sequence and there is no specific formula to evaluate the nth prime
number.

Thus, a sequence can be described by any of the following ways:

I. A sequence may be described by writing first few terms of the
sequence till the rule for writing down the other terms of the sequence become
evident. For example, 1, 4, 9, is the sequence whose nth term is n2.

II. A sequence may be described by giving a formula for its nth term. For

example, the sequence 1, 4, 9, can be written as (n?).
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III. A sequence may be described by specifying its first few terms and a
formula to determine the other terms of the sequence in terms of its preceding
terms. Such a formula is called a recursive formula. For example, if 71 = 1 and
Thi1 = SThfor ne N .

PROGRESSION

A sequence is said to be a progression if its terms increase (respectively
decrease) numerically.

For example, the following sequences are progressions:

(iii) 1,— (iv) 1,4,9,16,

The sequence (iii) is a progression, because |1 |> —% >

SERIES

is a sequence, then the expression 7, +7, +7T,

called the series corresponding to the given sequence.

A series is called finite or infinite according as the corresponding
sequence is finite or infinite.

For example, 1 + 3 + 7 + 15 + is a series and correspond to the
sequence 1, 3,7, 15, ............ .

Example 1. Write the first three terms of the sequence whose nth term T, is
given by :
2" +1

0 2n +1 (11)

(1)

Sol. (i) We have
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2'+1 3

Toam 41 3

2°+1 9

PT23)+1 7

(ii) Wehave T, = %
_(_ 1
pooloCn 2 1
4 4

_1-eh 2 1

T, .
4 4 2

WORKING RULES FOR SOLVING PROBLEMS
Rule I. A sequence is a succession of terms which are formed according to
some definite rule.

Rule II. A sequence is either finite or infinite.

Rule III. A progression is a sequence if its terms increase (respectively decrease)

numerically.

Rule IV. IfTi, T, T3, is a sequence, then T; + To + T3 + is the series
corresponding to the sequence Ti, T2, T3,

SHORT ANSWER TYPE QUESTIONS

. For the sequence {4n +71}, find Ti, T4.
n+

. For the sequence (Ty), where Tn = (n— 1)(2 —n)(3 + n), find three terms.

. Find the first six terms of the sequence (a»), where:

() a1 =2, az = 4, (i) ar=2
an=20an-1 + 3an2, n>3 an = 2(an-1 + 1), n>2.

. The Fibonacci sequence is defined by a; = 1 = a2, an = an1 + an2 (n > 2).

Find L2t ,forn=1, 2, 3, 4, 5.

a

n

Ell
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Answers

2. 0,0,-12

3. (i) 2, 4, 14, 40, 122, 364 (i) 2, 6, 14, 30, 62, 126

DEFINITION OF AN ARITHMETIC PROGRE SSION (A.P.)

A sequence is said to be an arithmetic progression (abbreviated as A.P.)
If the difference of each term, expect the first its preceding term is always
same.

For example, 2, 5, 8, 11, is an A.P., because
5-2=3,8-5=3,11-8=3,

Thus, the sequence (Tn) is an arithmetic progression, if there exists a
number, say, dsuch that 7 ,, -7, 6 =d forn> 1.

The constant number ‘d’ mentioned above is called the common
difference of the corresponding A.P. The common difference of an A.P. is
denoted by ‘d’.

The first term of an A.P. is generally denoted by ‘a’.
Remark. An arithmetic progression is a particular type of a ‘progression’.
Illustrations:

@1,3,5,7,9,

(i) 16, 13, 10, 7, 4, is an A.P. with common difference, -3 because
13-16=10-13=7-10=4-7 =
Remark 1. An A.P. is characterized by its ‘@’ and ‘d’.

Remark 2. If in a sequence, the terms are alternatively positive and negative,

then it cannot be an A.P.
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STANDARD A.P.

The standard A.P. is defined as a, a + d, a + 2d, This is an A.P. with
‘a’ as the first term and ‘a’ as the common difference.

GENERAL TERM OF AN A.P.

Theorem. If ‘a’ and ‘d’ be the first term and common difference of
the A.P. (Tn), then prove that

Thn=a+(n-1)d, neN. (1)
Proof. First term of A.P.=a
Common difference of A.P. = d
The AP.isa, a+ d, a+ 2d,
We have Ti=a=a+0=a+(1-1)d
To=a+d=a+(2-1)d

Ts=a+2d=a+ (3-1)d

Thn=a+(n-1)d, neN.
Example 2. Find the 20th and nth term of the sequence 4, 9, 14, 19, ....... .
Sol. Given sequence is 4, 9, 14, 19,
Here To—-T;1=9-4=35,
To—-T;=T3-T2=

(1) is an A.P. with a=4 and d = 5.

Tao=a+(20-1) d=4 + 19(5) = 99

Th=a+(n-1)d=4+(n-1)5=56n-1.
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Example 3. If logio 2, logio (2¢ — 1) and logio (2¢ + 3) are in A.P. then find the
value of x.

Sol. logio 2, logio (2% - 1), logio (2* + 3) are in A.P.
=  logio (2¥ - 1) - logio 2 = logio (2% + 3) — logio (2% - 1).

log 27 1 " 2°+43 27 -1 _27+3
10 = =
2 810 v 2 2% —1

-1 .
J :y-‘_g),whereyls,QX

2 y—1
y>=2y+1=2y+6 = yp°—-4y-5=0 = y=-15.
= 2" = -1. This is impossible.

= 2"=5 = x=log,5.

THEOREM

If a, b, c are in A.P., then prove that :

(i) a+k,b+ k,c+karein A.P. (ii) a-k, b -k, c - k are in A.P.
(iii) ka, kb, kc are in A.P. (iv) a/k, b/k, c/k are in A.P. (k=0).
Proof. a, b, c are in A.P.

b-a=c-b ...(1)
()a+k b+k,c+kareinAP. if (b+kK-(a+t+k=(c+k-(b+k
b-a=c-b,whichistrue. .. a+k,b+Kk,c+kareinA.P.
(i) a-k,b-k,c—kareinAP. if (b-k-(a-k=(c—-k-(b-Fk
if b - a= c- b, which is true. a-k,b-k,c-karein A.P.
(iii) ka, kb, kc are in A.P. if kb-ka=kc—-kb if k(b-a) = k(c— b)

b- a=c- b, which is true. .. ka, kb, kc, are in A.P.

(iv) are in A.P.

b

<
k

a
k b
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if b-a =c- b, which is true. a/k,b/k, c/kare in A.P.
Example 4. Ifa, b, c are in A.P., show that :

(i) L i LOLre in A.P.
be’ ca’ ab

(i) a’(b+c),b*(c+a),c’(c+b)arein A.P.

Sol. (i) L i LOLre in A.P. if abe a_l)c"a_bc are in A.P.

be’ ca’ ab bc ab
(Multiplying each term by abc)
if a, b, care in A.P., which is given to be true.

L i iOLre in A.P.

be’ ca’ ab
a’(b+c),b*(c+a),c’(c+b)are in A.P.
a*b+a’c,b’c+b*a,c’a+c’h are in A.P.
a*b+a*c+abc,b*c+b*a+abc,cta+c*b+abc are in A.P.

(Adding abc to each term)

a(ab+ac+bc),b(bc+ba+ac),c(ca+cb+ab) are in A.P.

a, b, c are in A.P. which is given to be true.
(Dividing each term by ab +bc + caq)
a’(b+c),b*(c+a),c*(c+b)arein A.P.

Example 5. Find four numbers in A.P. whose sum is 20 and the sum of whose
square is 120.

Sol. Let the numbersbe a-3d,a-d,a+d, a+ 3d.
Sum =(a-3d)+(a-d) +(a+d +(a+3d) =20 (Given)
4a=20 ie., a=5

The numbersare 5-3d,5-d,5+d, 5+ 3d.
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Also, sum of squares =(5-3d)?2+(5-d?2+5+ a2+ (5+3d)?=120
(Given)
(25 +9d2-30d) + (25 + d?2 - 10d) +(25 + d? + 10d) + (25 + 9d? + 30d) = 120.
= 20ad2=20 ie., d*=1 or d=t1.
Case I. d = 1. The numbers are 5 - 3(1), 5- (1), S + (1), 5 + 3(1) or 2, 4, 6, 8.

Case II. D = -1. The numbers are 5 - 3(-1), 5 - (-1), 5 + (-1), 5 +3(-1) or 8, 6, 4,
2.

WORKING RULES FOR SOLVING PROBLEMS

Rule 1. isanAP. ifTo-T; =T3-T2=T4-T3

Rule II. Forthe A.P. a, a +d, a + 2d, ,wehave Tn =a + (n— 1)d.

Rule III. The number k is a term in the A.P. a, a + d, a + 2d, if there exists

n e N such that k = a + (n — 1)d or equivalently k:{a +1eN.

Rule IV. Ifa, b, carein A.P., then :
()a+k, b+k,c+t+kareinA.P. (i)ja-k b-k, c—kareinA.P.
(iii) ka, kb, kc are in A.P. (iv) alk, blk, clk are in A.P. (k = 0).

Rule V. If the sum of n numbers in A.P. is given, then assume numbers to be :
ia-d, a a+dforn=3
(i) a-3d,a-d,a+d,a+3dforn=4
(iii) a—2d,a-d, a,a+d, a+ 2d forn=>5.
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SHORT ANSWER TYPE QUESTIONS

. Show that 4, 10, 16, 22, is an A.P. Find its 7th and 9th terms.

. Show that 6, 5;, 4% , 4, is an A.P. Find its 10th and kth terms.

. Show that the linear function in n i.e., fin) = an + b determine an A.P.,
where a and b are constants.

. . 1
. Determine the number of terms in the sequence 17, 145 , 12,

. Determine x so that 2x + 1, x2 + x + 1 and 3x2 — 3x + 3 are consecutive
terms of an A.P.

. If 5 times the Sth term of an A.P. is equal to the 10 times the 10th term,
final the 15th term of the A.P.

. (i) Which term of the A.P. 8 - 61, 7 — 41, 6 — 2§, is (a) purely real
(b) purely imaginary?
(i) Which term of the sequence 20, 19%, 18%, is the first negative
term?

Answers

20-2k

1. 40, 52 2.0, 3

5.1,2 6. 0

7. () (a) 4th (b) 9th (i) 28th.

SUM OF FIRST n TERMS OF AN A.P.

The sum of first n terms of an A.P. is denoted by Sx.

If (Ty) is an A.P., then we have S, =T; + To + T3 +

. In particular S1=T1, So=Ti1+ To, S3=T;+ T2+ T3 etc.
For example, 1, 4, 7, 10, is an A.P. and

Sr=1 So=1+4=5
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Sz3=1+4+7=12 Sa=1+4+7+ 10 =22 etc.

In the next theorem, we shall establish a general formula for computing
Sn for an A.P.

Theorem. If ‘a’ and ‘d’ be the first term and common difference of an
A.P. then prove that the sum of first n terms of this A.P. is given by

Sn=—{2n+(m-1)d}, neN.

n
2
Proof. By definition, Sp=T1 + To + T3 +
Let [ denotes then nth term i.e., then last term in the expression of Sy
l=Tw=a+(n-1)d

(1) implies Sh=a+(a+d+ (a+ 2d + +(I-2d)+ (I-d) +1...(3)
By reversing the order, we get

Sn=1+(I-d) + (I-2d) + t(a+2d + (a+d+ a...(4)
Adding (3) and (4), we get

2S,=(a+ )+ (a+ )+ (a+ )+ t(a+t)+(a+)+(at])

=n(a+]) [~ (a+ ]) is added n times]
Sp = %(a+l). [Form (1)]

Substituting the value of [, we get

S, :g[a+a+(n—1)d] or S, :g[2a+(n—1)d]

[Form (2)]

Remark 1. The above theorem can also be proved by using Principle of
Mathematical Induction.

Remark 2. Form 1 is used when the last term is know and the Form II is used
when common difference is known.

Remark 3. We have Sit=Tirand forn>1, Sh=(T;:+ T2+ + Th1) + Th.
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Sn = Sn-] + Tn i.e., Tn = Sn— Sn-].
Ti=Siand forn>1, Th=Sn—-Sn-1.
Example 6. Evaluate:

L1201
(i) =+=—+—+ 25 terms
9 3

Sol. (i) The series is l+g+l+
9 9 3

. Given series is an arithmetic series with a = § and d .

. Required sum =8, = 275[2a +(25-1)d]

-l
(ii)) The seriesis 5+ 13 + 21 +

. Given series is an A.S. with a= 5 and d = 8.

Let 181 be the nth term. .. T,= 181 ie, 5+ (n—-1) 8 = 181.

Solving, we get 23.

. Required sum S, :§(5+181):§(186)=2139.

[Sn - %(a T 1))

Example 7. If the sum of first n, 2n, 3n terms of an A.P. are Si, S2, S3
respectively, show that Sz = 3(S2 —-S1).

Sol. Let a be the first term and d, the common difference of the A.P.

S, = g[Za(n +1)d], s, :2—2”[2a(2n—1)d]

and S, = 37n[2a(3n ~1)d]
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R.H.S = 3(S2- S)) = 3[27”[261 +(2n—l)d]—§[2a+ (n —l)d]}

37'1[2[2a+(2n—1)d]—[2a+(n—1)d]]

37’1[4a+4nd—2d—2a—nd+d]=37n[2a+(3”_1)d]=S3

L.H.S

WORKING RULES FOR SOLVING PROBLEMS

Rule I. For the sequence Ti, T2, T,
and Tn = Sn - Sn-].

Rule II. Forthe A.P.a, a+d, a+ 2d, , we have S, = g [2a + (n— 1)d].

Rule III. For the A.P. a,a +d, a + 2d, , we have S, = g(a +l), where
[=Th=a+ (n-1)d.
Rule IV. The number k is the sum of the first n terms of the A.P. a, a + d, a + 2d,

if the equation g [2a + (n — 1)d]= k is true for some n € N.

EXERCISE 2.3
SHORT ANSWER TYPE QUESTIONS

1. () Find the sum of first 50 natural numbers.
(ii) Find the sum of first 35 even natural numbers.
(iii) Find the sum of first 65 odd natural numbers.

2. Find the sum of indicated number of terms of each of the following A.P.
i 5, 2, -1, n terms (ii) 0.9, 0.91, 0.92, 100 terms
(iii) -0.5, -1.0, -1.5, 10 terms (iv) x +y, x—y, x -3y, 22 terms.

3. Find the following sums:

i)2+5+8+ ii6+5£+51+
3 3
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. If Sp denotes the sum of n terms of an A.P. whose common difference is
d, show that d= Sp—-2Sn:1+ Sno, n> 2.

LONG ANSWER TYPE QUESTIONS

. () How many terms of the A.P. 18, 16, 14, are needed to give sum

78? Explain the double answer.

(ii) If the sum of a certain number of terms of the A.P. 25, 22, 19,
116. Find the last terms.

(iii) If the first term of an A.P. is 22, the common difference is -4 and the

sum to n terms is 64, find n. Explain the double answer.
. Solve the equation: 1 +6 + 11 +

. If Si, Sz, Sz are the sums of n terms of three A.P.s, the first term of each
being unity and the respective command differences being 1, 2, 3, show
that S; + S5 = 2S2.

. If the sum of n terms of an A.P. is pn + gnZ?, where p and g are constants,

find the common difference.

ANSWERS
1. () 1275 (ii) 1260 (iif) 4225 (iv) 22(x - 20y)
2. () n(13-3n)/2 (i) 139.5 (iif) -27.5

3. (i) 345 (i) 56%

5. (i) 6, 13 (ii) 4
8. 2q.

ARITHMETIC MEANS

If three or more than tree numbers are in A.P., then the numbers lying
between the first and the last numbers are called the arithmetic means
(A.M.s) between them.
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Equivalently, if a, A1, Ao, An are called
the n arithmetic means between a and b.

For example,
(i) 5, 10, 15 are in A.P. - 10 is the single A.M. between 5 and 15.

(i) S5, 10, 15, 20, 25, 30 are in A.P. .. 10, 15, 20, 25 are the four A.M.s
between 5 and 30.

SINGLE A.M. BETWEEN ANY TWO GIVEN
NUMBERS

Let a, b be any two numbers. Let A be the single A.M. between a and b.
By definition, a, A, b are in A.P.

A-a=b-A (each = common difference)

2A=a+ b or A:a;b.

Remark. The single A.M. between any two numbers is simply referred as the
A.M. between the numbers. Thus, the A.M. between given two numbers is
equal to half their sum.

For example, the A.M. between 7 and 29 is ! +229 = 36 =18.

2

n A.M.s BETWEEN ANY TWO GIVEN NUMBERS

Let a, b be any two numbers. Let A;, Ao, An be the n A.M.s between a and
b.

.. By definition, a, A1, Aa, ,An, b are in A.P. Let d be the common
difference of the A.P.

Now, b=Tws=a+(n+1)d - d=2=9
n+1

Ai=a+d=a+
n+1
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4, =a+2d=a+2(b_a

A, =a+nd:a+n[b_a
n+1

b—aj
n+l)

Theorem. Prove that the sum of n A.M.s between any two number is
equal to n times the A.M. between them.

Then n A.M.s between a and b are

Proof. Let A;, Ao, , An be the n A.M.s between number a and b.
. Sum of n A.M.s between a and b
tApn=(a+A;+Ax+ +An+Db)—-(a+h)

’Hz_z(a+b)—(a+b)

(- a, A1, Ao, An, bis an A.P. of n + 2 terms)

(a+b) {n;—l —1} = n(a;bjz n times the A.M. between a and b.

" Sum of n A.M.s between a and b = n(A.M. between a and b).
Example 8. Insert three A.M.s between 11 and 14.
Sol. Let A;, Az, Az be the three A.M.s between 11 and 14.
11, Aj, Az, A3, 14 are in A.P. Let d be the common difference of this A.P.
Now, 14=T5=11+4d. -~ d="%

Ar=11+d=114 2= pyopyrg- L4232
! 4 400274 4 4 2

e At g 50 3 _53
= + - — _—
3-8 4 4 4
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3

53
Remark. Az + d = T+ Z = 14 = last term of the A.P. This ensures that

the calculation work is correct.

Example 9. If the A.M. between pth and qth terms of an A.P. be equal to the A.M.
between rth and sth terms of the A.P., show thatp +q=r+s.

Sol. Let the A.P. be a, a+d, a+ 2d,

Tp=a+((p-1)d, Tg=a+(gq-1)d, Tr=a+(r-1)d, Ts=a+(s- 1)d.
We are given that:
A.M. between Tp and Ty = A.M. between T, and Ts

TP+T‘] :Tr+Tx
2 2

= Tyt Ty=T + Ts

[a+ (p-1)d] +[a+(g-1)d] =[a+ (r-1)d] + [a+ (s-1)d]
(p-1+g-1)d=(r-1+s-1)d
ptgq-2=r+s-2

ptq=r+s. . Theresult holds.

WORKING RULES FOR SOLVING PROBLEMS

Rule I.  If three or more than three numbers are in A.P., then the numbers
lying between the first and the last numbers are the A.M.’s between
them.

Rule II. The A.M. between a and b is a—;b )

Rule III. The n A.M.s between a and b are q + b-a ,a+ 2( b- aj

n+1 n+1 n+1

Rule IV. Sum of n A.M.s between any two numbers is equal to n times the A.M.
between them.

a+b c+d

Rule V. If z+£, then by componendo and dividend rule, .
b d a-b c—d
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EXERCISE 2.4
SHORT ANSWER TYPE QUESTIONS

. Find the A.M. between 5 and 9.
. Find the A.M. between (x - y)? and (x + y)2.
. Find the sum of 500 A.M.s between 2 and 3.

. Find the ratio of the sum of m A.M.s between any two numbers to the
sum of n A.M.s between the same numbers.

LONG ANSWER TYPE QUESTIONS

n+1 n+1
. Find n such that a’ +b" may be the A.M. between a and b.

a" +b"

. n A.M.s are instead between 5 and 86 such that the ratio of the first and
the last meanin 2 : 11. Find n.

. Between 1 and 31, m arithmetic means have been inserted in such a way
that the ratio of the 7th and (m — 1)th means is 5 : 9. Find the value of m.

Answers
2. X2+ y? 3. 1250

6.8 7. 14.

USE OF A.P. IN SOLVING PRACTICAL PROBLEMS

In this section, we shall see how the formulae relating to A.P. can be made
use of in solving practical problems.

Example 10. Hari buys a scooter for Rs. 22,000. He pays Rs. 4,000 cash and
agree to pay the balance in annual instalments of Rs. 1,000 plus 10% interest on
the unpaid amount. Find the total payment for the scooter.

Sol. Cost of scooter Rs. 22,000
Cash payments Rs. 4,000

. Balance Rs. 18,000
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18,000
There will be 18 (: 1 E)OO J annual instalments each of Rs. 1,000 plus

interest on unpaid amount. The first instalments will be of Rs. 1,000 plus
interest on unpaid amount (= 18000) for one year.

First instalment 1,000 + 18’00?031X 10 = 2,800

Second instalment 1,000 + 17’00(1)0?)1 <10 = 2,700

Third instalment = 1,000 + 16’00?03” 10°_ 1,600

The instalements 2,800, 2,700, 2,600, , 18 terms, form an A.P. with
a= 2,800, d=-100.

. Total amount paid for the scooter = cash payment + sum of instalments

= 4,000 + Sis of the A.P. = 4,000 + % [2(2,800) + 17(-100)]

= 4,000 + 35,100 = Rs. 39,100.

LONG ANSWER TYPE QUESTIONS

. A man starts repaying a loan with first instalment of Rs. 100. If he
increase the instalment by Rs. 5 every months, what amount will be paid
by him in the 30th instalment?

. The income of a person is Rs.3,00,000 in the first year and he receives an
increase of Rs. 10,000 in his income per year for the next 19 years. Find
the total amount, he received in 20 years.

. The interior angle of a polygon are in A.P. The smallest angle is 1200 and
the common difference 5°. Find the number of sides of the polygon.

. The ages of the students of a class form an A.P. whose common
difference is 4 months. If the youngest students is 8 years old and the
sum of the ages of all the students of the class in 168 years, find the
number of students in the class

Answers

1. Rs. 245 2. Rs. 79,00,000
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SUMMARY

. A sequence is said to be a progression if its terms numerically increases
(respectively decreases).

. A sequence (T, is said to be an arithmetic progression (A.P.) if there
exists a number, say d such that Th+1 - Th=d, n> 1.

The constant number ‘d’ mentioned above is called the common
difference of the corresponding A.P.

. If ‘@ and ‘d’ be the first term and common difference of the A.P. (T,), then
Tn =qa+t (n— 1) d, neN.

. If ‘@ and ‘d’ be the first term and common difference of the A.P. (T,), then
the sum of first n terms, S, is give by

a) S :§[2a+(n—l)d], neN.

b) §, :%(a+l),where lis the last term in Shie., [=T, =a+(n-1)d .

The form (a) is used when common difference ‘d’ is known and the form (b)
is used when the last term ‘I’ is known.

. Thn=S;and for n> 1, we have T, = Sp— Sn-1 .

. If the sequence a, Ai, Ao, , An, bis an A.P., then the numbers A;, Ao,
, An are called the n arithmetic means between a and b.

. The A.M. between given numbers a and b is equal to a—;b .

. The sum of n A.M.s between give numbers a and b equal to n times the
A.M. between a and b.

TEST YOURSELF

. If the mth term of an A.P. be 1/n and the nth term be 1/m, then show that
(mn)th term is 1.

. The sum of the 4th and 8th terms of an A.P. is 24 and the sum of the 6th
and 10th terms is 34. Find the first four terms of the A.P.
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. Show that the linear function in n, ie., f{[n) = an + b determine an
arithmetic progression. Where a and b are constants.

I 1 1 1 1 1
I a(—+—j,b(—+—j,c(—+—} are in A.P., prove that a, b, c are in A.P.
b ¢ c a a b
. The first and the last terms of an A.P. are a and [ respectively. Show that
the sum of nth term from the beginning and the nth term the end is (a + ).

. If the first term of an A.P. is 2 and the sum of first five terms is equal to
one-fourth of the sum of the next five terms, find the sum of first 30 terms.

. The third term of an A.P. is 7 and the seventh term exceeds three times
the third term by 2. Find the first term, common difference and the sum of
first 20 terms.

. If S, Se, Ss, , Sm be the sums of the first n terms of m A.P.s whose
first terms are 1, 2, 3, ...., m respectively and common differences 1, 3,
S,...., 2m— 1 respectively. Show that

. Insert A.M.s between 7 and 71 in such a way that the 5th A.M. is 27. Find

the number of the A.M.s.

. m A.M.s have been inserted between 1 and 31 in such a way that the ratio
of the 7th and the (m — 1)th means is 5 : 9. Find the value of m.

Answers

6. -2550 7.-1,4,740




Applied Mathematics

SECTION - A

3 GEOMETRIC PROGRESSIONS

LEARNING OBJECTIVES

Definition of a Geometric Progression (G.P.)

Standard G.P.

General Term of a G.P.

Sum of First n Terms of a G.P.

Sum of Infinity of a G.P.

Geometric Means

Single G.M. Between any Two Given Positive Numbers
n G.M.s Between any Two Given Positive Numbers
Use of G.P. in Solving Practical Problems

DEFINITION OF A GEOMETRIC PROGRESSION (G.P.)

A succession of non-zero numbers is said to be a geometric progression
(abbreviated as G.P.) if the ratio of each term, except the first one, by its
preceding term is always same.

For example, 3, 6, 12, 24, is a G.P., because gz 2,% = 2,% =

Thus, the sequence (T, with T, #0 is a geometric progression if there

T
exists a number, say, r such that ]’i—” =r forn >1.

n

The constant number ‘¥ mentioned above is called the common ratio of
the corresponding G.P. The common ratio of a G.P. is denoted by ‘7.

The first term of a G.P., is generally denoted by ‘a’.
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Remark 1. In case of a G.P., neither a= 0 nor r= 0.
Remark 2. In a G.P., no term can be equal to ‘0’.
Remark 3. A geometric progression is a particular type of a ‘progression’.

Illustrations: (i) 1, 2, 4, 8, 16, is a G.P. with common ratio 2, because

1/3 1/9

1 1/3

1
3

3
9

Remark 1. A G.P. is characterized by its ‘a’ and T’

Remark 2. If in a G.P., the terms are alternatively positive and negative,
then its common ratio is always negative.

STANDARD G.P.

The standard G.P. is defined as a, ar, ar?, This is a G.P. with ‘a’ as
the first term and ‘¥ as the common ratio.

Remark. If we multiply the common ratio with any term of a G.P., we get
the next following term and if we divide any term by the common ratio, we get
the preceding term.

GENERAL TERM OF A G.P.

Theorem. If ‘a’ and ‘r’ be respectively the first term and common ratio of
the G.P. (T.), then prove that

Tn = ar™1l, neN. ...(1)
Proof. First term of G.P. = a
Common ratio of G.P. = r

The G.P. is a, ar, ard,
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We have Tir=a=a.l = arl!

To = ar = ar?1

Example 1. Find the 9th and nth terms of the sequence 3, 6, 12, 24,

Sol. Given sequence is 3, 6, 12, 24,

Here,

Now, ar® =3(2)% =3(256) = 768

and T, =ar" ' =3(2)"".

n

Example 2. There are four numbers such that the first three of these form an
A.P. and the last three form a G.P. The sum of the first and the third numbers is
2 and that of the second and fourth is 26, what are these numbers ?

Sol. Let the numbers be a, b, ¢, d. By the given conditions:
atc=2 ..(1) b+d=26 ....(2)
(1) = c=2-a and 2) = d=26-0bD.
The numbers are a, b, 2 — a, 26 — b.
Also, a, b, 2 — a are in A.P. . b-a=(2-a-b ie 2b=2 or b=1.

. The numbers become a, 1, 2 — a, 26 -1 = 25.

Also, last three numbers are in G.P. " 2-a

(2-a2=25 = a-4a-21=0 = a=-3,7
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Case I. a= -3. In this case, the numbers are -3, 1, 2 - (-3), 25, ie, -3, 1, 5, 25.

Case II. a= 7. In this case, the numbers are 7, 1, 2, - 7, 25, ie., 7, 1, - 5, 25.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. A sequence is Ti, Tz, T3, T4,

Rule II. For the G.P. a, ar, ar?, , we have T, = arvi,

Rule III. The number k is a term in the G.P. a, ar, ar?,

log(kl.
such that k = arv! or equivalently g(kla) +leN.
ogr

Rule IV. Ifa, b, care in G.P., then :
(i) ka, kb, kc are in G.P. (i) alk, blk, clk are in G.P. (k= 0).

Rule V. If the product of n numbers in G.P. is given, the assume numbers to be:

. a .. a a
(i) —,a,ar forn=3 (i) —=,—,ar,ar’ forn =4
r P

... a4 a
(iii) —,—,a,ar,ar *forn = 5.
r r

SHORT ANSWER TYPE QUESTIONS

. Find the common ratio of the following G.P.:

(i) 0.01, 0.0001, 0.000001,

1 1
i) V2.

. Show that each of the following is a G.P. Also find nth term in each case:

(i) 128, 64, 32, (i) 5/2, 5/4, 5/8,

(iil) +/3,3,3/3, (iv) 2,2~/2.4,..... is 128 ?
. Determine the number of terms in the sequence 5/2, 5, 10,

. Which term of the G.P.

i 2, 8, 32, is 131072 ? (i) +/3,33v3,........is 729 ?
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11 1 1
PR RPN R is D 1V 2,2 2,4, iS 128 ?
3 9 27 19683 (tv) V2

. Is 512 a term of the sequence 1/256, 1/64, 1/16, ....... ?

(i)

LONG ANSWER TYPE QUESTIONS

. (i) The Sth, 8t and 11t terms of a G.P. are p, g and r respectively. Show
that g2 = pr.

(ii) In any G.P. prove that 7, , xT,,, = (T, )" .
. (i) The 3rd term of a G.P. in 24 and 6th term is 192. Find the 10th term.

(ii) The 5th term of a G.P. is 16 and 10th term is 1/2 . Find the G.P. Also
find the 15th term.

. (i) Find the value of xif -2/7, x, -7/2 are in G.P.

(ii) For what value(s) of k, the numbers 1 + k, %+ k,%+ k are in G.P.?

a+bx b+cx c+dx

(iii) If (x #0), then show that a, b, ¢, d are in G.P. ?

a—bx b-cx c—dx
Answers

1. (i) 0.01 (ii) —a (iii) 1/2 (iv) an

2. (i) 28n (ii) 5/2n (iii) 3n/2 (iv) ak?n1

3. 9 4. (i) 9th (ii) 12th (iii) 9th

(iv) 13th 5. No
7. (i) 3072 (ii) 256, 128, 64,

8. (1) + 1 (i) -1/2

SUM OF FIRST n TERMS OF A G.P.

The sum of first n terms of a G.P. is denoted by Sx.

If (T) is a G.P., then we have S, =T; + To + T3 + +Th, n eN.
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For example, 2, 6, 18, 54, is a G.P. and
S =2, Se=2+6=38, S3=2+ 6+ 8 =26 etc.

In the next theorem, we shall establish a general formula for computing S, for a
G.P.

Theorem. If a and r be respectively the first term and common ratio of a
G.P., then prove that the sum of first n terms of this G.P. is given by

na if r=1
S, =qn(d-r")

if
-7

Proof. Let T, be the nth term of the given G.P.

By definition,

Case I. r = 1. In this case, (1) =

Case II. r = 1. In this case, (1) =

(1) - (2) = S, -1 =

= (I-7r)S, =al-r")
Remark 1. Multiplying numerator and denominator by *“ 1’

_a(l-r")

1-r
This form of S, is useful when r> 1.

Remark 2. This above theorem can also be proved by using P.M.I.
Remark 3. Let [=T,. .. [=ar"".

_n _ n _ n—1 _
For r<1. g :a(l r):a ar” _a (ar )r:a Ir

n

1-r -7 1-r -7




Applied Mathematics

_a(r” —1)_ar”—a_(ar”_l)r—a_lr—l

and for . S

n

r—1 r—1 r—1 r—1

azlr —f rei
S =J1=r

"o |lr—a if r>1
r—1"~

These formula are used when ‘last term’ is given

2 4
Example 3. Evaluate : 375 10 terms

Here,

.. Given series is a G.S. with a=1and r=-2/3.

2 10
1[1_(_j ] 1 1024
3 et
. Required sum = §,, = — 39049 _ 08025 3 _ 11605

= X —=—,
( 2] 2 59049 5 19683
1- _E 1+§

Example 4. If S, denotes the sum of n terms of a G.P., prove that

(SIO =Sy )2 :Slo(Sm _Szo)'
Sol. Let a and r be the first term and common ratio of the G.P. respectively.

a(l—r") ;

1-r

S =

n

e N.

(S —S.) a(l—r”)_a(l—r”)T

-7 -7




Applied Mathematics

a2

=(1_r)2 (1_,,10 _1+r20)2

2
a’ azrzo(rlo_l)

GRS B (1-r)

- -5y - =r?) [a=r)_ohor)

-7 l-r  1-r

) a(ll__’:o)xlilr(l_’”}o _1+r20)=é’lzl(1_;lj)’:())rzo(l_rlo)

L.H.S. =

WORKING RULES FOR SOLVING PROBLEMS

Rule I. For the G.P. a, ar, ar?, , we have

@ s, = a(i_—rn)forr< 1and (i) S, :cl(LII)forr>1.
- r r

Rule II. For the G.P. a, ar, ar?,
i S, = al—lr forr<1and

(i) S, = Ir _fforn > 1, where l = T = arvl.

Rule III. The number k is the sum of the first n terms of G.P. a, ar, ar?,
a(l-r")

-r

SHORT ANSWER TYPE QUESTIONS

if the equation =k is true for some n € N.

1. Find the sum of indicated numbers of terms of each of the following
G.P.:

10 terms (i) x*,x°,x7,
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(iii) v7,~+/21,3/7,.....n terms i - n terms (a:t—l)

Given a G.P. with first term = 729, T7 = 64 ; determine S7.

(i) How many terms of the sequence 3, 32, 33, are needed to give the
sum 120 ?

(i) How many terms of the G.P. 3, 3/2, %, are needed to give the
sum 3069/512?

Evaluate the following :
0> @+37) @y @3
Jj=1 j=1

2
+ lis a geometric series, show that its sum is blb ¢
-a

LONG ANSWER TYPE QUESTIONS
(i) The fourth and seventh terms of a G.P. are 1/27 and 1/729
respectively. Find the sum of n terms of the G.P.

(ii) the first term of a G.P. is 27 and its 8th term is 1/81. Find the sum
of its 10 terms.

1
If v=——/,show that v+v? +v°
1+

The sum of some terms of G.P. is 315 whose first term and common
ratio are 5 and 2 respectively. Find the last term and number of terms.

Answers

(i) g(\@ﬂ 377 1)

2. 463, 2059 3. (i) 4 (ii) 10

4. (i) 265741 (i) 3790

6. (i) 3(1—i) (id) g@—iJ
AT AR
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SUM TO INFINITY OF A G.P.

We know that for the G.P. a, ar, ar?, , the sum of first n terms is given by

a@-r")  if rx1
S, =

1—7' 9
na, if r=1.

This sum is defined for any natural number n.
Now we shall explore the possibility of finding the sum to infinity of a G.P.
Consider the G.P. 1, 2, 4, 8§,

For this G.P., a=1 and r=2.

n _ 12 —1)=2n_1‘
2-1
As nincreases, 2" — 1 increase very rapidly.

. Sp keep on increasing as n increases. In this case, we do not expect to have a
number which may be equal to the sum to infinity of the G.P.

Result. If a and r be respectively to first term and common ratio of a G.P.
such the |r| < 1, then the sum to infinity (S) of the G.P. is given by

Remark. The sum up to infinity of a G.P. is also denoted by S, .

Example 5. Find the sum to infinity of the G.P. :
(i) 4, 4/3, 4/9, (i) 7,-1, 1/7,

Sol. (i) The G.P. is 4, 4/3, 4/9,
Here a=4 and

Sum to infinity is defined.
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e

. Sum to infinity is defined.

1-(-1/7) 8/7 9 1-r

Example 6. If S;, So, S3 Sp denote the sums of infinite G.S. whose first
terms are 1, 2, 3, , p respectively and whose common ratios are 1/2, 1/3,
1/4, 1/(p + 1) respectively. Show that

_p(p+3)

S, +8,+8, + +S, 5

. ForSz:a=1,r=%
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_pr(p+3)

- Lh@2y+(p-1i]= §[p+3] :

2

WORKING RULES FOR SOLVING PROBLEMS

Rule I. The sum up to infinity for the G.P. a, ar, ar?, is defined only when
-1<r<l1.

Rule II. If- 1 <r < 1, then the sum up to infinity of the G.P. a, ar, ar?,

defined and is equal to "
—-r

SHORT ANSWER TYPE QUESTIONS

1. Find the sum of the following series :

(ii) 0.3 + 0.18 + 0.108 + 0.0648 +....

2. Find the sum of the following sequences :

i 2,-1,1/2,-1/4, ) V2 +1,1,/2 -1,

3. f|x| <landy=1+x+x2+ oo,showthatx:y—.
y

LONG ANSWER TYPE QUESTIONS

4. IfA=1+re+r2a+ wo,and B=1+rb +r2b + o, show that
A—l 1/a B—l 1/b
y=— = ———
A B
5. If |a| <1, |b| <land x=1+a+a?+ o, show that

1+ ab + a?b? +

6. Find the value(s) of pif S, for the G.P. p, 1, 1/p,

Answers
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4+3\/§

2

(ii) % 2. (1) % (i1)

GEOMETRIC MEANS

If three or more than three positive numbers are in G.P., then the
numbers lying between the first and the last numbers are called the geometric
means (G.M.s) between them.

Equivalently, if a, Gi1, G, , Gn, b be a sequence of positive numbers
which is a G.P., then Gi, G, , Gn, are called the n geometric means between
a and b.

For example,

i. 2,6, 18 are in G.P. .. 6 1s the single G.M. between 2 and 18.
ii. 3,12, 48, 192, 768 are in G.P.

o 12, 48, 192 are the three G.M.s between 3 and 768.

SINGLE G.M. BETWEEN ANY TWO GIVEN POSITIVE
NUMBERS

Let a, b be any two positive numbers. Let G be the single G.M. between a
and b.

By definition, a, G, b are in G.P.

G_»b (each = common ratio.)
a G

G>=ab or G=+ab (G is to be positive.)

Remark. The single G.M. between any two positive numbers is simplify
referred as the G.M. between the numbers. Thus, the G.M. between given two
positive numbers is equal to the positive square root of their product.
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For example, the G.M. between 5 and 125 is /5x125 —+/625 = 25.

n G.M.s BETWEEN ANY TWO GIVEN POSITIVE
NUMBERS

Let a, b be any two positive numbers. Let G, Go, , Gn be the n.G.M.s
between a and b.

By definition, a, Gi, Go, , Gn, b are in G.P. Let r be the common ratio of
this G.P.

Now,

1
. The n G.M.’s between a and b are a(éyﬂ , a(
a

Theorem. Prove that the product of n G.M.’s between any two positive
numbers is equal to nth power of the G.M. between them.

Proof. Let G;, Go, , Gn be the n G.M.s between positive numbers a and b.

, Gn, b are in G.P. Let r be the common ratio of this G.P.

1
b=T = S = (2)"”
a

Product of n G.M.s between a and b
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n(n+l)

'21[2(1)+(n—1).1] B ;

N =a'r

=qa"""?p"? =a""?p""? :(M)n = (G.M. between a and b )"
Product of n G.M.s between a and b
= nth power of the G.M. between a and b
Example 7. Find the G.M. between the numbers:
(i) 72 and 882 (i) 0.027 and 7.5.

Sol. (i) G.M. between 72 and 882

= /72 x882 =/63504 =252 .

(ii) G.M. between 0.027 and 7.5

= J0.027x75 =\/2_7XE— 208 45,

1000 10 V10000 100

Example 8. The sum of two numbers is 6 times their geometric means. Show
that the numbers are in the ratio 3 + 242 : 3 - 24/2.

Sol. Let the number be a and b. We assume that a > b.

. By the given conditions, a+ b = 6\ab

a+b .
=3 (Note this step)

2-/ab -

a+b+2+ab 3+1
a+b-2+Jab 3-1

Ja++b) Ja++b N

2= =

Na-b)’  a-+b

(By Cand D law)

(~a>Dhb)
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(Cl+\/z)+(\/2—\/z)_\/5+l . .
(a+«/3)—( a-— b)_ﬁ_l (By C and D law)

2Ja N2 +1
2b N2-1

a 2+14242 3+242

b 2+1-242 3-242

a:b=3+2\/5:3—2\/§.

WORKING RULES FOR SOLVING PROBLEMS

If three or more than three positive numbers are in G.P., then the

numbers lying between the first and the last numbers are the G.M.s
between them.

Rule II. The G.M. between a and b is vab .

1 2

Rule III. The n G.M.s between a and b are a(b/a)™" ,a(b/a)"" , ,a(b/a)™ .

Rule IV. Product of n G.M.s between any two positive numbers is equal to the
nth power the G.M. between them.

SHORT ANSWER TYPE QUESTIONS

1. (i) Find the G.M. between zand »

50
(ii) Find the G.M. between 0.008 and 0.2

. The G.M. between two positive numbers is 16. If one number is 32, find
the other number.

. If k-1 is the G.M. between k-2 and k + 1, then find the value of k.

. If A and G are the A.M. and G.M. between positive numbers a and b
respectively, then show that A > G.
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LONG ANSWER TYPE QUESTIONS

. If A and G be the A.M. and G.M. between positive numbers a and b
respectively, then show that a and b are the roots of the equation

x*—24x+G? =0.

. If a, b, c are in A.P., x is the G.M. between a and b, y is the G.M. between
b and c, show that b?is the A.M. between x? and y-.

. Find two positive numbers whose difference is 2 and whose A.M. exceeds
the G.M. by 1/2.

. If the A.M. between two positive numbers exceeds their G.M. by 2 and the
ratio of the numbers be 1 : 4, find the numbers.

Answers

. 14 .
. (1) . (ii) 0.04

7. 2 8. 4, 16.
4

b
4 b

USE OF G.P. IN SOLVING PRACTICAL PROBLEMS

In this section, we shall see how the formulae relating to G.P. can be
made use of in solving practical problems.

Example 9. Nitin writes letter to four of his friends. He asks each of them to copy
the letter and mail to four different persons with the request that they continue
the chain similarly. Assuming that the chain is not broken and that it costs
50 paise to mail one letter, find the total money spent on postage till the 8th set
of letters is mailed.

Sol. No. of letters in the Ist set = 4. (These are letters sent by Nitin).
No. of letters in the IInd set =4+4+4+4=16

No. of letters in the IIIrd set 16 terms = 64
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The number of letters sent in the Ist set, IInd set, Illrd set,

respectively 4, 16, 64, , which is a G.P. with a =4, r =$= 4.

. Total number of letters written in all the first 8 sets = Ss of the above G.P.

4(4% -1)
4-1

=87380

. Total money spent on letters = 87380 X % =Rs. 43,690.

LONG ANSWER TYPE QUESTIONS

. Nidhi Gupta writes letters to five of her friends. She asks each of them to
copy the letter and mail to five different persons with the request that
they continue the chain similarly. Assuming that the chain is not broken
and that it cost 15 paise to mail one letter, find the total money spent on
postage till the 6th set of letters is mailed.

. A manufacture reckons that the value of a machine which costs him
Rs. 15,625 will depreciate each year by 20%. Find the estimated value of
the machine at the end of 5 years.

. An insect starts from a point and travels in a straight line 1.5 mm in the
first second and one - third of the distance covered in the previous
second in the succeeding second. In how much time would it reach a
point 2.5 mm away from its starting point?

. One grain of rice is placed on the first square of chess board, 2 on the
second, 4 on the third and so on, every time doubling the number of
grains. Find the total number of grains required assuming that the
number of squares on chess board is 64.

. The number of bacteria in a certain culture doubles every hour. If there
were 30 bacteria present in the culture originally, how many bacteria will
be present at the end of 2nd hour? 4th hour? nth hour?

. A machine depreciates in value at the rate of 30% every year on the
reducing balance. If the original cost be Rs. 20,000 and ultimate scrap
value be Rs. 4,802, find the effective life of the machine.
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7. What will Rs. 500 amount to in 10 years after its deposit in a bank which
pays an annual rate of 10% interest compounded annually?

Answers
1. Rs. 2,929.50 2. Rs. 5,120 3. Never

4, 264 -1 5. 120, 480,30(27n) 6. 4 years

7. Rs. 500 (1.1)10,
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SUMMARY

. A sequence (T, of non-zero terms is said to be a geometric progression
(G.P.) if there exists a number, say, r such that
T

n+l

T

n

=r,n>1.

The constant number ‘¥ mentioned above is called the common ratio of
the corresponding G.P.

. If ‘@ and ‘Y be the first term and common ratio of the G.P. (T»), then
T =ar""', neN.

n

. If ‘@’ and r be the first term and common ratio of the G.P. (Ty), then the

sum of first n terms, S, is given by
na if r=1
a(1-r")
Sn = 1-r
a(r"-1)
r—1

if r<1

if r>1

. Using I = T = arv!, we get
alr if r<1

S = 1-r
"orza g s

r—1

These formulae are used when ‘last term’ is given.

. If |r|] <1, then for the G.P. a, ar, ar?, , we have

S = sum upto infinity = n
- r

TEST YOURSELF

. Find three numbers in G.P. whose sum is 52 and the sum of whose
products in pairs is 624.

. If a, b, ¢, d are in G.P. prove that a* + b?, b® + ¢, c* + d" are also in G.P.

. If the mth, nth and pth terms of a G.P., are in G.P., then show that m, n, p

are in A.P.
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. The sum of the first three terms of a G.P. is 16 and the sum of the next
three terms is 128. Determine the first term, common ratio and the sum to
n terms of the G.P.

. The sum of two numbers is 6 times their geometric mean. Show that the
numbers are in the ratio 3 + 2+/2 : 3 - 242.

. Three numbers are in G.P. and their sum is 70. If the extremes be
multiplied by 4 and the mean by 5, these will be in A.P. Find the numbers.

a’+ab+b* _b+a

. If a, b, c are in G.P., show that = .
bc+ca+ab c+b

Answers

. 4,12,36 0r 36, 12, 4

10, 20, 40 or 40, 20, 10. 7.Let b=ar and c= ar?
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SECTION - A

4_ PARTIAL FRACTIONS

LEARNING OBJECTIVES

Introduction

Resolution of a Fraction into Partial Fractions
Method of Resolution into Partial Fractions
Practical Problems

INTRODUCTIONS

In this chapter, we shall learn the method of writing a fraction as the
sum of other fractions (called partial fractions) whose denominators are of lower
degree than the denominator of the give fraction.

RESOLUTION OF A FRACTION INTO PARTIAL
FRACTIONS

We know the method of finding the sum of two or more algebraic
fractions by reducing the denominators of fractions to a common denominator,
which is their L.C.M.

For example:

2 5 2x+4+5x—-15 Tx—-11
+ = =
x-3 x+2 (x-3)x+2) x*-x-6

The reverse process of breaking up a single fraction into simpler fractions
whose denominators are the factors of the denominator of the give fraction is
called the resolution of a fraction into its partial fractions.
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For example,
x+1

Here b and b are the partial fractions of the fraction
x—1 x+1 x° -1

METHOD OF RESOLUTION INTO PARTIAL FRACTIONS

If flx) and g(x) are polynomials, then fg_x; is called a rational fraction. If
g(x

deg. f(x)<deg.g(x), then the rational fraction % is called a proper rational
g(x

X
fraction, otherwise % is called an improper rational fraction.
g(x

X, +x+3

— < —  is proper and the rational
(x+2)(x>+7) prop

For example, the rational fraction

x> +x+9

2

is improper.
x°=5x—

fraction

If is an improper rational fraction, then we can divide f{x) by g(x) so as to

X
write % as the sum of polynomial and a proper rational fraction.
g(x

. Any improper fraction can be expressed as the sum of a polynomial and
a proper fraction.

If can be proved mathematically that any proper fraction may be resolved into
partial fractions and:

i. If ax+ bis any linear non-repeated factor in the denominator, then there

corresponds a partial fraction of the form 5
ax +

ii. If ax + b is any linear factor repeater r(e N)times in the denominator,

then there correspond partial fractions of the form
A B C

ax+b’ (ax+b)* (ax+b)® ’
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If ax’+bx+cis any irreducible quadratic non-repeated factor in the
denominator, then there corresponds a partial fraction of the form
Ax+ B

ax® +bx+c

If ax’ +bx+c is any irreducible quadratic factor repeated re N times in
the denominator, then there correspond partial fractions of the form
Ax+B Cx+D

2
ax® +bx+c (ax2 +bx+c)2

The quantities A, B, C, D, are all constants independent of x.

The given proper fraction can be expressed as the sum of its partial
fractions.

The constants A, B, C, D, occurring in the numerators of the partial
fractions are determined by simplifying the sum of partial fractions and
then giving various values to x, to obtain equations involving unknown
constants or by comparing the coefficients of like power of x.

x—1
(+Dx-2)x43) °

Illustrations. (i) The partial fractions of the paper fraction

of the types 4 B ¢ D and

x+l’x—2’x+3’(x+3)2 (x+3)3'

x’+4
(x—7)(x+2)2(x2 +2x+3

(ii)) The partial fractions of the proper fraction

f
)are o}

B C nd Dx + E

x—7’x+2’(x+2)2 a x> +2x+3

the types

3
(iii The partial fractions of the proper fraction X Fxt7 —are of the

(x - 1)(x + 2)2()c2 + 5)

types A B C Dx + E and Fx +G
x—l’x+2’(x+2)2’x2+5 (x2+5)2.

PRACTICAL PROBLEMS

Type I. Problems Based on Non-Repeated Linear Factors.
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Example 1. Resolve the following fractions into partial fractions:

3x -1 L 6x7 +5x =7
> (i1) >
x° -1 3x°—-2x-1

(i)

Sol. (i) is a proper fraction and the denominator has linear non-

2
X —

repeated factors.

3x -1 3x -1 ! N B
x2-1 (x=1(x+1) x-1 x+1°

Let

3x-1  A(x+1)+B(x-1)
(x-1(x+1)  (x=D(x+1)

Multiplying by (x — 1)(x +1), we get 3x— 1 = A(x+ 1) + B(x - 1).
Now we find the values of A and B.

Method I. By comparing the coefficients of like powers of x.
2 = 3x-1=(A+B)x+ (A-B)

A+ B =3 and A - B = - 1. Solving those equations, we get A = 1

and B = 2.

Method II. By giving specific values of x.
Let us put x=1 and x= 2 in (2).
x=1 = 3(1)-1=A(1+1)+B(1-1) = 2A=2
x=2 = 32)-1=A2+1)+B(2-1)= 3A+B=5
=B=5-3A=5-3(1)=2
A=land B=2.

In this method, it is always convenient to use those values of x which make
linear factors in the denominator zero.

Here x-1=0 = x=1 and x+1=0 = x=-1.
We put x=1 and x=-11in (1).

x=1 = 3(1)=1 =A(l+1)+B(0) =A=2/2=1
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x=-1 = 3(-1)-1=A0) +B(-1-1) = B=-4/(-2)=2
A=1land B=2.

3x -1 1 2

(1)

j— =
(x-D(x+1) x-1 x+1
Remark. In the second method, we observed that

A = value of 3x _11 when x=1 and B =value of 3x _11 when x =1
x+ % —

The value of A can be found out by putting x = 1 in the given proper
fraction, after omitting x — 1 from the denominator. Similarly, the value of B
can be found out by putting x = - 1 in the given proper fraction, after omitting
x + 1 from the denominator.

Thus, when the factors in the denominator are linear and non-repeated,
we can decompose the given proper fraction into partial fractions as follows:
3x—1 31 N 3(-Hp-1 2 N -4 1 N 2
(x-D(x+D) (x-DHA+1) (-1-Dx+1) x-D2 (2)(x+1) x-1 x+1

This is called the short out method of finding the values of A, B etc. It is
very important to bear in mind that this short cut method is to be used only
when the denominator has only linear and non-repeated factors.

(ii) Given fraction is not a proper fraction. Dividing 6x’ +5x> -7 by 3x> -2x-1,
we get

6x° +5x7 =7 = (2x+3)3x* —2x—1)+(8x—4).

3 2 _ _
6x 2+5x 7:2x+3+ 8x — 4 v 3x? =2x—-1=(x-DGx+1)
3x° —-2x-1 (x -D(Bx+1)

8()-4
(r—DBM+1) (_1_1j(3x+1)
3

(Using short cut method)
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—20/3 :2x+3+—1 + >

—3}(3){34—1) x—1 3x+1

LONG ANSWER TYPE QUESTIONS

Resolve the following fractions into partial fractions:

3x+4
B PRy ey > Grexe)

2x+1 x+2
S (x+D)(x-2) C2x?—7x—15

2x -1 x> +8x+4
" (x=D(x+2)(x-3) C o x’ —4x

2x*4+10x -3 3 10x? +9x -7
S (x+1)(x2-9) C(x+2)(x2 =)

Answers

10 13 1 2

x—2 x-3 T ox+1 2x+1

| 5 | 7
: + 4, — +
3x+1) 3(x-2) 132x+3) 13(x-3)

1 1 1 1 1 3

5. — - + ) +
6(x-1) 3(x+2) 2(x-3) X x+2 x-2

11 5 15 3 2 5
7. - + 8. + +
8(x+1) 4(x+3) 8(x—-3) x+1 x-1 x+2

Type II. Problems Based on Repeated Linear Factors
Example 2. Resolve the following fractions into partial fraction:

2x+1
(x+2)(x=3)?
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2x+1
ol. Gr2)x_3) is a proper fraction. Let the partial fraction corresponding to
X x—

the factor x + 2 be

5 and the partial fractions corresponding to the factor
X+

B C
-3) b d ——.
(x-3) e —an T

2x +1 A B C

(x +2)(x—-3)° x+2+x—3+(x—3)2

Multiplying both sides by (x +2)x-3)*, we get

2x+1=A(x-3)> +B(x+2)(x=3)+C(x+2)

Now x+2=0 = x=-2 and x-3=0 = x=3

x = -2 in (2) implies — 3 = A(=5)% + B(0)+C(0) = A= ;_53

x =3 in (2) implies 7= A4(0)+ B(0)+C(5) = C:%

Comparing the coefficients of x? in (2), we get 0 = A + B.

B:_A__(i):i
25 25

-3 3 7

(1) = 2x+1 25 25 5
(x+2)(x-3)" x+2 x-3 (x-3)

3 3 7
— + + .
25(x+2) 25(x—-3) 5(x-3)°

EXERCISE 4.2
LONG ANSWER TYPE QUESTIONS

Resolve the following fractions into partial fractions:

2x2 +7x+23 ) 3x -2
(x —1)(x +3)? T (x+3)(x+1)?
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5x% +18x+17 4 xt+x+1
(x+1)2(2x+3) ' (x+1)2(x+2)

Answers

25 5 S
“x-1 (x+3)? CA(x+1) A(x+3) 2(x+1)?

1

5 4 3 2 1
3' + 2 4‘. - + >
2x+3  (x+1) x+2 x+1 (x+1)

Type III. Problems Based on Non-repeated Quadratic Factors

Example 3. Resolve the following fractions into partial fraction:

2x+ 3
(x +1)(x*>+1)

2x+ 3

Sol. :
(x+1)(x"+1)

is a proper fraction. Let the partial fraction corresponding

A . . .
to the factor x + 1 be 1 and the partial fraction corresponding to the factor
X+

Bx+C

2

x> +1 be .
x“+1

2x+ 3 _ A +Bx+C
(x+1D)(x*+1) x+1  x*+1

Multiplying both sides by (x + 1)(x2 + 1), we get
2x+3=A(x* +1)+(Bx+C)(x+1)
¥ -1in(2) = 1= AQ2)+ (=B +C)0) = A:%

Comparing the coefficients of x°in (2), we get 0=A+B. .. B=-4= —%

Comparing the coefficient of xin (2), we get2 =B +C. .. C=2-B= 2+% :%

2x+3 _1/2+(—1/2)x+5/2_ 1 N 5-x
(x+1)(x*+1) x+1 x*+1 2(x+1)  2(x*+1)°

(1) =
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LONG ANSWER TYPE QUESTIONS

Resolve the following fractions into partial fractions:

— 2. al

1+ x° xPHxt+x+1

3 4 1
" A-x)1+x?) Cl+x+xt+x

Answers

1 x+1 1 x+1
1. - +— 2. - +——
31+x) 3(x"—x+1) 2(x+1)  2(x”+1)

3 3x+3 1 x+1
+ : 4. + .
2(1-x) 2(1+x7) 21+x) 2(1+x2)
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SUMMARY

. The process of breaking up a single fraction into simpler fractions whose
denominators are the factors of the denominator of the given fraction is
called the resolution of a fraction into its partial fractions.

. (i) If deg. fix) < deg. g(x), then the fraction @is called a proper
g g g )
g(x

fraction.

(ii) If deg. filx) > deg. g(x), then the fraction % is called in improper
g(x

fraction.

. Any improper fraction can be expressed as the sum of a polynomial and
a proper fraction.

. Any proper fraction can be resolved into partial fractions.

TEST YOURSELF

Resolve the following fractions into partial fractions :

x+2 5 8—x 3 12 x + 11

x> =Tx+12 " 2x?43x-2 T x 4+ x-6

1.

5 X+4 6.

x?+2x x> -4
Answers

3 2

" 2x—1 x+2

2 3
L=+




Applied Mathematics

SECTION - A

5 PERMUTATIONS

LEARNING OBJECTIVES

Introduction

Fundamental Principle of Counting
Factorial Notation

Definition of Permutations

Practical Problems Involving Permutations
Permutations of Things not all Different
Circular Permutations

Permutations with Repetitions

INTRODUCTIONS

In this chapter, we shall discuss the problem of
arranging certain things in a definite order, taking

particular number of things at a time. ab and ba are [ I

two arrangements of a and b in different orders.

Suppose there are three entrances to hall and
two exists to come out of that hall. Therefore, there
will be exactly six ways of going in and coming out of

the hall. This is explained in the adjoining diagram. g -[ Hall ]
Ways

In mathematical terminology, the acts like ‘going
in’ and ‘coming out’ are called operations. Thus, we
can say that there are three ways of performing first operation and two ways of
performing second operations.

From the figure, we observe that there are in all 6 ways of going in and
coming out of the hall. The total number of ways (0) is also equal to the product

of 3 and 2.
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FUNDAMENTAL PRINCIPLE OF COUNTING

This principle states that if an operating can be performed in ‘m’
different ways, following which another operation can be performed in ‘n’
different ways, the both operation, in succession can be performed in
exactly ‘mn’ different ways.

In the illustration given in the above section, the number of ways of performing
operations are 3 and 2 and so by F.P.C. the total number of ways of performing
both operations in the specified order is equal to 3 X 2, i.e., 6.

The F.P.C. can also be generalized, for even more than two operations, as
follows:

If an operation can be performed in ‘m;’ different ways, following
which another operation can be performed in ‘m3’ different ways,
following which another operations can be performed in ‘m3’ different
ways and so forth, then all operations, in succession can be performed in
exactly m; X mz; X m3 X different ways.

WORKING RULES FOR SOLVING PROBLEMS

Step I. Identify the independent operations involved in the given problem.
Step II. Find the number of ways of performing each operation.

Step III. Multiply these numbers to get the total number of ways of performing
all the operations.

Example 1. In a class there are 25 boys and 15 girls. The teacher wants to
select 1 boy and 1 girl to represent the class in a function. In how many ways
can the teacher make this selection ?

Sol. No of ways of selecting one boy out of 25 boys = 25
No. of ways of selecting one girl out of 15 girls = 15.
By F.P.C., total number of ways of selecting one boy and one girl

=25 X 15 =375.
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Example 2. How many odd numbers less than 1000 can be formed using the
digits O, 1, 8, 9 (repetitions of digits is allowed) ?

Sol. The numbers less than 1000 can be either one digited or two digited or
three digited.
One digited numbers
The one digited odd numbers are 1 and 9. These are 2 in number.
Two digited numbers
No. of ways of filling unit’s place 2 (either 1 or 9)
No. of ways of filling ten’s place =3 (either 1 or 8 or 9)
. By F.P.C., number of 2 digited odd numbers =2 X 3 =6
Three digited numbers
No. of ways of filling unit’s place =2 (either 1 or 9)
No. of ways of filling ten’s place =4 (either O or 1 or 8 or 9)
No. of ways of filling hundred’s place =3 (either 1 or 8 or 9)
. By F.P.C., number of 3 digited odd numbers =2 X 4 X 3 =24
Total numbers = 2 + 6 + 24 = 32.

SHORT ANSWER TYPE QUESTIONS

. In how many ways can two friends sit in three vacant seats in a bus?

. A hall has three entrances and four exists. In how many ways can a man
enter and exit from the hall?

. In a class there are 30 boys and 18 girls. The teacher wants to select 1
boy and 1 girl to represent to class in a function. In how ways can the
teacher make this selection?

. Given seven flags of different colours, how many different signals can be
generated, if a signals requires the use of two flags, one below the other?

. A lady wants ot select a cotton saree and one polyester saree from a
textile shop. If there are 20 cotton varieties and 45 polyester varieties, in
how many ways can she choose two sarees?

LONG ANSWER TYPE QUESTIONS

. A puzzle has eight empty spaces, each to be filled by the word ‘yes’ or

‘no’. in how many ways can it be solved?
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7. There are 6 multiple choice questions in an examination. How many
sequences of answer are possible, if the first three questions have four
choices each and the next three have five choices each?

. Five coins are tossed simultaneously. In how many ways can these fall?
. In how many ways can 5 women draw water from S taps, if no tap
remains unused?

10. A club consists of 100 numbers. In how many ways can the members
select a president, a vice president, a secretary, if a member can hold
only one position at a time?

Answers
1. 6 2.12 3. 540
4. 42 5. 900 6. 28 =256
7. 4X4X4X5X5X5=8000 8. 8. 32

9.5X4X3X2X1=120 10. 100 X 99 X 98 = 970200.

FACTORIAL NOTATION

Let ne N . The continued product of first n natural numbers (beginning
with 1 and with n) is called factorial n and is denoted by n !

Thus, n!=123........ (n-1).n
In particular, 51=1.2.3.4.5=120
81=1.2.3.4.5.6.7.8 =40320.
Factorial zero is defined as equal to 1 and we write 0! = 1.
It is easily seen that n!
nn-1). (n-2)!

nn-1) (n-2). (n-3)!

. We have 81=8X71=8X7X6!=56X06!cetc.
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Example 3. Evaluation :

9! _16.15.14.13.12 !
@ =3 (i)
8! 15!

11! 11 11 1!

(i) - ) oyt ot oy
I 9x8!

Sol. i) — = =9,
8! 8!

16X 15X 14X 13 x 12!  16(15x14x13x121)  16(151) _
15! 15! 15!

(i1)

11! 11x10x9x8x7! 11x10X9x8
(iii) = = = 330
7141 71(4x3x%x2X1) 4 X 3 X2

1t 1! 1! 7X6 7
ivf —+—+ — = +
5! 6! 7! 7X6X5! 7X6!

Example 4. Convert into factorials:

(i) 4.5.6.7.8.9.10.11 (ii) 2.4.6.8.10.

11!
Sol. (i) 4.5.6.7.8.9.10.11 = I1x2x3x4x5x6xTx8x9x10x11 _
I1x2x3 3!

.. I1x2x3x4x5x6x7x8%x9x%x10 10!
(ii) 2.4.6.8.10 = =

Ix2x3x4x5 5

SHORT ANSWER TYPE QUESTIONS

. Find the value of :
9!
i) 7! (i) 8! (i) (3 1)(6)) (iv) 2151
. Show that2n!n!=2n2 (n-1)! (2n-1)! neN.

12!
. Show that? =1.3.5.7.9.11.26.
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n!
. Evaluate : when :

(n—-r)!
(i) n=10,r=4 ({)n=9,r=5
. Show thatn!(n+2)=n!+(n+ 1)
. Find n if:

@) (n+1)!1=12. (n- 1) (i) (n+2)!=20.n!

LONG ANSWER TYPE QUESTIONS

. Show that 55! + 1 is not divisible by any number from 2 to 55.
. Find the L.C.M. and H.C.F. of :
@a3tel 7! (i 101!, 121, 17!
6! 6! 7!

+
2141 3131 314!
f(n+2)!1=60. (n-1)!, find the value of n.

. Show that
(2n+1)!
. Show thatT =1.3.5. ........ (2n+ 1)2", neN.

n! 3 2.n!
2. (n-2)! 4! (n-4)!

If , them find the value of n.

Answers
. (i) 5040 (ii) 40320 (iii) 4320
. (i) 5040 (i) 15120 6. (1) 3

Q)71 3! (i) 171, 10! 10. 3

DEFINITION OF PERMUTATIONS

An arrangement in a definite order of a number of things taking some or all
of them at a time is called a permutation. The total number of permutations of

n distinct things taking r (1 < r < n) at a time is denoted by "P,,or by P(n, 7).
We define "Pp = 1.
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For example, the permutations of 3 things a, b, c taking 2 at a time are:
ab bc ca
ba cb ac

L3P =6

The value of 3P, can also be found out by considering the problem of filling
two places by using two out of a, b, c. Thus, the first place can be filled in 3
ways. After filling the first place, the second place can be filled in by using any
of 3 — 1 = 2 things.

. By F.P.C., the value of 3P, =3 X 2 = 6.
Theorem I. For 1 < r < n, prove that "P: = n(n - 1)(n - 2) r factors.
Proof. »P: = number of permutations of n different things taking r at a time

= number of ways in which r places in a row can be filled with
n different things
Now, no. of ways of filling 1st place n
No. of ways of filling 2nd place =n-1
(- only n— 1 things are left after filling the 1st place)

No. of ways of filling 3rd place = n—- 2

No. of ways of filling last i.e., rth place = n— (r— 1)
By F.P.C., the total no. of ways of filling all the r places
r factors
2P, = n(n - 1)(n - 2) r factors.

Thus, the number of permutations of n things taking r at a time is
given by

2P, = n(n - 1)(n - 2) r factors, 1< r<n.
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Theorem II. For O < r < n, prove that P, =

Proof. Let O<r<n
r factors
—(r-1)]=n(n-1)

(m—r+).(n—-r)(n—r-1........ 3.2.1
(n=ry(n—r—1)......... 3.2.1

n!
(n-0)!"n!

n!
np, = O<r<n.
T (m-n)? -

Corollary. Show that P, = n !.

Proof.

nn-1) (n-2)

The number of permutations of n different things all taking all at a
time is equal ton !.

Remark 1. In evaluating "P: , the formula :
(i) "Pr=n(n-1)(n-2) r factors is used when the value of ris known.
For example, 8P,=n(n-1) (n-2) (n— 3)

n!

i Pr= oo

is used the value of ris not known.
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8!

For known, 8P, = .
v " (8-1)!

Remark 2. It may be noted carefully that in "P, , we count only those
permutations in which repetition of things is not allowed.

Example 5. Evaluate :

(i) °Ps ii (iii) 18P3 (iv) Ps

_ S5x4x3x2x1
2x1

Sol. (i) =5x4x3=60.

n!

(7 =@
Alternatively, °P3; =5 X 4 X 3 = 60 ("Pr = n(n-1) r factors)
(i) 7P =7X 6 =42
(iii) 18Pz = 18 X 17 X 16 = 4896

6! _ 6! _ 6><5><4><3><2><1_720
(6 - 6)! (0)! 1 '

(iv) 6Ps =

Example 6. Find n, if 2P, :2n+1P, ;=22 :7.
Sol. We have 2n1p,:2ntip, ;=22 :7, lLe.

(2n-1)!
[2n+D)—n]! 22 @n-1Dm+2)! 2

CntD! T T (p-D)(2n+1)! 7
[2n+1)— (n—-1)]!

2n-1)'n+2)(n+1). n. (n-1)! _ 22 n+2)(n+1)

(n-1)(2n+1) 2n .(2n—1) ! 7 7 (2n+1)2

T(n* +3n+2)=4412n+1)

Tn?-67n-30=0 = n=10,-3/7

n =10 (- n=-3/7 is not possible)
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WORKING RULES FOR SOLVING PROBLEMS

Rule I. P, (or P(n, r) denotes the number of permutations of n distinct things
taking r at a time, 1 <r<n.

Rule II. If value of r is given, then use : "P, = n(n -1)(n — 2) r factors.

Rule III. If value of r is not given, thenuse : »p _ __N'!

r n—r1r)!

Rule IV. "P,=n!=nn-1)n-2)

SHORT ANSWER TYPE QUESTIONS

1. Evaluate :

i “Ps (ii) °Ps (iii) 20P4 (iv) 10Ps.
2. Find nif 16 nP; = 13 n*1P;3, 3. Find nif 2nP3 = 100 nPs.
4. Find nif nPs = 3 nPs. 5. Show that nP, = 2 nPy5.
6. Show that nP, =nP, . 7. Show that °P, = nn1P .

LONG ANSWER TYPE QUESTIONS
8. Find nifrPs =422P3; , n>35 9. Find nif 302Ps = 2*2P; . n > 6.
10. Find nif 10P, = 29P, . 11. Find nif nPy : »*1Ps =1 :9
12. Find nif 10Py+; : 11P,=30: 11.
13. If 1 < r< s < n, then show that nPs is a multiple of 2P .
Answers

1. (i) 210 (i) 15120 (iii) 116280 (iv)1814400
2.15 3.13 4.8 8. 10

9.8, 19 10. 5 11.8 12. 5.




Applied Mathematics

PRACTICAL PROBLEMS INVOLVING PERM UTATIONS

In this section, we shall learn the use of the formulae regarding
permutations, in solving practical problems.

Example 7. In how many ways, the letters of the following words can be
arranged :

(i RAM (i) POWER
(iii) COMBINE (iv) EQUATION ?
Sol. (i) Total number of letters in the word RAM is 3 and all are different.
Number of arrangements of these three letters = P(3,3) =3 ! =6

Remark. The different arrangements of the letters R, A and M are RAM, RMA,
ARM, AMR, MRA and MAR.

(ii) Total number of letters in the word POWER is 5 and all are different.
Number of arrangements of these five letters = P (5, 5) = 5! = 120

(iii) Total number of letters in the word COMBINE is 7 and all are different.
Number of arrangements of these seven letters = P (7, 7) = 7 | = 5040

(iv) Total number of letters in the word EQUATION is 8 and all are different.
Number of arrangements of these eight letters = P (8, 8) = 8 | = 40320.

Example 8. In an examination hall, there are four rows of chairs. Each row has
8 chairs one behind the other. There are two classes sitting for the examination
with 16 students in each class. It is desired that in each row, all students belong
to the same class and that no two adjacent rows are allotted to the same class.
In how many ways can these 32 students be seated ?

Sol. No. of ways of choosing rows for classes = 2.
Ist way IInd way
I, III First Class I, III Second class

II, IV Second Class II, IV First class
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No. of ways of arranging 16 students of first class in 2 rows each having 8

chairs = P (16, 16) = 16 !.

No. of ways of arranging 16 student of second class in 2 rows each having 8
chairs = P (16, 16) = 16.

.. By F.P.C., total number of arrangements =2 X 16 ! X 16! = 2(16 !)2.

SHORT ANSWER TYPE QUESTIONS

. In how many ways , the letters of the following words can be arranged :
(i AND (i) MOHAN
(iii) DELHI (iv) PERSONAL ?

. In how many ways can five children stand in a queue ?

. Determine the number of ways in which 4 books, one each on physics,
chemistry, biology and mathematics can be arranged on shelf.

. How many different five letters words (may or may not be meaningful) can
be formed out of the letter of the word ‘KNIFE’ if repetition of letters is not
allowed?

. In how many ways can six women draw water from six taps?

. Determine the number of permutations of the letters of the words
HEXAGUN taken all at a time.

. How many three digit number of there, with distinct , with each digit odd?

. Six students are contesting election for the president ship of the student
union. In how many ways can their names be listed on the ballot paper?

LONG ANSWER TYPE QUESTIONS

9. Find the number of permutations of English letters A, B, C, D, E taking 2
at a time. Also verify your result.

10. Determine the number of different 5-letter words formed from the letters
of the word EQUATION.

11. Twelve students complete in a race. In how many ways can the first three

places be taken?
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12. Determine the number of 5-letter words formed from the letters of the
word DAUGHTER.

Answers
1. (1) 6 (i) 120 (iii) 120 (iv) 40320
2. 120 3. 24 4. 120 5.720
6. 5040 7.5X4X3=60 8. 720
9.5X4=20 10.8X7X6X5X4=6720

11. 12X 11 X 10 = 1320 12. 6720.

PERMUTATIONS OF THINGS NOT ALL DIFFERENT

In this section, we shall consider the method of counting the possible
arrangements of things, which are not all different.

Theorem I. If p;1 objects are of first kind and p2 objects be of second kind,
then prove that the total number of permutations of all the p: + p2 objects

(p,+p,)!

is given by
il p,!

Proof. Let the required number of permutations be x. We fix one permutation
among these x permutations.

Now we imagine that the p; alike objects are replaced by p; different objects.
These p; different objects can be arranged among themselves in p; ! ways.

Similarly, we imagine that the p2 alike objects are also replaced by p2 different
objects and these can be arranged in p2 ! ways.

Therefore, if both the replacements are done simultaneously then each one of x
permutations give rise to p; ! p2 | permutations.

. x permutations gives rise to (p:! p2!) x permutations.

Now each of these p; ! p2! x is a permutations of p; + p2 different objects taken
all at a time

Pilp2!x=(p1+ p2)!
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. (p, +p,)!
X=—"._
p!p,!

Theorem II. If p: objects are of the ith kind and I = 1, 2, 3,
prove that the total number of permutations of all the p: + p2 +
(p,+p, +

object is given by
(028910723 ) Rows (p.hH

Proof. This result is a generalization of Theorem I and we accept it without
proof.

Example 9. In how many ways can the letters of the following words be
arranged :

(i) TALL (iij APPLE
Sol. (i) In the word TALL, there are 4 letters.

T occurs once, A occurs once and L occurs twice.

41 T —> 1
Total number of arrangements = — A—>1

2!
L —> 2

(In the denominator, we have avoided writing 1 ! two times, because 1! = 1.)

(ii) In the word, APPLE, there are 5 letters.

P occurs twice and the rest are all different. A1

Total number of arrangements = ; = . L > 1

E—>1

Example 10. How many different words can be formed with the letters of the
word HARYANA ? How many of these :

(i) have H and N together ? (ii) begin with H and end with N ?
(iii) have three vowels together ?

Sol. In the word HARYANA, there are 7 letters.
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A occurs thrice and the rest are all different.

5!
-. Total number of words = Pl w =840

(ii) In this case, we consider the pair (HN) as one object.

.. No. of objects to be arranged is 6 in which A is repeated thrice.

6!
No. of arrangements = ; = E: 120

(iii) The Three vowels in the word HARYANA are A, A, A.

.. We are to arrange 5 objects (AAA), H, R, Y, N and this can
be done in

51 =120 ways.

VLl

. Total number of words = 120.

SHORT ANSWER TYPE QUESTIONS

. In how many different ways, can the letters of the following words
arranged:

(i) ALL (i) MOON

(iii) NOON (iv) AGAIN ?
. In how many different ways, can the letters of the following words
arranged:

(i COMMERCE (ii) ALLAHABAD

(ii) CHANDIGARH (iv) EXAMINATION?

. In how many different ways, can the letters of the following words

arranged :
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() INDEPENDENCE (i) ASSASSINATION
(iii) KURUKSHETRA (iv) YAMUNANAGAR?

. How many different arrangements can be made by using 6 red and 5 black
identical balls?

. The seven objects are x, x, y, Y, Y, Y, 2. Find the number of their
permutations.

. There are 5 red, 4 white and 3 blue marbles in a bag. These are drawn one
by one and arranged in a row. Assuming that all the 12 marbles are drawn,
determine the number of different arrangements.

LONG ANSWER TYPE QUESTIONS

. In how many ways can the letter of the word PERMUTATIONS be arranged
if the
(i) words start with P (ii) words start with PS.
(iii) vowel are all together
(iv) there are always 4 letters between P and S.

. How many 7-digit numbers can be formed using the digits 1, 2, 0, 2, 4, 2,
47?

. How many numbers greater than a million can be formed with the digits :
i2,3,1,3,4,2,3 (i) 2, 3, 0, 3, 4, 2, 3?

Answers

1. (i) 3 (ii) 12 (iii) 6 (iv) 60
2. (i) 5040 (ii) 7560 (iii) 907200 (iv) 4989600
3. (i) 1663200 (i) 10810800 (iii) 4989600 (iv) 831600

11!

LT =462 5. 105 6. 27720
6!5!

| |
7. () 1 x 1%, = 19958400 (i) 1 x % = 1814400

| |
T4 D 5419200 (iv) 7 x 22! = 12700800

71 71 6!
8. 360 9. (i) =420 (i) — = 360
213! 2131 2131

(ii) 5! x

10. 60, 10.
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CIRCULAR PERMUTATIONS

The circular permutations are permutations of certain things in the form of a
circle.

For example, ABCD, BCDA, CDAB and DABC are four different linear
permutations, but round a circle these four different arrangements gives only
one circular permutation ABCD read in the anticlockwise direction. In circular
permutations, there is neither a beginning nor and end.

Theorem. Prove that the number of circular permutations of n different
things is given by (n - 1) !.

Proof. Let x be the required number of circular permutations. To each one of
these x circular permutations, there corresponds n linear permutations starting
from each one of n things in the circular permutations and read in the
anticlockwise direction.

. All circular permutations give rise to x.n linear permutations.
x.n=n!

n!
x=" =(n-1)!

Thus, the number of circular permutations of n different things is given
by (n-1) !l

In circular permutations, the permutations are always read in
anticlockwise direction. The circular permutation ABCDE of the objects A, B, C,
D and E is as given in Fig. (i).

Fig. (i) Fig. (i)

This is not to be
read as AEDCB because the permutations AEDCB is as given in Fig. (ii).

Anticlockwise wand clockwise permutations are different permutations.
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In case, there is no difference between anticlockwise and clockwise
(n-2)!
permutations, then the circular permutations of n things is , because
in this case if we turn around an anticlockwise circular permutations, we shall
get the corresponding clockwise circular permutation. For example if we turn
around the circular permutation in Fig (i), we shall get the circular permutation
as in Fig. (ii) Problems relating to forming necklace with n different beads are

(n-2)!
solved by using the formula

Remark. In an anticlockwise circular permutation and its corresponding
clockwise circular permutation, each item has same neighbor on both sides
with the only difference that a neighbor on left side would be the neighbor on
the right side in the corresponding circular permutation.

Example 11. Find the number of ways in which 7 dissimilar things can be
arranged in a (i) line (ii) circle.

Sol. Number of things = 7.
(i) .. Number of ways of arranging these things in a line = 7 | = 5040

(ii) Number of ways of arranging these things in a circle = (7 - 1) ! =6 | = 720.

Example 12. There are six gentlemen and four ladies to dine at a round table. In
how many ways can they seat themselves so that no two ladies are together?

Sol. No. of gentle men 6
No. of ladies = 4

In order to have no two ladies together, we shall
first arrange all the 6 gentlemen and then we shall
arrange ladies to in between gentlemen.

No. of ways of arranging gentlemen

=6-1)!=120
The ladies can occupy seats marked ‘X’.

No. of ways of arranging ladies
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= 6P; = 360
.. By F.B.C., the required number of arrangements

=120 X 360 = 43200.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. Number of ways of arranging in dissimilar things in a circle = (n—-1) I.

Rule II. Number of ways of formatting a necklace of n dissimilar beads

_(n—l)!
2

SHORT ANSWER TYPE QUESTIONS

. In how many ways 10 boys be arranged in a (i) line (ii) circle ?
. In how many ways can 8 heads of different colours form a necklace ?
. In how many ways can a garland of 15 different flowers be made ?

LONG ANSWER TYPE QUESTIONS

. A round table conference is to be held between delegates of 15 countries. In
how many ways, can they be seated, if two particular delegates may wish to
sit together?

. In how many ways can 5 gentlemen and 5 ladies be seated at a round table
so that two particular gentlemen are always together?

The chef minister of 11 states of India meet to discuss the current issues.
In how many ways can they seat themselves at a round table so that the
chief ministers of states X and Y sit together?

. In how many ways 11 members of a committee sit at a round table so that
the secretary and the joint secretary are always the neighbours of the
president?




Applied Mathematics

Answers
1. (i) 3628800 (ii) 362880 2. 2520 3.(14)/2

4. 2X(13) 5. 80640 6. 725760 7. 80640.

PERMUTATIONS WITH REPETITIONS

In this section, we shall study the method of counting various arrangements
in which things are allowed to repeat in the same permutation.

Theorem. Prove that the number of permutations of n different things
taken r at a time when each thing is allowed to repeat any number of
times in any arrangement is given by nr:

Proof. The number of permutations of n different things taking r at a time is
same as the number of ways of fillings r places with n different things.

Now, no. of ways of filling 1st place = n
No. of ways of filling 2nd place = n

( -~ The thing used in filling the
1st place can also be used in filling the 2nd place.)

No. of ways of filling 3rd place = n

No. of ways of filling rth place = n

By F.P.C., the total no. of ways of filling all the r places

Thus, the number of permutations of n different things taken r at a
time when each thing is allowed to repeat any number of times in any
arrangement is given by nr.

Remark. In the above theorem, the value of r can also be greater than n.

Example 13. Find the number of two-digit numbers by using the digits 2, 3, 5, 7.
The repetitions of digits is allowed. Also, verify your answer.

Sol. The digits are 2, 3, 5, 7.
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No. of ways of filling unit’s place = 4.
No. of ways of filling ten’s place = 4.
By F.P.C., total number of numbers =4 X 4 = 16.

Verification. The required numbers are 22, 23, 25, 27, 32, 33, 35, 37, 52, 53,
55, 57,72, 73,75, 77. These are 16 in number.

EXERCISE 5. 7

SHORT ANSWER TYPE QUESTIONS

. Find the number of two-digit numbers by using the digits 4, 6, 9. The
repetition of digits is allowed.

. Find the number of two — digit numbers by using the digits 0, 3, 7. The
repetition of digits is allowed.

LONG ANSWER TYPE QUESTIONS

. How many three — digit numbers can be formed by using the digits :
i1,4,7,9 (ii) 2, 3,6, 8 (iii) O, 2, 3,6, 8,7

The repetition of digits is allowed.

. How many four — digit numbers can be formed by using the digits 2, 3, 4,
5, 6, when repetition of digits is allowed?

. How many four - digit numbers can be formed by using the digits 0, 3, 4,
5, 6, when repetition of digits is allowed?

Answers
. 9 . 3. (1) 64

(iii) 100 5. 500
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SUMMARY

. The fundamental principle of counting (F.P.C.) states that if an operation
can be performed in m different ways and if for each such choice, another
operation can be performed in n different ways, then both operations, in
succession can be performed in exactly mn different ways. The principle
can also be generalized, for even than two operations.

. For ne N, the factorial of nis definedas n!=1X2X3X
O !is defined as 1.

. The arrangements of a number of things taking some or all of them at a
time are called permutations. The total number of permutations of n
distinct things taking r (1 < r < n) at a time is denoted by "P, or P(n, 7.

. Forl<r<n, "Pr=n(n-1)(n-2) r factors.
In particular, "Pr = n(n - 1)(n - 2) n factors = n(n—- 1)(n-2)... 3.2.1. = n!

. We define, "Pp = 1.

n!
. ForO<r<n,  "Pr=7"77"""".
(n-r)!

n!

n!
=— =7
0!

In particular, "P, = ————
P (n—-n)!

TEST YOURSELF

. A sample of 3 bulbs is tested. A bulb is labeled as ‘G’ if it is good and ‘D’ if
it is defective. Find the number of all the possible outcomes.

. John wants to go abroad by ship and return by air. He has a choice of 6
different ships to go and 4 airlines to return. In how many ways can ho
perform his journey?

. There are 5 routes from places A to place B and 3 routes from place B to
place C. Find how many different routes are there from A to Cvia B.

. For a group photograph, 3 boys and 2 girls stand in a line in all possible
ways. How photos could be taken if each photo corresponds to each such
arrangement?
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. A coin is tossed three times and the outcomes are recorded. How many
possible outcomes are there? How many possible outcomes if the coin is
tossed four times? Five times? n times?

. How many 3-digit numbers can be formed form the digits 1, 2, 3, 4 and 5
assuming:

(i) repetition of digits allowed. (ii) repetition of digits not allowed ?

. How many 5-digit telephone numbers can be constructed using the digits O
to 9 if each number starts with 67, for example 67125 etc, and no digit
appears more than once?

Answers

1. 8 2.24 4. 120

5. 8,16, 32, 2" 6. (i) 125 7.8X7X6=336
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SECTION - A

COMBINATIONS

LEARNING OBJECTIVES

Introduction

Definition of Combinations

Practical Problems Involving Combinations
Division into Groups

Combinations when all Things are not Alike

INTRODUCTIONS

In this chapter, we shall discuss the problem of arranging certain things
taking particular number of things at a time. The selections are different from
permutations in the sense that in a permutation, the order of things is taken
into consideration whereas in case of selections, the order of things is
immaterial and we consider only the things which are occurring in a selection.
For example, ab and ba are two distinct permutations but same selection.

DEFINITION OF COMBINATIONS

A selection (group) of a number of things taking some or all of them at a
time is called a combination. The total number of combinations of n distinct
things taking {1 < r < n) at a time is denoted by "C; or by C(n, r). We define
nCo= 1.

For example, the combinations of 3 things a, b, c taking 2 at a time are:

ab bc ca
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Remark. In a combination, the order of objects is immaterial whereas in a
permutation, the order of objects matters. For example, abc, ach, bca represent
the same combination and three different permutations. Thus, we see that
permutations are ‘arrangements in definite order, whereas combinations are
‘selections’ in which order of objects does not matter.

n!

Theorem I. For O <r < n, prove that "C; = ——— .
r!(n-r)!

Proof. Let "C,=x and r> 0.

Each one of these x combinations contains r things and these r things can
be arranged among themselves in r ! ways. Hence one combination give rise to
r | permutations.

x combinations will give rise to x . r! permutations.

n!

But the number of permutations of n things taking r at a time is =y

n! n!
x.r!= Le. XxX=—-—.
(n—-r)! ri(n-r)!

n!
n O<r<n

T I(n-7r)!"’

n! n!
Co=1 and 0!(n—0)!_1><n!_1

n!
n —

T i)’

_ n-r+1)(n-r)......3.2.1
ri(n-r)! - r!(n-r)!

Corollary I. "C; =

(n—-r+1)

r!

2. = nn-1)n-2) (n—-r+1)

' 1231 ,for1<r<n.

This form of "C; is generally used in practical problems, because it does not
involve factorials.

From the above form of "C,, we have
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_n(n-1)(n-2) r factors
T 1,2,3,....

=8x7x6x5_70

For example, 8C4= ——=
Ix2x3x4

n! 1

Corollary II. We have "Co=1 and "Cn= y |(n—7)! - a - L

nCo = 1 and »Cy = 1.
Theorem II. For O < r < n, prove that »C, = nC; .

Proof. nCpr = n! = n =
(n—7r)!(n—-(n—-r)! (n-r)!r!

Remark 1. Ifr > g,then we simplify the calculation of "C, = by writing it equal
to "Cn r.

For example, 15C1; =15C15-11 = 19Cy = [5x1dx13x12 =1365.
Ix2x3x4

Remark 2. We have seen that "C, ="C,.,for 1 <r<n.
I nCp =nCq, then "Cp ="Cq ="Cp ¢4

p=qor p=n—-q Le., n=p+q.
Thus, if nCp, ="Cq, then eitherp=qorp +q =n.

Theorem III. (Pascal’s rule). If n and r are natural numbers such that
1 <r <n, then prove that

nCr + nCr-l = n+ICr .
Proof. L.H.S. = "C, + "C,_;

n! n! n! n!
- r!(n-r)! " (r-D!'(n-r +1)! N r.(r-1)!(n-r)! ¥ (r-D!(n-r+ 1) (n-r)!

n! [1 1 ] n! [n—r+1+r

- (r-1)!(n-r)! Lr * n-r+1l (r-1)!(n-r)! ¥ rn—r+ 1)

_ (n+ 1). n! (41! e s
Cr(r-D!(n-r+1.(n-1r)! rim-r+1) = R.H.S.
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nCr+nCr-1=n+1Cr, lﬁrsn.
Example 1. Evaluate the following :
(i) °C4 (ii) °1Cao (iii) 199Cos .

‘ 9! 9! 9 X 8X7X6 x5! Ix8xTx6
Sol. (i) 9Cs = = = - -
41(9—-4)! 4!5! 4 Xx3xXx2x1Xx5! 4x3x2x1

126

9x8xTx6

=126
4x3x2x1

Alternative method. °C; =

).

(ii) °1C49 =31Cs1-49 =51C2 = 51><5021275

1x2

1
(ifi) 100Cog = 100C;00- 05 = 100, = 100X9VIEDIT_ 59,1575
1x2x3x4

Example 2. Show that the product of k consecutive natural numbers is divisible
by k !.

Sol. Let us consider k consecutive natural numbers n+ 1, n + 2,

n+ 1H(n+ 2) (n+ k) _ 1.23..n.(n+ 1(n+ 2) (n+ k)
1.23....n.k!

=(n+ k)!

T n+kCy , a natural number.
n! k!

(n + k) is divisible by k !.

WORKING RULES FOR SOLVING PROBLEMS
Rule I. "C; (or C(n, r)) denotes the number of combinations of n distinct things
ratatime, 1 <r<n.

o n (n—-1)(n-2)....r factors
Rule II. If value of r is given, then use : "C; = 123 .

n!
Rule III. If val ] t given, th PGy =
ule If value of r is not given, then use Ry
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Rule 1IV. (1) n'Cr = n'Cn—r
(ii) If "Cp = "Cq then either p=q or p+1=n.
Rule V. nCr + nCr—j = n+1Cr, 1 5 1"5 n.

Rule VI. "Cp= 1 and "C, = 1.

SHORT ANSWER TYPE QUESTIONS
Evaluate :
1Cy (ii) 2°Cs (iii) 29Cis
If n=7 and r = 3, then verify that "C, = "Cy., .
Show that:
i 2.C7,4) = C(8, 4) (ii) 2 . C(8, 4)= C(9, 4).
If nCg = nCg, find "C;7 .
Using "C; + "Cy; = "*1C; , evaluate the following :
(i) 10C4 + 10Cs (ii) 61Cs7 - 69Css .
Answers
. (i) 55 (i) 1140 (iii) 190

o1 5. (i) 462 (i) 34220.

PRACTICAL PROBLEMS INVOLVING COMB INATIONS

In this section, we shall learn the use of formulae regarding combinations
in solving practical problems.

Example 3. 16 players of cricket go to England for playing test matches. In how
many ways can the team of 11 be selected ?

Sol. Number of ways of selecting 11 players out of 16 players

= 16C;; = 16Cs (-:nCr=1Cp_r)

100




Applied Mathematics

_ 16x15x14%x13%x12
Sx4x3x2x1

=4368.

Example 4. Find the number of diagonals that can be drawn by joining the
angular points of octagon.

Sol. An octagon has 8 angular points. By joining any two angular points, we
get a line, which is either a side of a diagonal.

8><7_
1x2

Number of lines =8Cy = 28

Number of sides =8

Number of diagonals = 28 — 8 = 20.

SHORT ANSWER TYPE QUESTIONS

How many chords can be drawn through 21 points on a circle?

. Find the number of ways in which a team of 8 players can be formed out of
15 players.

. From a class of 32 students, 4 are to be chosen for a competition. In how
many ways can this be done?

. If there are 10 persons in a party and each two of them shakes hands with
each other, how many hand shakes happen in the party?

(Explanation. When two persons shake ahnds, it is counted as one hand
shake, not two. Therefore this is a problem on combinations, not
permutations).

LONG ANSWER TYPE QUESTIONS

. In how many ways can a students, choose 5 subjects out of 9 subjects, if 2
subjects are compulsory for every students?

. In an examination, a student has to answer 4 questions out of 5 questions,
Questions nos. 1 and 2 are however compulsory. Determine the number of
ways in which the student can make the choice.
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. In how many ways can 5 members forming a committee out of 10 be
selected, so that :

(i) two particular members must be included ?
(ii) two particular members must not be included ?
Answers
1.21C, =210 2. 6435 3. 35960

5.35 6.3 7. (i) 56

DIVISION INTO GROUPS

To find the number of ways in which (m + n) things can be divided
into two groups containing m and n things respectively.

The number of ways in which m things can be selected out of (m + n) things is
mnCy,. Also, whenever a group of m things is selected, a group of n things is
automatically left out. Hence the number of ways in which (m + n) things are
divided into two groups containing m and n things respectively
= ming,, = (m+n)!
m!n!

Corollary 1. If we have to divide 2m things into two groups containing m things
each, then by putting n = m, we have :

(2m)!

Required number of ways = mE

Corollary 2. If no distinction is made between the groups, the groups can be
interchanged in 2 ! ways without performing a new division.

. __@m)!
Required number of ways = Timie
Note. Similarly, the number of ways in which (m + n + p ) things can be
(m+n+p)

divided into three groups containing m, n and p things respectively is minip!

(3m)!

If m =n = p, then the number of groups = m
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However, if no distinction is made between the groups, then the number of
(3m)!

31 (m 13 m1)3’ because each group is repeated 3 ! times.

ways of division =

COMBINATIONS WHEN ALL THINGS ARE NOT ALIKE

To find the total number of ways in which a selection can be made
out of (p + q + r) things of which p are alike of one kind, q alike of another
kind, r alike of third kind.

There are (p + 1) ways of making a selection out of p like things according as we
make selection of 1 or 2 or 3, , or p or none of them. Hence p like things
can be dealt with in (p + 1) ways.

Similarly, g like things can be dealt with in (g + 1) ways and r like things can be
dealt with in (r + 1) ways.

Hence, the number of ways of dealing with all the things = (p + 1)(q + 1)(r + 1).

But this includes the case in which all are excluded. Rejecting this case, the
required number of ways.

=(p+1)q+1)r+1)-1

Example 5. In how many ways can a selection be made out of 2 mangoes, 3
apples and 3 oranges ?

Sol. 2 mangoes can be disposed of in 3 ways, for we can choose 1, 2 or none of
these mangoes. Similarly, 3 apples and 3 oranges can be disposed of in 4 ways
each. Therefore the number of ways disposing of these fruits = 3 X 4 X 4 = 48.
But this also includes the case in which no fruit is selected. We reject this case.

Required number of ways = 48 — 1 = 47.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. (i Number of ways in which (m + n) dissimilar things can be divided
(m+n)!

into two groups containing m and n things respectively = e

(ii) Number of ways in which (m + n + p) dissimilar things can be divided
into three groups containing m, n and p things respectively
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Rule II. (i) Number of ways in which 2m dissimilar things can be divided into
(2m)!
21 (m2°

two groups, without distinction, each containing m things =

(ii) Number of ways in which 3m dissimilar things can be divided into
(3m)!
3!1(m!)3°
Rule III. Number of selections of some or all things out of (p + q +r) things of

which p are alike of one kind, q alike of another kind, r alike of third
kind.

three groups, without distinction, each containing m things =

=+ g+ 1)r+1)-1.

SHORT ANSWER TYPE QUESTIONS

. In how many ways can 11 distinct things be divided into two groups
containing respectively 5 and 6 things?

. In how many ways can 11 things be divided into groups of 6, 3 and 2 ?

. In how many ways can 18 books be divided equally among 3 students ?

Long ANSWER TYPE QUESTIONS

. In how many ways can 15 different books be divided equally (i) among 5
boys (ii) into 5 heaps?

. In how many ways can 52 playing cards be placed in 4 heaps of 13 cards
each? In how many ways can these be dealt out to four players giving 13
cards each ?

. In how many ways can 20 students be divided into four equal groups? In
how many ways can these be sent to four different schools?

Answers

18!
1. 462 3.

(613
15! 52! 52!

51(31)5 > 41(13 %7 (13 H* 6. 41(5N%’ (5%

(i)
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SUMMARY

. The selections (groups) of a number of things taking some or all of them at
a time are called combinations. The total number of combinations of n
distinct things taking r (1 < r < n) at a time is denoted by "C; or by C(n, 1.

. By definition, "Cop = 1.

n!
.ForO<r<n, "C,=

r!(n-r)!

(n-r+1)
1.2....... r

.For1<r<n, nC, =

. In particular, "Cp =nC,, = 1.
If 1 < r<n, then "C, =nCp

If 1 < r< n, then nC, + nCy; = n*1C,

TEST YOURSELF

.Ifl<r<n,showthatnXC((n-1,r-1)=(n-r+1) X C(n, r-1).
. Show that 4Co, : 2nCn, = [1. 3. 5. ..... (4n- 1)]: [1.3.5........ (2n-1]2.

. From a class of 12 boys and 10 girls, 10 students are to be chosen for a
competition, including at least 4 boys and 4 girls. The 2 girls who won the
prizes last year should be included. In how many ways can the selections
be made?

. A students has three library tickets and 8 books of his internet in the
library. Of these 8, he does not want to borrow Chemistry part II, unless
Chemistry part I is also borrowed. In how many ways can he choose the
three books to be borrowed?

. In a small village, there are 87 families, of which 52 families have at most 2
children. In a Rural Development Programme, 20 families are to be chosen
for assistance, of which at least 18 families must have at most 2 children.
In how many ways can the choice be made?

Answers
3. 104874 4. 41

5.52C18 X 35Cy X 52C19 X 35C; + 52(Cs0 X 35Cp .
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SECTION - A

BINOMIAL THEOREM
7 " (FOR POSITIVE INTEGRAL INDEX)

LEARNING OBJECTIVES

Introduction

Binomial Theorem of Positive Integral Index
Method of Writing Expansion for (a + b)"
Some Observations

Pascal Triangle

Some Particular Expansions

General Term

Middle Terms

Particular Terms

Some Applications of Binomial Theorem

INTRODUCTION

A binomial is an algebraic expression of two terms which are connected by
the operations +’ or ‘. For example, x — y, a + 3b, x3 + 4y etc. are binomials.
We know that:

(a+b)l=a+b

= 1Coalb® + 1C;a%!
(a+Db)2=a?+2ab+ b2

= 2Coa%b? + 2C; alb! + 2C2a%b?

(a+Db)3=a’+3a’b+ 3ab2 +bd
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= 3Cpadb0 + 3C1a2b! + 3Czalb2 + 3C3a%bh3
(@ +b)* = (a+b)(a +b)3 =a*+ 4a’h + 6a2b2+ 4abs + b*
= 4Coa4‘b0 + 4C1a3b1 + 402a2‘b2 + 403a1‘b3 + 4C4a0‘b4.

For n =1, 2, 3, 4, the expansion of (a + b)® has been expressed in a very
systematical manner in terms of combinatorial coefficients. The above
expressions suggest the conjecture that (a + b)" should be expressible in the
form

ncoan‘bo + nclan-l‘bl + + ncn_lalbn-l + ncnaObn
for every natural number n.

In fact, this conjecture is valid and we can establish it by using principle of
mathematical induction.

BINOMIAL THEOREM FOR POSITIVE INTEGRAL INDEX

For any natural number n,

(a + b)= = nCoanb0 + nCian-1 bl + + nCp.1albn-l + nCLalbn,
Remark 1. If n=0, then (a+ b)"=(a+b)° =1
and nCo anb? + + nCrafbn = 0Coa®b? = 9Cp .1. 1

N I S U
°T0100-0)! 1x1

1

. For n=0, we have (a+ b)°=9Co and its both parts are equal to q.
The binomial theorem is also true for n=0.

2. In the summation notation, the binomial theorem can be written as:

(a+b) =Zn: "Cc,anrkbk, for n=0,1,2,.... .

k=0
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METHOD OF WRITING EXPANSION FOR (a + b)"

The first term in the expansion of (a + b)" is "Coa"b?. For the second term,
the coefficient is taken as "C;, the power of a is decreased by one and the
power of b is increased by one. So, the second term is "C;a™!b!. For the third
term, the coefficient is taken as "C», the power of a is again decreased by one
and the power of b is increased by one. This process goes on, till we get the last
term as "Cna®b™.

SOME OBSERVATIONS

For ne N, in the expansion of (a + b)* , we observe that:
i. The number of terms is n + 1.

ii. The exponent of a decreases from n to O.

iii. The exponent of b increases from O to n.

iv.  The sum of exponents of a and b in any terms in n.

v. The coefficient of any term is "Cx , where k in the exponent of b.

Vi. ) , "Cy are called the binomial coefficients.

Since "C, ="Cp.; , we have "Cp = "C,, "C; = "Cp-1, "C2= "Cpoa,.......

. The binomial coefficients in (a + b )?, which are equidistant from
beginning and end are equal.

PASCAL TRIANGLE

A French mathematician Blaise Pascal (1623 - 1662 A.D) used an
arithmetic triangle to derive the coefficients of a binomial expansion. This
triangle is called Pascal triangle and is given below:
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Pascal Triangle

[ Index,n Binomial coefficients

n=0

In the Pascal triangle each row start and end with 1 and each coefficient in
a row is equal to the sum of the two coefficients one just before it and oter just
after it in the preceding row.

SOME PARTICULAR EXPANSIONS

For ne N, we have :
(i) (a-b)*=(a+ (-b)"
= nCoan ( - b)0 + nCran1(- b)! + nCoam2(- b)2 + +nCnad(- b)n
nCoa™b? - nCiam1ibl + nCza™?b2 + +(- 1) nCra%-® .
= nColnx® + nCp1n-Ixl +nColn2)2 +

nn—-1
l1+nx+ ( )
2!

(i) (1 = xn= (1 + (-x)n = nColn (-xJ0 + nCi1n-1( = Q)1 + nColn2(-x)2 + ...+ nCrlO(-x)n

n(n-1)
2!

=1-nx+
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Remark 1. [t is available to remember the following values.

n(n—1) nCy = n(n—1)(n—2)

3 , "Cp3 = 1Cs,
12 123

For ne N, "Co =1, "C; = %Zn, nC; =

nCpo = "Co, "Cn.;1 = "C;, nCn = 1nCo.

Remark 2. In "C,, if r > g, then it is useful to find the value of "C,, by writing

nC, as "Cur

For example, in 18C;2 , we have 12 >%.

We write 1°Ci2 = 15Cy5.12 = 19C3 = 151'124'313 =455.

WORKING RULES FOR EXPANDING (a + b), neN
Step I. The value of index, n implies that there will be n + 1 terms in the
expansion of (a + b)".

Step II. Write the first term : "Co a™bP.

Step III. For the second term, take coefficient as "C;, decrease the power of a
by 1 and increase the power of b by 1. Thus, the second term in
nCy; anl! bl.

Step IV. For the third term, take coefficient as "Cz, power of a as n — 2 and
power of b as 2. Continue this process repeatedly till the last term
nCn ab" is obtained

Step V. For evaluation "C,, it is useful to write "Cr as "Cnr, if 7 > % .

Example 1. Expand the following by using binomial theorem:

(i) [—3x—ij (i) [xz +£j ,x#0.
3x X

. 1
Sol. (i) (— 3x 3
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1
27x°

1(—27x3)(l)+3(9x2I—ij+3(—3x)%+l(l)(—
3x Ox

= 27x3—9x—l— ! 3
x 27x

(i) [xz +gj ,4C0(x2)4(gj +4C1(x2)3[gj +4C2(x2)2(gj
X X X X

L8 14400, 2460 L va 2 B uqg 10

X X X X

2

X

+4C3(x2>1[5j +“C4<x2)°[5j
X

x® +8x7 +24x7 +£+¥
X X

Example 2. Show that Z3r "C.o=4".

r=0

n

L.H.S. = ».3"C,

r=0
3°"C, +3'"C, +37"C, +
"C,1"3%+"C 13 " C, 1 432

(1 +3)n = 4n=R.H.S.

EXERCISE 7.1
SHORT ANSWER TYPE QUESTIONS

How many terms are there in the binomial expansion of :

1. (a+3b)

4. [o-sr)] A+ ?
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LONG ANSWER TYPE QUESTIONS

Expand the following by using binomial theorem (Q. No. 6 - 12) :

11
|

6. (2x—3x2)° 7. (y? +3x) 8. (x——j
y

9. (3x> —2ax+3a>) 10. (I—x+x%)* 11. (1+2x-3x%)°.

12. Find the coefficient of a* in the expansion of the product (1 + 2a)* (2 — a)°.
Answers

1. 5 2.9 3.5 4. 16
5. 37 6. 32x° —240x° +720x" —1080x" +810x” —243x"

- ' +24y"x+252y"x* +1512y"x° +5670y°x* +13608y°x> +20412y*x° +17496y°x’
© 4 6561x°

0 LIx' 55x” 165x%  330x7  462x°  462x°  330x* 165x°  55x7
ro- t T s vt T st s T T T
8. y y y y y y y y y

1x* 1
+

0 .1

y y
9. 27x% —54ax® +117a*x* —116a°x> +117a* x* —=54a° x+27a°
10. 1—-4x+10x> —16x +19x* —16x° +10x° —4x” +x*

11. 1+10x+25x> —40x> —190x"* +92x° +570x° —360x" —675x* +810x” —243x"

12. —438.

GENEARL TERM

For ne N, we have (a + b)® = "Coa?b? + "Cia™v1b! + nCoan=2 + + nCna%bn.

Let Tr+1 (O < r < n) be the (r + 1)th term in the expansion.
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To+; = T1 = "Coab®
Ti+1 = T2 = nCiavibl

To+; = T3 = nCoa2b?

Tn+1 = nCnan_nbn.

For O <r<n, we have T.+:1 = »Carhr,

Example 3. Find the general terms in the expansions of :

Sol. We have T+ in (a + b)» = "Crav'b’, 0 < r < n.

5 r
Tr+1 in (2x+lj =SC,(2x)5-’(lj =5C (2)7 %%
X X

1

r

T.,="C,(2)"x",0<r<5.

MIDDLE TERMS

The number of terms in the expansion of (a + b)® depend upon the index n.
The index n is either even or odd.

Case I. n is even. Let n = 2k.
o. The number of termsisn+ 1 ie., 2k+ 1.

The middle term has k terms before it.

kterms
Middle term
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The middle term
Case II. n is odd. Let n=2k+ 1.

The number termsis n+ 1 ie, (2k+ 1)+ 1 =2k + 2.

In this case, there are two middle terms and are after k terms.

L

. The middle terms are Tk+; and Tk+o.

Tn+1 Tn+1
Tk+1 = +1:
2 2

n =2k +1implies k = nT_l)

n+l

The middle terms are and

Thus, in (a + b)n :

T
(i) If n is even, there is only one middle term given by ”T”

n+l n+3

2
Remark. The middle terms may be easily found out by using the following

method :

(ii) If n is odd, there are two middle terms given by and

(i) When nis even, we add the even number 2 to n and divided by 2 to get the
: : T, +2
middle term ie., "Tth term.

(ii) When nis odd, we odd numbers 1 and 3 to n and divide by 2 to get the

T T
middle terms ie., ”T“th and "T”th terms.

Example 4. Show that the coefficient of middle term in the expansion of (1 + x)?*
is equal to the sum of the coefficients of the two middle terms in the expansion of
(1 + x)?n-1,
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Sol. The index 2nin (1 + x)2"is even.

n

. T
. Middle term = %:T = "C,(1"MHx"="C,(1")x" =2"C, x"

. Coefficient of middle term in (1 + x)2" = 2nC,

The index 2n -1 in (1 + x)?7- 1! is odd.

T(Zn—1)+1 T(2n—1)+1+3

. Middle terms are and

T(2n71)+1
T =T, = T(n+1)+1 =2n-I1C, ;1nxn1 = 2n-1Cp 1 xn1

T

(2n-1)+3

2

and = Tn+1 = 2n—lcn1n—1xn = 2n—1Cnxn

. Sum of coefficient of middle terms in (1 + x)2n1
= 2n—1Cn_1 + 2n—1Cn =(2n-1)+ lcn (Usmg nCr + nCr—I = n+1Cr)

= 2nC, = coefficient of middle term in (1 + x)2".

WORKING RULES FOR FINDING GENERAL TERM AND MIDDLE TERMS (S)

Rule I. In the expansion of (a + b)", the (r + 1)th term is equal to "Cra*"" b'.
HereO<r<n.

Rule 2. In the expansion of (a + b)*, the number of middle terms depend only
on the index ‘n’.

Rule 3. If n is even, there is only one middle term and if n is odd, then there
are two middle terms.

Rule 4. If n is even, then the middle termis T, .
2

Rule 5. If n is odd, then the middle terms are T, ,and T,,,

2 2
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EXERCISE 7.2
SHORT ANSWER TYPE QUESTIONS

1. Find the general term in the expansion of :

(i) (2x2 +i3j
X

(i) [2x2 +%j (iv) (9;;-%} .

2. Find the middle term in the expansion of the following:

(i [g%} (i) [§+9yj (iii) (ax—%j

(iv) (x+lj ” (v) A-2x+x°)" (vi) (1+3x+3x> +x°)>".
RS

LONG ANSWER TYPE QUESTIONS

20
3. Prove that the middle term in the expansion of (2x+ij is
X

19X 17X 13X 11 X 310X 212,

4. Show that the coefficient of the middle term in the expansion of (1 + a)® is
equal to the sum of the coefficients of middle terms in the expansion of (1 + a)7.

Answers

1. (1) 6Cr(_1)r2r—636—2rx12—3r’0Er56
(i) 'C.2""x"",0<r<7
(i) "C, (-1)"2""3 " x2 ¥ 0<r< 11

(IV) 18(/wr(_1)r336—3rx—r/Z’OE r< 18

(i) 61236 x5y5 (iii) 924 asbe
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€20 R (1) S
(v) TR (vi) Gy

PARTICULAR TERMS

We know that in the binomial expansion of (a + b)", the value of Tr,,is given
by "C, an b, where r=0, 1, 2, ....... n.

Sometimes, a particular term satisfying certain conditions is required in the
binomial expansion of the type (a + b)". This can be done by expanding (a + b)"
and then locating the required term. Generally this becomes a tedious task,
specially when the index n is large. In such cases, we begin by evaluation the
general term T;+; to be the required particular term.

To get the term independent of x, we put the power of x equal to zero and get
the value of r for which the term is independent of x. Putting this value of r in
Tr+1, we get the term independent of x.

5
Example 5. In the expansion of (gx— yzj ,find the fourth term.

4 5 4 5-3
Sol. 4t term in (7x—y2j ,T4= T3+1 = 5C3[7xj

(_y2)3 (-,- Tr+1 1n (a + b)n = ncr an_rbr)

5)(5 16 2 6 160 2 6 5 5 5)(4
= —x (=) =—x"°, 3 C.=C, =
a9 V)T Y )

Example 6. If a;, a2, a3z, a4, be the coefficients of four consecutive term in the
expansion of (1 + x)*, then prove that
a, a, 2a,

+ = .
a, +a, ay+ta, a,+a,

Sol. Tr+;in (1 + x)n = nC/ln7x" = nCox”
Coefficient of Tr+1 = nCy
Let ai, az, as, a4 be the coefficients of Tr+1, Tr+2, Tr+3, Tr+4 respectively.

a] = nCr, az = nCr+1, as = n'Cr+2, a4 = nCr+3.
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n n n n
Cr + Cr+2 — Cr + Cr+2

n n n n n+l n+l
a ta, aj;+ta, C.+"C., C,nt"C,; Cn C.is

r+2

n! (r+ D =-r)t n! (r+3)!(n—r-2)
Flin=r)"  (n+r)! (r+2)(n-r-2)" (n+1)!

r+1+r+3 _2r+4  2(r+2)
n+l n+1 n+l1 n+1

2a2 2nCr+l _ 2ncr+1

Also, = A e e = g
a, Ta, r+2 r+2

r+1

_ 2(n)! (r+2)(n—-r-0!" 2(r+2)
F+D!(n—r-1! (n+1) on+l

WORKING RULES FOR SOLVING PROBLEMS

Role I. In the expansion of (a + b), the (r + 1)th term is equal to "C, a*"br.

Here r can take values 0, 1, 2,
Role II. For evaluation "C,, it is useful to write "C; as "Cpr if r > %
Role III. rth term from the end in (a + b)" is equal to Tr in (b + a)~.

Role IV. To find some particular term, assume Ty + ; to be that term and find

the value of r and hence T+ 1 by using the given conditions.

EXERCISE 7.3

SHORT ANSWER TYPE QUESTIONS

3 4
1. (i) Find the 3rd term in the expansion of (3x - %J .
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18
1
(ii) Find the 13th term in the expansion of (9)6——} .
3x
4x 5

9
. (i) Find the 4th term from the end in the expansion of (?—2—j .
X

3n
(ii) Find the (n + 1)th term from the end in the expansion of (x - Lj
X

. Find the coefficient of:

6 9
(i) 2 in the expansion of (3x—lj . (ii) X7 in the expansion of (Exz —%)
X X

LONG ANSWER TYPE QUESTIONS

. If the coefficient of (m + 1)th term in the expansion of (1 + x)?" be equal to
that of (m + 3)th term, them show that m=n- 1.

. Find the value of rif the coefficients of (2r + 4)th and (r — 2)th terms in the
expansion of (1 + x)!8 are equal.

Answers

() %xzyz (i) 18564

2. (i) 10500 (i) (3n)! 1
¥ n!(2n)! x"

3. (1) 1215 (ii) There is no term containing x7.

SOME APPLICATIONS OF BINOMIAL THEOREM

In this section, we shall learn applying binomial theorem in solving
practical problems like computation of powers of numbers etc. We illustrate the
procedure by taking some practical problems.

Example 7. Use the Binomial theorem to evaluate (1001)3.
Sol. (1001)3 = (1000 + 1)3

= 3Cp(1000)3 .10 + 3C;(1000)2 .11 + 3C5(1000)! .12 +




3C5(1000)0 .13
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(1)1000,000,000(1) + (3)1000,000(1) + (3)1000.1 + 1.1.1

1000,000,000 + 3000,000 + 3000 + 1 = 1003003001.

Theorem. Using Binomial theorem, prove that:

(i) »Co + »Cy1 + 2C2 +
(ii) »Co + nC2 + 2C4q +
(iii) »C;1 + nC3 + nCs +
Proof. For ne N, we have (1 + x)n = nCp + "Cox? +
When x=1.
= (I1+1)n=nCo+nCj .
= nCo + nC; + nCs +
(i) holds.
When x = - 1.
(1 =
= nCo—-"C; + "C2 —"Cs +
(2)+(3) = 2("Cy+"Co+"Cy F )= 27 40
= nCo + nCz + nCyq +

(ii) holds.

2-08) = 2(”C1+”C3+”C5 F o .)=2” +0

= nC; + nC3 + nCs +

- (iii) holds.

Remark 1. The L.H.S. of (ii) and (iii) will have only finite number of terms,

because "C, = 0 in case r > n.

Remark 2. "Cop, "Cy, nC, are called binomial coefficients. "Cy, "C», "C4

are called even binomial coefficients. "Cj,
binomial coefficients.

are called odd
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Remark 4. The last term in L.H.S. of (ii) and (iii) above will depend on the fact
as to whether n is even or odd.

WORKING RULES FOR SOLVING PROBLEMS
RuleI. If neN, then"Cp +"C; +nCo +
Rule II. If ne N, then
(i) "Co + "C2 + "Cs + if nis even
(ii) "Co + nCo + nCy + if nis odd.
Rule III. If ne N, then
(i) C; +nC3 +nCs + +1Cpy =2r1 ifnis even

(ii) nC; + nCs + nCs + = onl ifnis odd.

Example 8. Evaluate :
(i) "Co +7C;1 + (ii) 8Co +8C2 +

(iif) 10C; + 10C5 + (iv) 12C; + 12C, +

Sol. (i) "Co +7C; +

= sum of all binomial coefficients in the expansion of (1 + x)7 = 27 = 128.
(ii) 8Co +8C2 +

= sum of all even binomial coefficient in the expansion of (1 + x)&

=281 =27 =128.

(iii) 10C; + 10C5 +

= sum of all odd binomial coefficients in the expansion of (1 + x)10

=210-1 =29 = 512,

(iv) 12C; + 12C; +
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= (JQCO + 12C1 + 12C12 + + 12C11 + 12C12) — JZCO — 12C12

= sum of all odd binomial coefficient in (1 + x)12 -1 -1 =212 -2 = 4094.

EXERCISE 7.4

SHORT ANSWER TYPE QUESTIONS

1. Evaluate:
i ‘c,+‘Cc,+*C,+*C,+*C,
(iii) " Cc,+"C,+"C, +

2. Evaluate:

i "c,+"7C,+"C, +

(iii) * C,+'C,+"C, + (iv) »C,+2C+72C, +

3. If C; denotes the coefficient of x" in the expansion of (1 + x?, show that :
(i) C, +2C, +2°C,+2°C, +
(i) C, +3C, +3°C, +3°C, +
(ii) ¢, -C,+C, -C, +
Answers
1. (i) 16 (ii) 512 (iii) 1023 (iv) 254

2. (i) 2048 (ii) 256 (iif) 249 — 1 (iv) 221 — 22,
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SUMMARY

. A binomial is an algebraic expression of two terms which are connected by
the operations “+’ or ‘.

. The binomial theorem for natural numbers states that
(a+b)'="Coa"b’+"C,a"'b' +......... +"C, ,a'b"'+"C,a’b", neN.

Here a and b may be any numbers.

. General term. For O < r < n, Ty+; in the expansion of (a + b)" is given by Tr+;
= ncran—rbr'

. (r + 1)th term the end in the expansion of (a + b)" is same as the (r + 1)th
term from the beginning in (b + @)™

. Middle terms
. (i) If nis an even natural number, then there is only one middle term in the

. L. T
expansion of (a + b)® and is given by ”T”
. (ii) If n is an odd natural number, then there are two middle terms in the

+1

. . T T
expansion of (a + b)" and are given by - and ”T*z

TEST YOURSELF

. Find the value of :

() (1423 ) +(1-2vx) (i) e 1) e 1) |

8
+x° log,, xj is 5600, find the value

. If the 6th term in the expansion of ( !

x8/3
of x.

. The 3rd, 4th and 5th terms in the expansion of (x + a)" are respectively
84,280 and 560, find the values of x, a and n.

If (5+2\/g)n =1+f , where [ and n are positive integers and f is a positive

fraction less than one, show that Iis an odd integer and (I+ f)(1 - f) = 1.

If (7+4\/§)n =[/+F, where I is a positive integer and F is a positive fraction
less than one, show that (1 - F)(I+ F) = 1.
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6. If the coefficients of three consecutive terms in the expansion of (1 + x)" be
56, 70 and 56, find the value of n.

Answers

1. (i) 2(1 + 40x + 80x2) (ii) 64x6 — 96+ + 36x2 — 2

3. x=1,a=2and n=7 6. 8.
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SECTION - A

BINOMIAL THEOREM
(FOR FRACTIONAL INDEX)

LEARNING OBJECTIVES

Introduction

Binomial Theorem of Fractional Index
Some Observations

Some Particular Expansions

General Term

Particular Terms

Some Applications of Binomial Theorem

INTRODUCTION

Till now, we have been examining the expansion of (a + b)" for positive
integral index n. Now we shall relax the condition on the index n and allow it to
be any rational number. Of course, every natural number is also a rational
number, so the binomial expansion for rational index n would also be for any
positive integral index.

BINOMIAL THEOREM FOR FRACTIONAL I NDEX

For any rational number n,

(n—1) . +n(”_1)(”_2) o
1.2.3

(1+x)" —l+nx+” o provided |x| < 1.
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The restriction on x is not required when n is a natural number. Now we
shall see that when n is natural number, then the above expansion coincides
with that as given earlier.

Let ne N and | x| < 1, then we have

N n(n—1) [ n(n—1)(n—-2) [
1.2 1.2.3

(1+xn=1+nx

+n(n—1)(n—2) (n—(n-1) xn+n(n—1)(n—2) ......... (n—(m-1)(n-n) o
1.2.3......... n 1.2.3.......... (n+1)

= "C,1"x"+"C, 1" 'x'+"C,1" > x*+"C,1" 7 x* + +"C 1°x".

n

This is the same expansion as would have given by the binomial theorem for
positive integral index.

SOME OBSERVATIONS

If ne N, then (1 + Y is defined for all values of x and if ne Q- N, then

(1+x)" is defined only when | x| < 1.

If neN, then (1 + X" contains only n + 1 terms and if neQ—-N, then

(14 x)" contain infinitely many terms.

In the expansion of (1 + X" , the exponent of X goes on increasing
through O.

If ne N, then the coefficient of any term is (1 + X" is "Ck, when k is the
exponent of x.

If ne N, then the exact value of (1 + )" can be found by adding all terms
(n + 1 in number) in the expansion of (1 + xY)* and if n€ O—N, then only
an approximate value of (1 + x)” can be found by adding certain finite
number of terms in the expansion of (1 + x)".
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WORKING RULES FOR EXPANDING (1 + x), n €Q
Stepl. (i) If ne N, then (1 + x)* can be expanded for all values of x and
has (n + 1) terms.
(i) f neQ—N, then (1 + x)" is always ‘1’.
Step II. The first term in (1 + x)* is always ‘1°.
Step III. The second term is the product nx of n and x.
Step IV. For the third term, take coefficient as n(;@;l)

x by 1. Thus, the third term is %

, increase the power of

x2. Continue this process

repeatedly.

SOME PARTICULAR EXPANSIONS

For neQ,we have:

(i) (a+b)" :{a(Héﬂn :a”(1+éjn
a a

a 1.2 \a a

(mn=D) o, EmEn=DEn=2)
1.2 1.2.3

(i) (1+x)" =1+ (=n)x+

n(n—1) o n(n+1)(n+2) e

, provided | x| < 1.
1.2.3 P x|

=1-nx+

n(n—1)

i) (10" = ()" =T+ MO0 e 200D

123 (=x)° + e .

n(n+1) [ n(n—1)(n-2) P
1.2.3

= l—-nx+ , provided |-x| < 1i.e., | x|<1.
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(¥) (1= = (1 ()" =1 (o) 4 EATED (g2 LR D)

n(n+1) o n(n+1)(n+2) e
1.2.3

= l-nx+

, provided |-x| < 11i.e., |x|<1.
Example 1. Write the first four terms in the ascending powers of x in the
expansions of the following:

(@) (I +4x)>, |x| <1/4 (i) (I —x2)4, |x| < 1.

Sol. (i) |4x| = |4]|x| =4]|x| <4(1/4) = 1. s ]4x] <1

(1 + 4x)-> can be expanded by Binomial theorem.

(1+4x)5=1+(-5)4x0 + —(_S)S =D (4x)? +(_5)(_51-_21.)3(_5 =2 (4x)’

= 1-20x+15(16x>)—35(64x>)+
|—x|=|-1]|x]|=1.x=|x]|2< 1. Lo -x <1

(1 -x2)4=(1+ (-x2)* can be expanded by Binomial theorem.

a1y COCAID (e (A4
(L= =1+ (4 (o) + 1.2 (x)+ 1.2.3 (x)3+

=1+4x2+ 10x* + 20x6 +

EXERCISE 8.1/
SHORT ANSWER TYPE QUESTIONS

. If | x| < 1, write the first three terms in the expansion of the following :

(@) (1 + - (i) (1 - 22 (i) (1 + x)-3.

-2
. Find the coefficient of X2 in the expansion of (1 —%xj .| x < i

4
. Find the coefficient of x° in the expansion of (1 + 5x3)3, | x| < (1/5)/3.
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4. Write the first three terms in the expansions of the following and also state
the conditions of x for which the expansions are valid:

Q) (1—%") (i) (1-2x3)""2.

5. Find two values of m such that in the binomial expansion of (1 — ™, | x|
< 1, coefficient of xZ is 3.

Answers

(i) 1 +2x+ 3x2+

GENERAL TERM

For neQ and | x| < 1, we have (1 + x)»

. n(n—l)x2 N n(n—1)(n-2) [
1.2.3

=1+n

Let Ty+; (r > O) be the (r+ 1)th term in the expansion.

Tovr1=T:1=1

T1+1 = T2

Tosr; = Ts sz
1.2

_ n(n-D(n-2) e
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_n(n-D(n-2) (n=-(-1) .
1.23...... r

T

Remark. T;+; in (1 + )" can also be expressed as

_n(n-1)(n-2) rfactors o
r! '

T

Example 2. Find the 5th term in the expansion of (1 — 2x3)11/2, x < 1/21/3,

Sol. Tr1in (1+x)" = rfactors

(-4
T,=T,, in (1-2x*)"? = (=2x%)*

4+1 4'

(Here r=4and n=11/2)

1o
2

7 5
— X —X—X—
:M.mxlz ==

24

SHORT ANSWER TYPE QUESTIONS

. Find the 5th term in the expansion of (1 - 2x)3/4 Jxl<1/2.

. Find the 5th term in the expansion of ——

( _ )2/3 ’

. Find the 5th term in the expansion of (2 +3x)”,|x|<2/3.

. Find the 8th term in the expansion of (1 - 3x° )16 " x| —

\/_

LONG ANSWER TYPE QUESTIONS

. Find the (r + 1)th term in the expansion of (1+ x)™,|x|< 1.

6. Find the (k + 1)th term in the expansion of (2 +3x)"'?,|x|<2/3.

. Find the (r + 1)th term in the expansion of (2 -3’ )’2/3,| x |< \/ii
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Answers

1. —ﬁx4 . Mx4 . —2835 x* 4. Ex“‘
128 3 256

D DO +2)0r+3) 6 (-D)*1.3.5....(5-2k) &

5‘ 2T3k+lx/(
6 k!

7 2.5.8.....(3rﬁ—1)x2,-
237 (r)2!

PARTICULAR TERMS

Sometimes, a particular term satisfying certain conditions is required in
the binomial expansion of the type (1 + x)" This can be done by expanding
(1 + Y to certain terms and then locating the required term. Generally this
becomes a tedious task. In such cases, we begin by evaluation the general term
Tr+1 and then finding the value of r by assuming Tr+; to be required term.

WORKING RULES FOR FINDING PARTICULAR TERMS
Step I. In the expansion of (1 + x), the (r + 1)th term is equal to

n(n—1)(n—2)......rfactors

x", where r can take values 0, 1, 2, .... .
1.23......r

Step II. Find the general term Tr+1 in the expansion of (1 + x)".

Step III. Assume the T+ is the desired particular term.

Step IV. Find the value of r.

Step V. Put the value of r in the term Tr+;. This gives the required particular

term (s).

Example 3. In the expansion of (1 — 2x)1/2, |x| < 1/2, find the coefficients of x8
and x°.

Sol. Ti+; in the expansion of (1 — 2x)-1/2
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_ (-D)"1.3.5......(2r 1) (=1)"2" " = 1.3.5....(2r =1 o
ri2” r!

[ (1) (-1)r = (-1)> = 1]

1.3.5.(2r = 1)

r!

Coefficient of x° =

1.3.5.7.9.11.13.15 6435

Putting r = 8, we get coefficient of x* =
8! 128

1.3.5.7.9.11.13.15.17 _ 12155

Putting r = 9, we get coefficient of x° =
9 128

SHORT ANSWER TYPE QUESTIONS

1. Find the coefficient of x6 in the expansion of (1-2x)7>"?,|x|<1/2.

. Find the coefficient of x6 in the expansion (1-3x)°"*,|x|<1/3.

. Find the coefficient of x1? and x" in the expansion of (1+)c+)c2 +
1+2x

(l—Zx

3-5x

2 b

. Find the coefficient of x!? in the expansion of

. Find the coefficient of x190 in the expansion of |x|< 1.

1-x

. Find the coefficient of x?” in the expansion of (1 —4x? )_1/2,| x|<1/2.

- . . 1 .
. Show that the coefficient of x" in the expansion of (1 — 2x)-1/2, | x| < 5 is

(2n)!
2" (n))?

. Find the first negative term in the expansion of (1+x)"?,0<x<1.
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Answers

2. % 3. 11,n+1 4. 21504

1.3.50(2r=1) ,,

r!

6.

SOME APPLICATIONS OF BINOMIAL THE OREM

In this section, we shall study to use of binomial theorem for fractional
index in the root extraction of numbers and for approximation of functions.

(i) If x be numerically so small that its cube and higher powers maybe

+ n(n—1)
1.

neglected , then (1 + x)» = 1 + nx x’ (approximately), because x3,

x4, x5, are all approximately zero.

m+n

Example 4. If x is nearly equal to 1, prove that mx" —nx" =(m—n)x""".
Sol. Let x=1+h.
. his nearly equal to O and so we can neglect h?, h3,
LHS. =mxm-nx*=m(l + )ym-n(1 + h)» = m(1 + mh) — n(1 + nh)
(Neglecting hZ2, h3,

=m+t mh-n-n?h=(m-n)+ (mM-nd)h=m-n 1+ (m+ nh]
LH.S.=(m-nx"n=(m-n)(l + )™= (m-n)[1l + (m+ n)h|
L.H.S. =R.H.S.

SHORT ANSWER TYPE QUESTIONS

1. If x be numerically so small that its square and higher powers may be
neglected, then find the binomial expansions for:

i) (1+3x)° (i) (1-2x)""? (iii) (5+7x)"" (iv) (4-9x)7"
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. If x be numerically so smart that its cube and higher powers may be
neglected, then find the binomial expansions for:

i (1-x)7° (ii) (1+2x)'"° (iii) (4+3x)7° (iv) 3+7x)7>"
LONG ANSWER TYPE QUESTIONS

. Use binomial theorem to evaluate:
(i) (1010)1/3 correct to four places of decimal
(ii) (244)1/5 correct to four places of decimal
(iii) (7.60)1/3 correct to four places of decimal

(iv) (1.025)-1/3 correct to three places of decimal

. Use binomial theorem to evaluate:
(i) (624)1/4 correct to four places of decimal

(ii) (719)1/6 correct to four places of decimal

(iii) V129 correct to four places of decimal
(iv) 416.08 correct to four places of decimal

. Use binomial expansion of (100 + x)!/2 to find 4101 correct to 6 places of
decimal.

. If x be numerically so small that its square and higher powers be neglected,
then prove that

Q) (“—xj —1+4x (i) (1+%’“j (4-3x)"? =

—X

Answers

1. (i) 1-6x (i) 1+ x (i) 5”{“%%

2. (i) 1 +5x+ 1522 (i) 1+§x—%x2
. 1 14 343
i
3. (i) 10.0332 (ii) 3.0024 (iii) 1.9661
4. (i) 4.9980 (ii) 2.9931 (iii) 2.0022 (iv) 2.0025




Applied Mathematics

SUMMARY

. The binomial theorem for fractional index states that
n(?gl) [ n(n—1)(n-2) N

1 "=1
(1+x)" =1+nx+ 3

o, provided |x| <1 and neQ
. General term. For r > 0, T,+; in the expansion of (1 + )7, |x| < 1, neQ is
_n(n—-1)(n-2)

iven by 7., =
& Y drn 1.2.3...r

. If x be so small that its square and higher powers may be neglected, then
(1+x)" =1+ nx (approximately).

. If x be so small that its cube and higher powers may be neglected, then

(n-1)

(1+x)" =1+nx+"

x’ (approximately).

TEST YOURSELF

. Expand the following by using binomial theorem:

@) (l—gj_ Jxl<2 (i) ————— B3

(3_4x2)1/3 ’l | 2

1 5
,|X|<—

V5+4x 4

24+ x 3
ﬁa|x|<_'
(3-2x) 2

)2

. Prove that the coefficient of y” in the expansion of 8+—y)

(iii) A+x*)7,|x|<1 (iv)
. Write the first three terms in the expansion of

—,|yI<1 in 4n for

. If x be a quantity numerically so small than x3 may be neglected in
comparison with I3, show that :

/ / 3x?
,/ +1/ =2+ nearly).
[+x [—x 412( V)
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Answers

2 3
1. (i) 1+£+3x +5i+
4 32 128

(i) =+ 2 20

2 2 4 6
X+ X + X +
V3 343 3.3 2743

(iii) 1-3x* +6x* —10x'> +
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SECTION - B

MEASUREMENT OF ANGLES

LEARNING OBJECTIVES

Introduction

Angles

Quadrants

Systems of Measuring Angles
Sexagesimal System

Central System

Circular System

Arc, Radius and Angle Relation

INTRODUCTION

Trigonometry* is that branch of mathematics which deals with the
measurement of sides and angles of triangles. The study of trigonometry is
useful to engineers, scientists, surveyors, astronomers and others. They is also
used in navigation and seismology.

The starting point of trigonometry is angle and its measurement.

ANGLES

The figures obtained by rotating a given ray about its end point is called an
angle. The original position of the ray is called the initial side of the angle,
whereas the final position of the ray is called the terminal side of the angle.




Applied Mathematics

An angle is called positive if the direction of
rotation of ray from the initial side to the terminal
side is anti-clockwise.

O Initial side

. . . Vertex
* The word ‘trigonometry’ is derived from the Greek

word ‘Trigon’ and ‘metron’.

Initial side

Initial side

Positive Angle Negative Angle

An angle is called negative if the direction of rotation of ray from the initial
side to the terminal side is clockwise.

There is neither lower limit nor upper limit for the magnitude of an angle.

Positive Angle Negative Angle

QUADRANTS

Let X°OX and Y 'OY be two perpendicular lines intersecting at O. X"OX and
Y OY are respectively called the x-axis and y-axis.

The lines X'OX and Y OY dividing the plane into four parts, are called
quadrants.




Applied Mathematics

i.  XOYis called first quadrant. Y4
ii. X OYis called second quadrant.
iii. X OY'is called third quadrant.
iv. XOY" s called fourth quadrant

If the vertex of an angle is at O and initial side
along x-axis, then the angle is said to be in
standard position and it is said to be in that
particular quadrant in which the terminal side
of the angle lies. For example, the angles 400,
2200 lies in the I and III quadrants respectively.

If the terminal side of an angle in standard form lies along either axis, then the
angle is called a quadrantal angle

SYSTEMS OF MEASURING ANGLES

There are three systems of measuring angles. These are:

i. Sexagesimal system (or English system)
ii. Centesimal system (or French system)
iii.  Circular system.

SEXAGESIMAL SYSTEM

In this system, the unit of measuring an angle is a degree. An angle is called
a right angle when the terminal side and initial side are perpendicular to each
other. If a right angle is divided in 90 equal parts, then each part is called a
degree. One degree is divided in 60 equal parts and each part is called a
minute. One minute is further divided in 60 equal parts and each part is called
a second.

1 right angle = 90 degrees (written as 909)
1 degree = 60 minutes (written as 6009)
1 minute = 60 seconds (written as 6009)
Example 1. Find (i) number of minutes (ii) number of seconds in 4.5 degrees.

Sol. (i) 4.5 degrees = 4.5 X 60 minutes (. 1°= 60

139
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=270

(i) 4.5 degrees = 270 minutes = 270 X 60 seconds ( - 17 = 609)
= 16,200 seconds.

Example 2. Find the quadrant in which the following angles lie:

(i) 3159 (i) 8700°.

Sol. (i) Angle 3159 is +ve, so the terminal side revolves in the anti-clockwise
direction

Since 3159 = 2700 + 430, the terminal side lies in the IV quadrant.
. 3159 is in IV quadrant.

(i) Angle 870° is +ve, so the terminal side revolves in the anti-clockwise
direction. Since 870° = 2 X 360° + 1509, the terminal side makes two complete
revolutions and traces further 1500. The terminal side lies in the II quadrant.

8700 is in II quadrant.

Y4

A
9

YI
@

CENTESIMAL SYSTEM

In this system, the unit of measurement in a grade. If a right is divided
in 100 equal parts, then each part is called a grade. One grade is divided in
100 equal parts and each part is called a minute. One minute is further
divided in 100 equal parts and each part is called second.

1 right angle = 100 grades (written as 100g)

1 grade = 100 minutes (written as 100’)
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1 minute = 100 seconds (written as 100”’)
Remark 1. 900 = 1009, because each is equal to one right angles.

Remark 2.Sexagesimal minute, second and centesimal minute, second are
different units.

Example 3. Express 499 509 159 in centesimal system.

Sol. 49015°15™ = 490 + 50" + 15> = 490 +50° + 16—f)= 490 + 50"+ %

' ' 0 0
=490 + 50’ L= 490 + 201 _ 40 4 201 _ 44201
4 4 4% 60 240

_ 11961° 11961
240 240x90

rt. Angles = 0.553750 rt. Angle

= (0.553750 x100)° = 55.3750'= 55% + (0.3750)¢
=55% +(0.3750x100)'= 55¢ +37.50'= 55% +37"+(0.50)'

= 55%¢ +37'+(0.50><100)”= 55% +37'+50'=55¢37'50"

CIRCULAR SYSTEM

Draw any circle. Let O be its centre and r its radius. Let arc AB be equal
to the radius. Product AO to meet the circle at C.

Since angles at the center of a circle are
proportional to the arcs on which they stand, we
have

ZLAOB  arcAB
ZAOC  arcAC

ZAOB r

B_
0 em)

180’
ZAOB=| — | ,a constant angle.

T
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/AOB is independent of the radius of the circle. This angle is defined
as one radian. Thus, one radian is the angle subtended at the centre of a circle
by a positive arc equal in length to the radius of the circle. The arc is regarded
positive if it is measured in anti-clockwise direction. We have also seen that the
measure of a radian is independent of the circle used.

In the circular system of measuring angle, the unit of measurement is a radian,
i.e., the circular measure of an angle is the number of radians it contains.

0
In the above article, we have /AOB= [@j
T

0
1 radian 2(@j
T

(- /AOB = 1 radian)

rradians = 1800
We also have 900 = 100s.
1800 = 2008
By (1) and (2), we have 1800 = 2002 = rradians.

Radian measures of some commonly used angles are given below:

Angle in degree

0o

300

450

600

909

1200

1359

Angle in radians

z
6

i
4

z
3

z
2

2z
3

RY/4

4

2709

3150

37
2

Iz
4

Remark 1. rradian

0

570 43 =570 4
11

= 1800 = 1 radian

180°

630°

T

180 °
22/7

ixéo =57 +16'+ 4
11 11

11

4 ' :
=57%+ 16'+[H>< 60) =57° +16+22'" (approx.)

1 radian = 57016°22"" (approx.)
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Remark 2. r radian = 1800 = 10 = . radians = - 21280 radians
X

= 0.01746 radian (approx.)

10 = 0.01746 radian (approx.)

Remark 3. When the angle is measured in the circular measure, then the word
‘radian’ with the angle is generally omitted. The angle & radian is also written

as ¢’. For example, the angle % radius can also be written as (%j or simply as

Example 4. Find in radians the angle of a regular octagon.
Sol. No. of sides =8

. No. of exterior angles = 8
Sum of all exterior angles = 3600

0
Each exterior angle = 3680 =45"

Each interior angle = 1800-450 = 1350 = (135 x%} radius

= 3% radians.

WORKING RULES FOR SOLVING PROBLEMS
Rule I. 1 right angle = 90°, 19 =60"and 1" = 6="".
Rule II. 1 right angle = 1009, 19 = 100" and 1" = 100"".
Rule III. 1800 = 2009 = 7 radius.

Rule IV. (i) Radian measure = %xDegree measure

(ii) Degree measure = @xRadian measure.
V4

Rule V. The angle between two consecutive digits in a clock is
30 (= 360/ 12) degrees.

Rule VI. (i) The hour-hand subtend an angle of 30 (=360/ 12) degree in one
hour.
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(ii) The minute-hand subtend an angle of 6 (=360/60) degree in one
minute.

Rule VII. In a regular polygon :

(i) all the exterior angles are equal

(ii) all the interior angles are equal
(iii) all the sides are equal

(iv) sum of all exterior angle = 3609

- oxtord , ( 360 )0
v ) each exterior angle =\ ————————
v) g no.of sides

(vi) each interior angle = 180° — exterior angle.

Rule VIII. To find the angle of a regular polygon means to find the interior
angle of the regular polygon.

SHORT ANSWER TYPE QUESTIONS

. Find the quadrant in which the following angles lie :
(i) 600 (ii) 24009 (iii) 1200 (iv) 3300

. Write the following angles in circular measure:
(i) 759 (ii) 2400 (iii) 400 200 (iv) -370 30’

. Write the following angles in sexagesimal measure :
L (7Y . (37 Lo (57 . ‘
i | = ii) | — iii) | — iv) | —
i (%] i 7] i (7 i 77

. Sketch the following angles :
(i) 6500 (ii) -565°.

Also find the quadrants in which these angles lie.

. Find the centesimal measure of the angles whose degree measures are:
(i) 450 (ii) 1089 (iii) 82890 (iv) 4680
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LONG ANSWER TYPE QUESTIONS

. Express the following angles in centesimal system :
(i) 67035 327 (ii) 9205 33

. Express the following angles in sexagesimal system :
(i) 57/7radians (ii) 97 /8 radians

. The difference of two angles is 209 and their sum in 1208. Find the angles
in degrees.

Answers

. (i) First (ii) Third (iii) Second (iv) Fourth

@) 2~ radians (i) 2% radians (i) 2% radians (iv) -~ radians
12 3 540 24

. (i) 300 (ii) 1080 (iii) 3000 (iv) 2100
) IV (i) II

. (i) 500 (i) 1208 (iii) 9208 (iv) 5208
. (i) 758 10" 25> (ii) 102¢ 32" 50™

7. (i) 1280 34° 1717 (ii) 2020 30° 8. 440, 640,

ARC, RADIUS AND ANGLE RELATION

Theorem. If in a circle of radius r, an arc of length 1 subtends an

angle ¢ radius, then prove that ¢ = ! .
r

Proof. Let O be the centre of the circle of radius r.

Let arc AB = [ and arc AC = r, where units of [ and r are
same.

Since, angles at the centre of a circle are proportional to
the arcs on which they stand, we have
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ZLAOB  arcAB
ZAOC  arcAC

6 radian [

1radian

0=".
r

Remark. While using the formula 6=//r, the angle # must be expressed in
radians, [ and r must be in the same unit of length.

Example 5. Find the length of an arc of a circle of radius 10 cm which subtends
an angle of 459 at the centre.

Sol. Let Z/AOB=45", OA = 10cm, arc AB =lcm.

We have 45° = % x 45 radian =

radian

Using i: 6, we have L =T,
10 4

Length of arc = 5—ﬁcm.

EXERCISE 9.2
SHORT ANSWER TYPE QUESTIONS

1. A wire 121 cm long is bent so as to lie along the arc of a circle of 180 cm
radius. Find in degrees the angle subtended at the centre of the arc.

. (i) Find in degrees the angle subtended at the centre of a circle of diameter
200 cm by an arc of length 22 cm.

(ii) Find the radius of the circle in which a central angle of 600 intercepts an
arc of 37.4 cm in length.

. Find the angle in radian through which a pendulum swings if its length is
75 cm and the tip describes an arc of length :
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(i) 10 cm (i) 15 cm (iii) 21 cm.

. A railroad curve is to be laid out on a circle. What radius should be used if
the track is to change direction by 259 in a distance of 40 metres?

LONG ANSWER TYPE QUESTIONS

. A circular wire 6 cm radius is cut and bent so as to lie along the
circumference of a hoop whose radius is 96 cm. Find in radians the angle
which is subtended at the centre of the hoop.

. The radius of a circle is 5 cm. A chord of this circle is equal to the radius.
Find the length of the minor arc of the chord.

. A train is travelling at the rate of 10km/hr on a circular curve of half a
kilometer radius. Through what angle in degrees has it turned in a minute?

Answers

1. 380 30° 2. (i) 129 36° (i) 35.7 cm 3. (i) 1%_radian

(i) ;radian (iii) % radian 4.91.64 mt 5. %radian

0
6. 5.24 cm 7. (19%)
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SUMMARY

1. Trigonometry is that branch of mathematics which deals with the
measurements of sides and angles of triangles.

. (i) The figure obtained by rotating a given ray about its end point is called
an angle.

(i) An angle is called positive if the direction of rotation of ray from initial
side to terminal side is anti-clockwise.

(iii) An angle is called negative if the direction of rotation of ray from initial
side to terminal side is clockwise.

3. (i) Sexagesimal system

1 right angle = 90° (degrees)
1 degree = 60" (minutes)
1 minute = 60” (seconds)

(ii) Centesimal system
1 right angle = 1008 (grades)

1 grade = 100" (minutes)
1 minute = 100" (seconds)

(iii) Circular system. The circular measure of an angle is the number of
radians it contains, where one radian is defined as the angle subtended at
the centre of a circle by an arc whose length is equal to the radius.

(iv) 180° = 2008 = rradians.

TEST YOURSELF

1. Express the angular measurement of the angle of a regular decagon in
degrees and radians.

2. The angle of one regular polygon is to that of another as 3 : 2 and the
number of sides is first is twice that in the second. Determine the
number of sides of the polygons.
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3. The angle in a triangle are in A.P. The number of degrees in the least and
the number of radians in the greatest are as 36 : . Find the angle in
degrees.

. Suppose that the arcs of same length in two circles subtend angle of 60°
and 759 at the centre. Find the ratio of their radii.

5. The moon’s distance from the earth is 3,60,000 km and its diameter
subtend an angle of 31" at the observer. Find the diameter of the moon.

Answers

1. 14409, 4?ﬁradians 2.8,4 3. 209, 609, 1000

5. 3247.62 km.
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SECTION - B

1 O TRIGONOMETRIC FUNCTIONS

LEARNING OBJECTIVES

Introduction

Definition of Trigonometric Functions

Trigonometrical Identities

Elimination

Signs of Trigonometric Functions

Domain and Range of Trigonometric Functions

Expression of any T-Ratio in Terms of a given T-Ratio
Values of Trigonometric Functions for 0°, 30°, 45°, 60°, 90°
T-Ratios of Allied Angles

INTRODUCTION

In the present chapter, we shall define trigonometric functions of an angle.
We shall also learn the methods of finding values of trigonometric functions for
some specific angles.

DEFINITION OF TRIGONOMETRIC FUNCTIONS

Let 6 be any real number. Construct the angle whose measure is
0 radians, with vertex at the origin of a rectangular coordinate system and
initial side along the positive x-axis. Let P(x, y) be any point, distinct from the
origin, on the terminal side OA of the angle. Let OP = r. Some of the possible
positions of the terminal side of the angle 6 radians are as given in the
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following figures, r is always taken positive while x and y can be positive or
negative depending upon the position of the terminal side OA of the angle XOA.

Y4 Y4

is called the sine of # and is written as sin 6.
is called the cosine of § and is written as cos 4.
is called the tangent of 6 and is written as tan@, provided @ is not
. zr
an odd multiple of —.
Y is called the cotangent of ¢ and is written as cot &, provided & is not

y

an even multiple of z.

” is called the secant of 6 and is written as sec @, provided fis not an
X

odd multiple of %

’ is called the cosecant of @ and is written as cosec @, provided fis not
Yy

an even multiple of %
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The functions sin &, cosf, tanf, cotf, secld and cosesd are called
trigonometric functions.

The trigonometric functions siné cosé tanf, cotd, secd and cosecld are
also called trigonometric rations or as circular functions.

Remark 1. sin @ is read the ‘sine of angle 6’ and it should never the
interpreted as the product of ‘sin’ and ‘6’.

Remark 2. If the terminal side of the angle € (c.f. Fig. of Art. 10.2) is in the I
quadrant, then

sinH:Z

r

X r r OP
cotd =—=——, cosecf =—=——.
y MP M y MP

Notation (cos 6)2 is written as cos?6 (read “cos square 6”)
(tan )3 is written as tan3é (read “tan cube 6”)

(cosec O)n is written as cosecn @ (read “cosec nth power 8”), n being a positive
integer etc.

Caution. (cos #)2 should not be written as cos 62 or as cos? 62.

TRIGONOMETRICAL IDENTITIES

A trigonometrical equations is called a trigonometrical identity if it is
true for all angles for which the trigonometrical functions involved are defined.

We prove some fundamental trigonometrical identities.

Let 6 be any real number. Construct the angle whose measure is 6
radians, with vertex at the origin of a rectangular coordinate system and initial
side along the positive x-axis. Let P(x,y) be any point, distinct from the origin,
on the terminal side OA of the angle. Let OP = r.

(i) sin@ cosecd = BN

ry
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(ii) cos @ secl = Xl o

rox Y4

(iii) tan @ cot® = Lx ¥ =1

Xy

(iv) Slr149=—y/7/=1=tan6’
cos@ x/r x

cos@ x/r x
=——="—=cotd

sin & _y/r_y

-
Dy

(vi) sin?8 + cos26 = (sin )2 + (cosf)? =
xY X
(Using Pythagoras result)

r

2
j = (secd)’ =sec’ @

2
(viii) 1 + cot2@ =1 + (cot 0)2 =1 + ( = [Lj = (cosec8)’ =cosec’d
y Y

Thus, we have the following fundamental identities:
(i) sin 6 cosecd =1 (ii) cosO@ secHd =1

(iii) tan & cotd = 1 (iv) tan 6 = sin ¢
cosd

(v) cotd = C?SH (vi) sin260 + cos260 =1
sind

(vii) 1 + tan2f = sec2d (viii) 1 + cot26 = cosec2( .
Remark. The values of tan @, cot@, secd and cosecf in terms of sin & and cos@

are as follows:

tan @ = , cotf=

sin @ cos @
cosd i
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WORKING RULES FOR SOLVING PROBLEMS
Rule I. Trigonometrical identities are proved by using following methods:

i. If one side of the identity is a constant or a very simple
expressions, then the other side is simplified and is shown equal
to this side.

i. If each side of the identity is neither constant nor a very simple
expression, then both sides are simplified separately and are
equated.

ii. If each side of the identity is neither constant nor a very simple
expressions, then the identify can also be proved by using the ‘if
method’.

Rule II. If no formula is directly applicable in solving an expression, then all
t-ratios occurring in the expression are changed in terms of ‘sine’
and ‘cosine’ and the simplification is carried.

SHORT ANSWER TYPE QUESTIONS
Prove the following identities:
1. cos*A—-sin*4=1-2sin* 4 2.sec*@—tan*O=1+2tan’ @

3.sec*@—sec’@=tan* O +tan’ O 4. sin*@+cos*@=1-2sin*Hcos* 8

LONG ANSWER TYPE QUESTIONS
Prove the following identities (Q. No. 5- 8)
5.sin®A+cos® 4=1-3sin? Acos’ 4 6. sec® A—tan® 4 +3tan? Asec’ A +1

l+cosa  tan’a

" l-cosa (secaz—l)2 .

7. cosec®Ad—cot® A=1+3cot?> A4+ 3cot* 4 8
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ELIMINATION

In this section, we shall learn the method of eliminating '€’ from two
given equations involving trigonometric functions of 'é’ . By using given
equations involving '€#’ and trigonometrical identities, we shall obtain an
equation not involving '6’ .

Remark. If gx + by + c=0
a'x+b'y+c'=0,

then we have r Y !
bc'-chb'  ca'-ac' ab'-ba'

bc'—ch'
X =
ab'-ba'

ca'-ac'

Le., =—.
ab'-ba

and y

Example 2. Eliminate 0 from the equations :
(i) x=h+acos 0,y=k+bsinf (ii) x =a sec3 8, y cot3 4.

Sol. (i) We have x=h + a cosd ....(1) y =k + b sinf

(1) = cosﬁzx_h
a

Now sin?@+cos? 0 =1

2 2
(x— hj +(y7_kj =1  This is the required eliminant.
a
(ii)) We have  x=asec’ @ .ee(1) y=bcot’

2/3 2/3
1) = sec’ 9= = (sec3 6’)2/3 j = sec’ Hz(ij
a a a

2/3
2 = cot3t9=% = tan39:(éj = tanzé?z(éj

Y Y

Now sec’@—tan’ @ =1.
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2/3
2] =1. This is the required eliminant.

SHORT ANSWER TYPE QUESTIONS

Eliminate @ from the following equations :
1. x=a cos’ @,y=bsin’ 6 2. x=a cosec’d,y=hb cot’ 0
LONG ANSWER TYPE QUESTIONS
.sin@+cos@=a, sind—cosd=>b
. xcos @ —ysin @ =a,xsin @+ ycos € =b
.ltan @ + msec @ = n,l'tan @ + m'sec 8 = n'
.acot@ +bcosechd =x>, bcot@+acosectd =y’

Answers

x 2/3 2/3 2/3
[—j +(1j ~1 . j ~ X 3. a2 +b2=2
a b b

5. (In' — I'n)? — (m'n—mn")? = (lm' — I'm)?

4

_y :bZ_aZ

SIGNS OF TRIGONOMETRIC FUNCTIONS

Let 8 be any real number. Construct
the angle whose measure is # radians with
vertex at the origin of a rectangular
coordinate system and initial side along the
positive x - axis. Let P(x, y) be any point,
distinct from the origin, on the terminal
side of the angle. Let OP = r. Some of the
possible positions of the terminal side of the
angle @ radians are as given in the figure ‘7
is always taken positive.
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First quadrant. Here x, y and r are all positive. The ratio of any two of these is

positive.
All t - functions are positive.
Second quadrant. Here x is negative, y and r are positive.

) + ve x —ve
smﬁzlz =+ve, cosO@=—=——=—ve, tanH:Z—
r + ve r + ve X

— ve +ve r_+ve

X r
cotd = —= = —ve, secld=—=——=—ve, cosecl=—= =4ve.
y + ve X —ve y +ve

In the second quadrant, sin ¢ and cosecd are positive and all other
t-functions are negative.

Third quadrant. Here x and y are negative, r is positive.

. —ve x —ve —ve
sin @ = 2 = =-ve, cosf@=—=——=-—ve, tanHzZ:—:Jrve,
r + ve r + ve X —ve

X —ve r + ve 7
cotd = —= = +ve, secld=—=——=—ve, cosecl=—=

r +ve
y —ve X —ve y —ve

—-ve .

In the third quadrant, tan ¢ and cot@ are positive and all other t-
functions are negative.

Fourth quadrant. Here x and y are positive, y is negative.

) —ve X +ve
smﬁzlz =—ve, ¢coSO=—=——=+ve, tanHzZ:

r + ve r +ve X

X + ve r + ve 7 + ve
cotd = —= = —ve, secl=—=——=+4ve, cosecO=—-= =

— —ve.
y —ve x +ve y —ve

In the fourth quadrant, cos ¢ and sec? are positive and all other

t-functions are negative.
Thus, we see that :

i. In the first quadrant, all t-functions are positive.
ii. In the second quadrant, only sine and its reciprocal cosecant are

positive.
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In the third quadrant, only tangent and its reciprocal cotangent are
positive.

In the fourth quadrant, only cosine and its
reciprocal secant are positive.

Y4

Remark 1. The figure given on the right shows which
trigonometric functions (with their reciprocals) are
positive in various quadrants.

ALL-SIN-TAN-COS can be easily recalled by
remembering that the first letters A, S, Tand C are
also the first letters of the phrase ‘After school to
college’.

Remark 2. When the angle A is expressed in degrees then a t-ratio of A
represents the corresponding t-ratio of the radian measure of the angle A. For
example, sine function of 30° represents the sine function of 7 /6 and we write

sin 30° =sin 7 /6.
Example 3. Which of the trigonometric ratios are positive for :
(i) 2400 (ii) -2000 ?

Sol. (i) 2400 is in the third quadrant. In the third quadrant, only tan & and
cotd are positive.

tan 2400 and cot 2400 are positive.
(ii) — 2000 lies in the second quadrant.
[~ All angles between — 1800 and — 2700 are in the second quadrant]
Sin (- 200°) and cosec (- 2000°) are positive.
EXERCISE 10.2

SHORT ANSWER TYPE QUESTIONS

1. Which of the following are positive :

(i) sin 24009 (ii) cos 3300 (iii) tan 3139 (iv) sec 3150 ?

2. Which of the following are negative :

(i) cos 1200 (ii) cot 21009 (iii) sec 2400 (iv) cosec 2500 ?

158
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3. Which of the following are positive :
(i) cos (—z/3) (i) tan (77z/6)° (i) sec (27/3)°  (iv) cosec (57/6) ?
4. Which of the trigonometric functions are positive for :
(i) 700 (i) 1259 (iii) - 400 ?
Answers
1. (ii), (iv) 2. (i), (iii). (iv) 3. (1), (ii), (iv) 4. (i) All

(ii) sin 1259, cosec 1250 (iii) cos (-409), sec (-409).

DOMAIN AND RANGE OF TRIGONOMETRIC
FUNCTIONS*

Let &be any real number. Construct the
angle whose measure is fradius, with vertex at
the origin of a rectangular coordinate system
and initial line along the positive x — axis. Let
P(x, y) be any point, distinct from the origin, one
the terminal side OA of the angle.

Let OP=r.

Q) sing =2
.

Forany @,-r<y<r, . 1< L
r

< 1.

-1<sin <1

Domain of sin #= R, Range of sinf = [- 1, 1].

(i) cos O ==
T

Forany @,-r<x<r. . -1<

X
r

<1. . -1<cosf<1.

. Domain of cosd =R, Range of cos = [-1, 1].
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(iii) tan @ is defined for any real number #which is not an odd multiple of 7 /2
For any such value of @ the ratio y/x can be any real number.

Domain of tanf = R - {(2;1 + 1)%;11 € Z}, Range of tand= R.
(iv) cotfis defined for any real number & which is not an even multiple of 7/2.
For any such value of @, the ratio x/y can be any real number.
. Domain of cot § = R- (nz:neZ), Range of cot 8= R,

(v) sec@ is defined for any real number #which is not an odd multiple of 7 /2.
For any such value of #, we have - 1 < x/r<1 ie, |x/r| <1.

>1= 5 >1= [secd> 1.

|x/r|_ X
Domain of secd =R - {(2;1 + l)%;n € Z}, Range of sec/=R - (-1, 1).

(vi) cosecd is defined for any real number Awhich is not an even multiple of
72 . For any such value of 4, we have - 1 < y/r<1 ie, |y/r| < 1.

>1= ‘1 >1= |cosec(9|3 1.
[y /r y

. Domain of cosecd =R - (n;r:neZ), Range of cosec =R -1 (-1, 1).

Remark 1. The maximum (i.e., greater) value of sinf and coséd is 1 and the
minimum (i.e., least) value is — 1.

(i |sinf] <1 e, -1<sinf <1 ie, sin2 @ <1.
(i) |cos@ | <1 e, -1<cosf <1 ie, cos?26 <1.

* If f is a function from A to B, then A is the domain of ‘f’ and the subset
(f(x):x € A) of B is the range of the function .

Remark 2. tané and coté can take any real number value.
Remark 3. secf and cosecd cannot take value in ( -1, 1).
(i) |secd | > 1 Le., sec?f > 1.

(ii)) |cosec@d | > 1 ie., cosec2d > 1.
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Example 4. If the equation 2 sin?68 - cos@ + 4 = 0 possible ?
Sol. Let 2 sin28 - cosd + 4 = 0.

2(1 —cos?2f0)-cosf +4=0. S 2cos?2 @ +cosf-6=0.

-1+41+48 —-1£7 3

cos 0 = = —— =2,——
4 4

Now | cos@ | < 1.
cos 8 =2 = |cosf | = |2| =2 > 1, which is impossible

31 3

and cosf = - = |cosf@ | = ‘— 5‘ = 53 1, which is also impossible .

The given equation is not possible.

EXERCISE 10.4
SHORT ANSWER TYPE QUESTIONS

. Which of the following are possible :
(i) sinfd =1/4 (ii) cos @ = -2 (iii) tan@ = - 15
(iv) cotd =1/3 (v) secd =1/3 (vi) cosecd =2 ?

. (i) Show that cosec26 + sin2?6 can never be less than 2.
(ii) show that tan?6 + cot?@ can never be less than 2.

. (i) Show that sin# + cosecéd can never be equal in 3/2.
(ii) show that tan @ + cotd can never be equal to 3/2.

. Is the equation 2 cos26 + cosé - 6 = O possible ?

. Show that no value of secd can satisfy the equation 6 sec28 - 5 secd + 1 =0

. Is the equation siné =a +l possible for real value of a ?
a

Answers

. (i), (i), ([iv), (vi) 4. No
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EXPRESSION OF ANY T-RATIO IN TERMS OF A
GIVEN T - RATIO

Any trigonometric ratio can be expressed in terms of any other
trigonometric ratio by using the following identities:

(i) siné cosecf =1 (ii) cos @ secl =1 (iii) tan @ cotf =1

(iv) tan@ = sin 0 (v) cot@ = cos0

(vi) sin26 + cos26 =1
cos@

(vii) 1 + tan26 = sec26 (viii) 1 + cot?28 = cosec26 .

secd +3tand

Example 5. If 4 sinf = 3, find the value o .
P i /i f 2secld —7tan @

Sol. We have 4 sin@ =3. .. sin@ = %.

1 +3sin@ . 1+3(3j
secO+3tand  cosf cos@ 1+3sinf 4)

— 2 ind 2-7sinf
2sec@ —7tan @ 7SIH 2—7sin 0 2_7(3j

cos @ cos @

4
Example 6. I[f cos A = % and A lies in the fourth quadrant, find sin A and tan A.

Sol. We have cos A =21/29

sin? A=1-cos?2 A=1 - (—
29

21]2 _,_ 441400

—=— sinA:iE
841 841 29

sin 4= —% ** sin Ais —ve in IV quadrant)
sind _ -20/29 20

cos A 21/29 E

tan 4 =
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SHORT ANSWER TYPE QUESTIONS

. If sin@ = 1/3 and @ lies in the II quadrant, find the value of cos @ .
. If cos 8 =21/29 and @ lies in the I quadrant, find the value of sin @ .
. Iftan @ = 5 and @ lies in the III quadrant, find the value of sec@ .

2 +3cos’ 0

. If 4 sin2 6 = 1, find the value of —.
1-2cos” 4

1+tan@ + cosect

. If secd =+/2 and 377[< 0 < 2rx , find the value of

1+ cotd —cosech
LONG ANSWER TYPE QUESTIONS

. If @ lies in the III quadrant and cos@ = - 1/2, find the values of other
trigonometric functions.

. If @ lies in the IIl quadrant and tan 8 = 4/3, find the values of other
trigonometric functions.

. If @ lies in the II quadrant and cot x= - 5/12, find the values of other
trigonometric functions.

Answers

22
3

. -1
. sinH:—\/g/2,tan9=\/§,cot9:1/\/§,se09=—2,cosec9=—2\/§
. sinf@ =-4/5,cos @ =-3/5,cot @ =3/4,secd =—-5/3,cosecld =-5/4

. sinx=12/13,cos x = -5/13,tan x = —12 /5,sec x = —13/5,cos ecx =13 /12 .

VALUES OF TRIGONOMETRIC FUNCTION S FOR
0°, 30°, 45°, 60°, 90°

(i) @=0°. In this case, the terminal side of angle @(=0)° coincides with the
initial side OX.




Let P(x, y) be any point on the terminal side OX.
Let OP=r>0.

x=r, y=0

We have sin 00 = —=—=0(

0
r

Y1L
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P(x,y)
——

cot 00 is not defined

ror .
sec 00=- —=— cosec 00 is not defined.
r

X
(ii) ©#=30°. Let angle XOA be 300°.
Let P(x, y) be any point on the terminal side OA.
Let OP=r>0.
Produce PM to P’ such that MP’ = MP.
As OMP and OMP’ are congruent.
/P’OM = 300 and so AOPP'is equilateral.
OP = PP’= PM + MP’
= PM + PM = 2PM

_OP _r
2 2

PM

2 2
Now OM? = OP? =r? —%z%
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(i) ©=45°. Let angle XOA be 450.
Let P(x, y) be any point on the terminal side OA. Let OP =r > 0.

Triangle OMP is isosceles. Also OM*’ + MP> =0OP". Y4

2
20M? =0OP?2 or OM= r_r
V2 2

MP is also L.

V2

MP _r/\2 1

sin45° = =—

OP r 2

oM _riN2_ 1
OP r V2

It is easy to see that tan 450 = 1, cot 450 = 1, sec 459 = \/5, cosec 450 = /2 .

cos45° =

(iv) 8=60°. Let angle XOA be 600.

Let P(x, y) be any point on the terminal side OA. Let OP=r > 0. Let M’ be on
OX such that MM’ = OM.

As OMP and M’MP are congruent.
. /MM’P=60° and so AOM’Pis equilateral.
OP = OM’ = OM + MM’

= OM + OM = 20M
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OM= —OP ==
2

1
2

2 2
Also MP2= OP2 — OM2 = 72 _% _3r

1 2
It is easy to see that tan60° =+/3, cot60° =——, sec60’ =2, cosec 60° =——.

5 5

(v) #=90°. Let angle XOA be 900°. In this case, the terminal side coincide with
OY. Let P(x, y) be any point on the terminal side
oY.

Let OP=r>0
x=0,y=r

We have sin90° =2 =" =1 c0s90° =X =
roor

90
r

tan 900 is not defined c0s90° =

x_0
y r

Iy,

sec 909 is not defined cosec 90° X
y r

Remark. The values of t rations for 8=0°,30°,45°,60°,90°can be easily recalled,

by using the following table:

00 300
Vo v
2 2

=0

z &
2

1
2
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2

V3
2

The values of the remaining t-ratios can be found by using the identities:

tanﬁzsma, cotezc?sa secd = ! , cosecl= .1 .
cost 0 cosecl sin &

Example 7. Show that: sec? 309 + cosec? 459 + cot? 60° + sin? 900 = E

3

1
Sol. We have sec 300 = 2 , cosec 450 = \/5, cot 600 = —, sin 909 = 1.

V3 V3

sec? 300 + cosec? 459 + cot? 609 + sin? 909

:(%}2 +(\/5)2 J{%T +(1)° =§+2+§+1 =%.
EXERCISE 10.6
SHORT ANSWER TYPE QUESTIONS
If A= 600 and B = 309, verify that:
(i) sin(4+ B)=sin AcosB+cos Asin B (ii) cos(4A+ B)=cosAcosB—sin Asin B
(iii) sin(4—B)=sinAcosB—cosAsinB (iv) cos(4—B)=cosAcosB+sin4sinB.
LONG ANSWER TYPE QUESTIONS
Find the value of 8(0°<6<90°) from the equations:
(i) 2cos* @—5cos@+2=0 (ii) 2cos* @=23siné

(iii) 3sec* @—10sec’ +8=0 (iv) 3tan @+ cot & = 5 cos ech .

Show that :
(i) sin® 0°,sin”® 30°,sin” 45°,sin” 60° are in A.P.

(ii) cos® 0°,cos>30°, cos” 45°,cos® 60° are in A.P.
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Answers

2. (i) 60° (ii) 300 (iif) 300 or 45°  (iv) 600

T-RATIOS OF ALLIED ANGLES

An angle is said to be allied to another angle if either :
(i) their sum is zero
or (ii) their sum or difference is a multiple of 7 /2.

For example, - 0 is allied to angle ¢ [+ -0+6=0]

7 1+ 0 is allied to angle 0 is (£+ QJ—H:E
2 2 2

1809 - @4 is allied to angle @ [+ (1800 - 4)+ @ = 1800 =2 X 900]

The following are the results to find the t-ratios of angles called to ¢, in terms
of t-ratios of 6.

Result. (i) If ¢ is a positive acute angle, then
sin (- ) =-sin 9, cos (-0)=cos 0, tan (-9) = - tan 4.
cot (- /) =-cot 9, sec |(-0)=sec &, cosec (-0) =-cosec 4.

Result. (ii) If ¢ is a positive acute angle, then

sin(g—é’j: cosd, cos(g—é’j:sine, tan (%—0)= cot 4.

cot(g—é’j: tang, sec(g—ej:cosece, cosec (%—0)= sec 4.

Result. (iii) If ¢ is a positive acute angle, then

sin[%Jr@j: cosd, cos[%Jr@j: - sinf, tan (%+¢9)= cot 4.

cot(%+<9j: - tang, sec(%+¢9j:cosec9, cosec (%+0)= sec 6.
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Result. (iv) Ifdis a positive acute angle, then

sin (7-0)=sin 9§, cos (71-0)=-cos #, tan (r-0)=-tan ¢

cot (7-0)=-cot 0, sec (7-0)=-sec 0, cosec (7—-0)= cosec 0.
Result. (v) If9is a positive acute angle, then

sin (7+60)=-sin 0, cos (r+6)=-cos #, tan (7+6)=tan ¢

cot (7+60)=-cot 9, sec (r+60)=-sec 0, cosec (r+0)= - cosec 6.

Result (vi) If 0 is a positive acute angle, then
sin 3—ﬁzé?j:—cosﬁ, cos 3—ﬁzé?j:—sin ¢, tan 3—”26’ = cot 4,

2 2 2
cot(%zzé’j:tane, sec (%z@j:—cosec 0, cosec(%zzé’j:- sec 0,

Result. (vii) If ¢is a positive acute angle, then

sin(%JrHj:—cose, cos (%Jr@j:sin 0, tan(%[+0j=— cot 0,

cot (37” + 0} =tand, sec (377[-1— 6’} =cosec 6, cosec (37” + 0} =- sec 6,

Result. (viii) If ¢is a positive acute angle, then
sin (27-0)=-sind, cos(27-0)= cosd, tan(27-60)=-tano,
cot 27-0)=-cotd, sec(27-0)= secd, cosec (27 —-60)= - cosecd

Result. (ix) If 0 is any angle, then the t-ratios of 2n 7 + Y are same as that of
a.

Remark 1. Since sin(-6) = - sin@d, so the trigonometric function sinfis an odd
function. Also cos(-60) = cos#implies that the trigonometric function cosé is an
even function.

Remark 2. Theorems (i) — (ix) also holds good for any 6: -0 <8 <.

Remark 3. If the angles are expressed in degrees, then (i) in case of allied
angles -0, 1809 - 9, 1800 + g, 3600 - 9; the t-ratio remains the same (ii) in case

169
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of allied angles 900 - 9, 900 + 9, 2700 - 9, 270° + @, then t-ratio is changed as :
sin & cos, tan < cot, sec < cosec.

WORKING RULES TO EXPRESS T-RATIOS OF ALLIED ANGLES
OF ¢ IN TERMS OF T-RATIOS OF ¢

Step I. If the angle is negative, use t-ratios of -8’ to make the angle
positive.
For example, we write sin (-240°) = - sin 2409.

Step II. If the angle is greater than 2r (i.e., 3609), subtract the greatest
possible multiple of 2z from it, remembering that the t-ratios of (n(2x)+6)

are exactly the same as those of 0.
Step III. Consider 0lying in the first quadrant (even if it actually does not
lie) and find the quadrant in which the allied angle lie. Then
determine the sign of the given t-ratio of the allied angle by the rule
show in the figure given below :

II Y A

{E+e,n-9}
2

sin, cosec +ve

III

{Me,ﬁ‘._g {ﬂafe,zn-e,-e
2 2 -

tan, cot +ve cos, sec +ve

Step IV. (i) Now, if allied angle is — 0,7 —0,7 + 6,27 — 0 ; t-ratio remains the
same i.e., sine remains since, consine remains consines and So on.
(ii) If allied angle is %— 49,% +0, 37” -0, 37” +0; the t-ratio is changed as
follows :

since changes to cosine and vice-versa ; tangent changes to cotangent
and vice-versa ; secant changes to consecant and vice-versa.
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Example 8. Find the values of :
(i) sin (909 + ) (ii) cos (1809 - 9) (iii) tan (2709 - 6) (iv) sec (1809+0).

Sol. (i) 90° + ¢ involves 900, the tratio sine is changed to cosine. Also,
assuming 6 to be in I quadrant, 90° + ¢ lies in II quadrant and in this
quadrant sine is +ve.

sin (900 + ) = cos 4.

(ii) 1800 - ¢ involves 18009, the t-ratio cosine remain same. Also, assuming 6 to
be in I quadrant, 1800 - ¢ lies in II quadrant and in this quadrant, cosine is
—ve.

cos (180°- 9)=-cos 0O .

(iii) 2700 - @ involves 2709, the t-ratio tangent is changed to cotangent. Also,
assuming € to be in I quadrant, 2700 - 4 lies in III quadrant and in this
quadrant tangent is +ve.

tan (2700 - 9) = cot 6 .

(iv) 1800+ 0 involves 1800, the t-ratio secant remains same. Also, assuming 6 to
be in I quadrant, 180° - ¢ lies in III quadrant and in this quadrant secant is
-ve.

sec (1800 - 9) = sec ¢

Example 9. If sin (a+ )= 1 and sin (a—ﬂ):%, where 0 < «a, ﬂg%, then find

the values of tan (a+2f)and tan (2a + f3).

Sol. We have 0<a <_7[— and O<a + f
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: T .
sm(a+/)’)=1 = a+,8:5, because s1n3:1 and O<a + B <«

Vs . T
—, because sin—
6 6

and a—ﬂ:%,weget, o=

tan(a + 23) = tan 2oz =tan2—”=tan -z
3 6 3 3

:—tan%:—\/g

and tan(2a + f3)=tan 2(£]+Z =tan5—ﬂ:tan(ﬂ—£j:—tan£:——
3) 6 6 6 6 3

EXERCISE 10.7
SHORT ANSWER TYPE QUESTIONS

Evaluate:
1. (i) sin 1200 (ii) cos1500 (iii) tan2400
(iv) cot(-309) (v) sec(-6009) (vi) cosec(-9009).
. (i) sin 7659 (ii) tan 2700 (iii) cos?
(iv) cos 7500 (v) tan(-4809) (vi) cosec(-14109).

. (1) sin& (ii) sin —ﬁ (i) sec—zsn
3 3 6

(iv) tan [— lsTﬂj (v) cot [— ISTzzj (vi) cosec % .

. In any quadrilateral ABCD, show that:
(i) sin(A+B)+sin (C+D)=0 (ii) cos(A + B) = cos (C + D).

. If ABCD be a cyclical quadrilateral, show that
cos A+cos B+cos C+cos D=0




(i) V372

(v) 2

(iii) —~/3/2

(i) V372

(v) 1

Answers
(i) —~/3/2 (iii) /3
(vi) - 1 2. (i) 1/~2
(iv) /3/2 (v) V3

(ii) ~/3/2 (iii) 2/~/3
(vi) 2
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(iv) - 43
(ii) Not defined
(vi) 2

(iv) 1/4/2
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SUMMARY

1. (i) siné cosecd =1 (ii) cos @ secd =1
(iii) tan @ cotd = 1 (iv) 2" _tang
cos @
v) <9 _ ot (vi) sin2@ + cos26 = 1
sin @

(vii) 1 + tan26 = sec24 (viii) 1 + cot26 = cosec?6 .

. (1) sin 0% = 0, cos 00 = 1, tan 09 = O, cot 0% = not defined, sec 0°= 1, cosec 00 =
not defined.

(ii) sin 309 = —, cos 300 = ﬁ, tan 300 = L, cot 300 = \/5, sec 300 = i,
2 V3 V3

1
2
cosec 300 = 2,
(iv) sin 600 =

, cos 600 = —, tan 60° = /3, cot 600 =

V3
2

1
\/5 2

1
2

cosec 600 = i
3

(v) sin 900 = 1, cos 900 = 0, tan 90° = not defind, cot 90° = 0, sec 90° = not
defined, cosec 900 = 1.

. (i) |sinf| <1 ie, sin2d<1 e, -1<sinf<1
(i) |[cos@| <1 ie., cos260<1 e, -1<cosf<1
(iii) —oo<tanf <o
(iv) —o<cotfd <o
(v) |sec@d| >1 ie., sec26>1 ie.,, sech <-1 or secH >1

(ii) |cos@| <1 ie., cos?6<1 i.e., cosecd <-1 or cosecl > 1.

TEST YOURSELF

1. Prove the following identities:

2 2
) ( 1 N 1 jsin29c0529=1 sin® @cos”® @

sec’ @—cos’ @ cosec’d—sin’ @ 2 +sin’ @cos’ O
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(ﬁ)Jl_“ng-+J1+“n6:-2sumzee(g,zj.

1+siné@ 1—-sin@

TN ! and axsm&’_byccz)sﬁ

welnd_DO0SD o, show that (a)'" + (bx)

. If cotd :%and 0 lies in the third quadrant: find the values of cos @ - siné.

. Find the value of 8 (2700 < @ < 3609) from the equations :
(i) 2sin2 @ +3cosf -3=0 (ii) 2 cos?2 @ - S cosf + 2 =0.

. Find the solution of the equation tan2? x + cot? x= 2, where x lies between 0° and
1800.

Answers

4. (i) 300° or 3600 (ii) 3000 5. 450, 1350.
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SECTION - B

TRIGONOMETRIC FUNCTIONS
1 1 N OF SUM AND DIFFERENCE OF
TWO ANGLES

LEARNING OBJECTIVES

e Introduction
e Trigonometric Functions of Sum of Two Angles
o Trigonometric Functions of Difference of Two Angles

INTRODUCTION

In this chapter, we shall study the methods of finding the values of
trigonometric functions for sum and difference of angles. These formulae would
help us to find the values such as sin 159 co0s105° etc. The formulae for
finding the values of trigonometric functions for sum of angles and for
difference of angles are called addition formulae and subtraction formula
respectively.

TRIGONOMETRIC FUNCTIONS OF SUM OF SUM OF
TWO ANGLES

We have following formulae :
(i) sin (A + B) = sin A cos B + cos A sin B
(ii) cos (A + B) = cos A cos B - sin A sin B

tan 4 +tan B

(iii) tan (A+B) = —
1—tan Atan B

These are called addition formulae.
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TRIGONOMETRIC FUNCTIONS OF DIFFERENCE OF
TWO ANGLES

We have following formulae:
(i) sin (A - B) = sin A cos B - cos A sin B
(ii) cos (A - B) = cos A cos B + sin A sin B

(iii) tan (& - B) = 204 -tan B
1+ tan Atan B

There are called subtraction formulae.

Theorem I. By using sine and cosine formulae prove that:

() tan (A + B) = tan 4 + tan B (ii) tan (A - B) = tan 4 —tan B
]—tan Atan B 1+ tan Atan B
sin(4+ B) sin Acos B + cos Asin B

cos(A4 + B) " cos Acos B —sin Asin B

Proof. (i) tan (A +B) =

sin Acos B cos Asin B
J’_
_cos Acos B cos Acos B _ tan A +tan B

cos Acos B sin Asin B 11— tan Atan B

cos Acos B cos Acos B

tan 4 + tan B

tan(A+B) =————
l1—tan Atan B

sin(4—B) _sin Acos B —cos Asin B

tan (A-B) = = - -
cos(A—B) cosAcosB+sin Asin B

sin AcosB cos Asin B

_cosAcosB cos AcosB _ tanA—tan B
cosAcosB+ sin Asin B 1+ tan Atan B

cos AcosB cosAcosB

tan 4 —tan B

tan(A-B) =———
1+ tan Atan B

1+tan 4

Corollary. (i) tan (45° + A)* =
1 —tan 4
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1—tan 4

(i1) tan (45° - A) = .
1+tan 4

tan45° +tan4 _ l+tand l+tan 4
l-tan45%tan A4 1-1.tanA 1—tan 4

Proof. (i) tan(45° + 4) =

tan 45° — tan 4 _l1-tand4 1-tan 4

(i) tan( 45° — A) = 5 = = .
l+tan45"tan 4 1+1.tanA 1+tan 4

Theorem II. By using sine and cosine formulae prove that:

(i) cot (A + B) = o ActB-l (ii) cot (A — B) = SotAcotBT
cotB+cot A cot B —cot A

cot(A+ B) cos Acos B —sin Asin B

Proof. (i) cot( 4+ B) = =— -
cot(A+ B) sin Acos B+ cos Asin B

*tan (459 + A) represents the tangent function of the radian measure of the angle
450 + A.

cos Acos B sin Asin B

_ sin Asin B sin Asin B _ cot Acot B —1

sin A cos B | cos Asin B cot B + cot A
sin Asin B sin Asin B

cot AcotB —1

cot (A + B) = .
cot B + cot 4

cot( A—B) cos Acos B +sin Asin B
cot( A—B) sin Acos B —cos Asin B

(i) cot( A—B)=

cos Acos B N sin Asin B

_ sin Asin B sin Asin B _ cot Acot B +1
sin Acos B cos Asin B cot B—cot 4

sin Asin B sin Asin B

cot (A - B) = cotAcotB+1.

cot B —cot 4
Theorem III. Prove that :

(i) sin (A + B) sin (A - B) = sin2 A - sin?2 B

(ii) cos (A + B) cos (A — B) = cos?2 A - sin? B.
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Proof. (i) sin (A + B) sin (A-B)
(sin A cos B+ cos A sin B) (sin A cos B—- cos A sin B)
sin? A cos? B - cos? A sin? B=sin? A (1 —sin? B) — (1 — sin? A) sin? B.
= sin? A - sin? A sin? B - sin2 B + sin? A sin? B = sin2? A - sin? B
sin (A + B) sin (A - B) = sin2 A - sin? B.
(ii) cos (A + B) cos (A —B) = (cos A cos B-sin A sin B) (cos A cos B+ sin A sin B)
= cos2 A cos? B-sin? A sin? B=cos?2 A (1 —sin? B) — (1 — cos? A) sin? B
= cos? A — cos? A sin? B-sin? B + cos? A sin? B = cos? A -sin? B.
cos (A + B) cos (A - B) = cos? A - sin2 B.
Corollary 1. sin (A + B) sin (A - B) = cos2 B - cos? A.
Proof. We have sin (A+ B) sin (A — B) = sin? A- sin? B
=(1-cos? A) - (1 —cos? B)
= cos? B-cos? A.
Corollary 2. cos (A + B) cos (A - B) = cos? B - sin? A.
Proof. We have cos (A+ B) cos (A - B) = cos? A- sin? B
= (1 —sin? A) — (1 — cos? B)

= cos? B - sin? A.

WORKING RULES FOR SOLVING PROBLEMS
RuleI. (i) sin(A +B)=sin A cos B+ cos A sin B
(ii) cos (A + B) =cos Acos B-sin A sin B

tan 4+ tan B

(iii) tan A+ B) = —M—
1—tan Atan B

cot AcotB -1
cotB+cotd

(iv) cot (A + B) =
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Rule II. (i) sin(A-B)=sinA cos B—cos A sin B
(ii)) cos (A—B)=cos A cos B + sin A sin B

tan A — tan B

(iii) tan (A -B)= ——
1+ tan Atan B

cot Acot B +1

iv) cot (A - B) =
(tv) ‘ ) cot B—cot A

Rule III. (i) tan (450 + A) = I+ tan 4 (i) tan (450 — A) = I—tand
1 —tan 4 1+ tan A4

Rule 1IV. (i) sin (A + B) sin (A - B) = sin?A -sin’B

(ii) cos (A + B) cos (A — B) = cos? A —sin? B.

Example 1. Calculate sin 1059 and cos 15°.

Sol. Sol. sin 1059 = sin (600 + 459) = sin 60° cos 45° + cos 609 sin 459

Bl 1 3+l

22 2 2 a2

cos 150 = cos (459 - 309) = cos 459 cos 300 + sin 459 sin 30°

1 \/5 1 \/§+1
22

Remark. The values of sin 1059 and cos 159 are equal, because

1
=—X—+—X—=
2

V202 V2

Sin 1059 = sin (90° + 159) = cos 150.

Example 2. If o, f are the roots of a cos 6 + b sind = ¢, then show that:

2 2
a”—-b

2c¢* —(a’ +b?)
a’+b’ .

a’ +b?

(i) cos(a + )= (ii) cos(a - B)=

Sol. We have acos @ + bsin  =c¢.

acos @=c—bsin @ = a’cos’@=(c—bsinh)’
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a’(1-sin®>@)—c*> —b*>sin” @+ 2bcsin@=0

= (a®> +b*)sin® @ —2abcsin@+c> —a> =0

We are given that «, f are roots of (1).

sing and sin fare roots of quadratic equation (2) in sing.

2 2
c —a

sing sin f= ....(3
“ p a’ +b’ ©)

bsin § =c — acos 6

(Note this step)
b*sin? @=(c —acosb)’

bz(l—cos2 0)=c2 +a’cos’ @ —2accos O

(a2 +bz)cos2 0 —2accos@+c’ —a’ =0

The roots of (4) are cosa and cos f3.

2 2
c-—b

cos a cos ff =
a’+b’

Using (4) and (5), we get

2 2 2 2 2 2
. . . c’-b c’—a a —b
(1) cos(a +ﬂ):cosacosﬂ—smasmﬂ:

a*+b* a*+b* a’+b?

2 _p2 2 _ 2 2,2 2
(ii) cos(a—ﬂ)=cosacosﬁ—sinasinﬁ=c b e’ -a” _2c —(a”+b’)

+
a’+b* a*+b? a’+b?

SHORT ANSWER TYPE QUESTIONS

Evaluate:

1. (i) sin12° cos18” +cos18’ sin12° (ii) sin70° cos10° —cos70° sin10°
(ii) cos40° cos20° —sin40° sin20° (iv) cos68° cos38” +sin 68’ sin38’

tan 69° + tan 66°
(v)

V1
1 —tan 69° tan 66° (

tan35° + tan 5°
1—tan35° tan 5°

. (i) sin 75° (ii) cos 750
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(iii) cos 1050 (iv) sin 159
(v) tan 159 (vi) tan 137 /12 .

LONG ANSWER TYPE QUESTIONS
Show that:

. (i) cos (%—AJCOS(%—BJ—SiD(%—A)Sin(%—BJZSiD(A-FB)

(ii) sin(60° + 4)cos(30° — B) + cos(60° + A4)sin(30° — B) = cos(A — B)
(iii) sin(n + 1)@sin(n — 1) + cos(n + 1)8 cos(n — 1)@ = cos 260

(iv) tan(4 - B) + tan B =tan 4 (v) cos[z + xj + cos[z - xj =~/2cosx.
l-tan(4 — B)tan B 4 4

. I V4 T . © 1 o . T V4 T . T
. sih—cos— — cos—sin—=— (i1) sin—cos— + cos —sin—
12 4 12 12 2 4 12 4 12

Answers

V3

(v) —

(i) —ﬁ_l

22
(Vi) 2-+3
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SUMMARY

. (i) sin (A + B) = sin Acos B+ cos Asin B
(ii) sin (A - B) = sin A cos B- cos Asin B

. (i cos (A +B)=cos Acos B-sin Asin B
(ii) cos (A -B) = cos Acos B+ sin A sin B
tan A + tan B tan 4 —tan B

. (i) tan(4+B)=—MM— i) tan(4A-B)=—" " —
Y ( ) 1—tan Atan B (1 ( ) 1+tan Atan B

I+tan 4 (i) tan(45°—A):1_tanA
1—tan 4 1+ tan 4
. (i) cot(A + B)= —C"tt/; cot Bt_Al (ii) cot(4— B) = —COtt“; col B:Al .
cot B+ co cot B—co
. (i) sin(4 + B)sin(A4 — B)=sin® A —sin’ B

(i) sin( ) sin( )

ii) cos(A+ B)cos(4— B)=cos’> A—sin’ B.
(ii) cos(

. (i) tan(45° + 4) =

TEST YOURSELF

If sinAzg and cosB=%,0<A<%,O<B<%,ﬁnd the values of the

following:

(i) sin (A + B) (ii) sin (A - B)
(iii) cos (A + B) (iv) cos (A-B)
(v) tan (A + B) (vi) tan (A - B).

. Find the value of tan(a+ f),given that cota« =%,ae[7z,3—7[J and

2

secﬂ:—g, ﬂe(%,ﬂj.

tan(A+B) tan’A—tan’ B

cot(4—B) 1—tan’> Atan’ B~

. If tan (A + B) = x and tan (A — B) = y, find the values of tan 2A and tan
2B.

. Show that

Answers

84
iii) ———
() 205

11
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SECTION - B

m TRANSFORMATION FORMULAE

LEARNING OBJECTIVES

¢ Introduction
¢ Transformation of Products into Sum or Difference of T-Functions
e Transformation of Sum or Difference into Product of T-Functions

INTRODUCTIONS

In the present chapter, we shall learn some transformation formulae for
writing the product of two trigonometric functions as the sum (or difference) of
two trigonometric functions and for writing the sum (or difference) of two
trigonometric functions as the product of two trigonometric functions. These
transformation formulae will involve only two trigonometric functions namely:
since and cosine.

TRANSFORMATION OF PRODUCTS INTO SUM OR
DIFFERENCE OF T-FUNCTIONS

In this section, we shall learn the method of expressing the product of
t-functions as sum or difference of t-functions.
Theorem I. If A and B are arbitrary angles, then prove that

(i) 2 sin A cos B = sin (A + B) + sin (A - B)
(ii) 2 cos A sin B = sin (A + B) - sin (A - B)
(iii) 2 cos A cos B = cos (A + B) + cos (A - B)
(iv) 2 sin A sin B = cos (A - B) - cos (A + B).
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Proof. (i) sin (A + B) + sin (A- B)
= (sin A cos B+ cos A sinB) + (sin A cos B—cos A sin B) = 2 sin A cos B.
. 2 sin A cos B = sin (A + B) + sin (A - B)

(ii) sin (A + B) —sin (A - B)
= (sin A cos B+ cos A sin B) — (sin A cos B—cos A sin B) = 2 sin A cos B.
2 cos A sin B = sin (A + B) - sin (A - B)
(iii) cos (A + B) + cos (A - B)
= (cos A cos B-sin A sin B) + (cos A cos B+ sin A sin B) = 2 cos A cos B.
2 cos A cos B = cos (A + B) + cos (A - B)
(iv) cos (A—-B)—cos (A +B)
= (cos A cos B+ sin A sin B) — (cos A cos B—-sin A sin B) = 2 sin A sin B.
2 sin A sin B = cos (A - B) - cos (A + B).
The formulae (i) — (iv) are called product formulae.
Caution. In the last formula (iv) i.e., for 2 sin A sin B ; the R.H.S. is
cos (A—-B)—cos (A + B) and not cos (A + B) —cos (A - B).
Remark. The above formulae are also called “A, B” formulae.
Aid to Memory

1. In the “A, B” formulae, 2 must be there with the product. If not, we create it:

e.g., sin Acos B = %(2 sin Acos B), %cos Asin B =%(2 cos Asin B) etc.

. (i) 2 sin A cos B = sin (sum) + sin (difference)
(ii) 2 cos A cos B = sin (sum) — sin (difference)
(iii) 2 cos A cos B = cos (sum) + cos (difference)
(iv) 2 sin A sin B = cos (difference) — cos (sum).

Here sum stands for A + B and difference for A — B.

Example 1. Show that : 2cos24+1 tan(60° + 4)tan(60° — A)
2cos24 -1

Sol. R.H.S. = tan (60° + A) tan (60° — A)
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_sin(60° + A)sin(60 " — 4) _ 2sin(60° + 4)sin(60° — A)
cos(60° + A)cos(60° — 4)  2cos(60° + A)cos(60° — A)

cos[(60” + 4) — (60" — A)] — cos[(60° + 4) + (60° — 4)] _cos2A —cos120°
cos[(60” + A) + (60° — A)]+ cos[(60° + A) — (60° — A)] cos120° + cos2A4

cos 24 — —l
2) 2cos24+1

(—;j+cos2A 2cos24 -1

SHORT ANSWER TYPE QUESTIONS

L.H.S.

1. Change the following products as sum or difference of t-ratios:
(i) 2sin 76 cos 260 (ii) 2 cos 50 sin @

(iii) %cos 268 cos 6 (iv) %sin 86 sin 26 .

LONG ANSWER TYPE QUESTIONS

Show that :

2. (i) sin(45° + 4)sin(45° — A) :%cos 24 (i) sec (% + Hjsec(% - J =2sec 26

3. (i) 2sin(28 + ¢)cos(O — 2¢) =sin(360 — @) + sin( 6 + 39)

(ii) cos(60° + a)sin(60° — ) :%(\/5— 2sin 2a).

Answers

1. (i) sin 90 +sin 56 (ii) sin 66 —sin 46

(iii) %[cos 360+ cos 0] (iv) ﬁ[cos 66— cos 106’1
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TRANSFORMATION OF SUM OR DIFFERENCE INTO
PRODUCT OF T-FUNCTIONS

In this section, we shall learn the method of expressing the sum or

difference of t-functions into product t-functions.
Theorem II. If C and D are arbitrary angles, then prove that
C-D

sinC+sinD=2sinTcos 5

+D . C-D

sin C -sin D = 2 cos sin
2 2

cos C + cos D =2 cos C;Dcos C;D

cos C-cos D =2 sin C;D sin D;C

Proof. Let A = C;D and B = C;ZD

C+D=2A and C-D=2B

Solving for C and D, we get
C=A+B and D=A-B.

(i) sin C+ sin D=sin (A + B) +sin (A-B)

= (sin A cos B + cos A sin B) + (sin A cos B- cos A sin B)

=2 sin A cos B= 2 sin C;Dcos C;D

sinC+sinD=2 sinC;Dcos C;D.

(ii) sin C—sin D =sin (A + B) —sin (A—- B)

= (sin A cos B + cos A sin B) — (sin A cos B - cos A sin B)

= 2 cos A sin B= 2 cos C;Dsin C;D
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sinC-sinD = 2cosC+D

2
(iii) cos C+ cos D=cos (A+ B) + cos (A-B)
= (cos A cos B-ssin A sin B) + (cos A cos B + sin A sin B)

=2 cos A cos B= 2 cos C+Dsin C;D.

cosC+cosD=2 cosC;Dcos C;D.

(iv) cos C—cos D=cos (A+ B)-cos (A-B)
= (cos A cos B-ssin A sin B) + (cos A cos B + sin A sin B)

=-2sin Asin B= - 2 sin C;Dsin C;D.

(259

C+D . D-C . C+D . D-C
x| — sin = 2sin sin
2 ( 2 J 2

2

C+D CcC-D
S

cos C + cos D =2 cos

Caution. The R.H.S. of (iv) contains sin D2 ¢ and not sin

Remark 1. The above formulae are called ‘C, D’ formulae.

Remark 2. In each of the four ‘C, D’ formulae, both t-ratios on the L.H.S. are
same.

If however, we have sin C and cos D, then either ‘sin’ is changed into ‘cos’ or
‘cos’ into ‘sin’ as below:

sin C+ cos D=sin C+ sin(%—D) or sin C+ cos D = cos (%—Cj+ cos D

Example 2. Express as product of t-ratios:

(i) sin40+sin36 (i) sin 76 -sin46
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(iii) cos 96 + cosé (iv) cos 36-cos 76.

460 + 360 40 - 360 70 0
cos

Sol. (i) sin4 @+ sin 36 =2sin 5 = 2sin —cos —

: - 116 .
(i1) sin 76 — sin 40 =2 cos 79 er 40 sin 70 5 40 =2cos —6)s1nﬁ

(i) cos 98 + cos 36 =2 cos 20 ; 30 cos 20 ; 30 =2 cos 66 cos 30

(iv)  cos36 —cos 76 =2sin 30 ; 79 sin 79 ; 30 = 2sin 5@sin 26 .

Example 3. If b sinf = a sin 2a+ f), prove that (b + a) cot (a+ )= (b —a) cota
Sol. We have b sinf = asin Qa+p).

sina+f) _b
sin a

sin(2a + B)+sin B b+a
sin(2a¢ + f)—sin f  b—-a

(By applying componendo and dividendo rule)

2sin(a + f)cosa  b+a - cota  b+a
2cos(a + f)sina b-a co(a+ ) b-a

(b+a)cot (ax+f)=(b-a)cot «.

EXERCISE 12.2
SHORT ANSWER TYPE QUESTIONS

. Express the following as product of t-ratios:

(i) sin 96 + sin50 (i) %(Sin 86 —sin 20)

(iil) cos 46 + cos @ (iv) %(cos 260 — cos 200).

. Show that:

sin x —sin y X—y i sin 5x + sin 3x

=tan4x

=tan
COSX + COS y 2 cos Sx + cos3x
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.. sinx+sin3x . . cos9x —cos5Sx sin 2x
iii) ——— =tan2x (iv) =—
COS X + coSs 3x

sin17x —sin3x  cos10x

LONG ANSWER TYPE QUESTIONS
Show that (3 - 7)

o . . . X 3x
. (1) sm3x+s1n2x—smx:4smxcoszcosj

(ii) cos55° +cos65° +cos175° =0

. (i) cos 3A cos 2A + sin 4A sin A = cos A cos 2A

(ii) sin %sin g + sin%gsinig: sin 26sin 6

. (1) (Cosa—c()sﬂ)2 +(sina—sinﬂ)2 — 4gin? a—-pf

(ii) cos” 2x —cos’ 6x = sin 4xsin 8x

cos @+ cos 30 —cos26 cot 20 7 cos4x + cos3x + cos2x _ cot 3x

sin @ + sin 30 —sin 26 sin 4x + sin 3x + sin 2x

Answers

1. (i) 2sin78cos26 (ii) cos568sin360

(iii) 2cos % cos % (iv) sin110sin96 .
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SUMMARY

1. Transformation of a product into sum or difference
(i) 2sin Acos B=sin (A+B)+sin (A-DB)
(i) 2 cos Asin B=sin (A + B) —sin (A - B)
(iii) 2 cos Acos B=cos (A + B) + cos (A—-B)
(iv) 2 sin A sin B = cos (A - B) —cos (A + B).

2. Transformation of sum or difference into product

(i) sin C+ sin D=2 sinC;Dcos C_TD

(ii) sin C—sin D=2 cosC;Dsin €D

2

(iii) cos C + cosD=2cosC+Dcos C;D

c+D . D-C
5

(iv) cos C—cos D=2 sin

TEST YOURSELF

. If three angles A, Band C are in A.P., then show that
cosC —cos 4

 Show that cos2Acos3A4A—cos2Acos7A+cos Acos10A4 _ cot 54 cot 6.4

sin4Asin34 —sin2Asin 54+ sin4A4sin 74

sin (0 + ¢ )— 2sin 0 +sin (0 — ¢)
cos(f + ¢)—2cos @ + cos (6 — §)

. Show that =tan @

. Show that

sin(8 — y)+ sin(y — )+ sin(a — )+ 4sin

. Show that cot 4x(sin 5x + sin 3x) = cot x(sin 5x — sin 3x)

sin(4A—-C)+2sinA4+sin(4+C) sin4
sin(B—-C)+2sinB+sin(B+C) sinB

. Show that
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SECTION - B

TRIGONOMETRIC FUNCTIONS OF
MULTIPLE AND SUB-MULTIPLE
ANGLES

LEARNING OBJECTIVES

Introduction

Trigonometric Functions of Multiple Angles
Trigonometric Functions of Sub-multiple Angles
Trigonometric Functions of 18° and 36°.

INTRODUCTIONS

In the chapter, we shall learn the methods of finding the values of
trigonometric functions of multiple angles 2A, 3A etc. and sub-multiple angles
A/2, A/3 etc. in terms of trigonometric functions of angle A. These formulae

would lead us to evaluate the values of trigonometric functions of angle like
10 0

189, 369, 7—, 1421— etc.
2 2

TRIGONOMETRIC FUNCTIONS OF MULTIPLE ANGLES

The angles 2A, 3A, Are called multiple angles of A.
Theorem I. Prove that :

cos’ A—sin* A4
(i) sin 2A = 2sin A cos A (ii) cos 2A = 1 1-2sin* 4
2cos’ A-1
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2 tan A4
l—tan’ 4

(iii) tan 2A =
Proof. (i) sin 2A=sin (A +A)=sin Acos A+ cos Asin A=2sin Acos A
sin 2A = 2 sin A cos A.
(ii) cos 2A=cos (A+A)=cos Acos A-sin Asin A=cos?2 A-sin? A
cos 2A = cos? A - sin? A.
(1) = cos2A=(1-sin?2A)-sin?A=1-2sin%2 A
cos 2A =1 - 2 sin2 A.
(1) = cos2A=cos?2A-(1-cos?2A)=2cos?2A-1.
cos2A=2cos2A-1.

tanA+tanA_ 2tan 4
l—tan AtanA 1—tan® 4

tan2A4 =tan(A+ A) =

2 tan A4
1—tan? 4

tan 2A =
Corollary I. Prove that
(i) 1 -cos 2A =2 sin2 A (ii) 1 + cos 2A = 2 cos2 A.
Proof. (i We have cos2A=1-2sin? A. .. 1-cos2A=2sin2A.
(ii) We have cos 2A=2cos?A-1 .1+ cos 2A =2 cos? A.
Aid to memory
(i) 1 - cos (double angle) = 2 sin? (angle)
(ii) 1 + cos (double angle) = 2 cos? (angle).
Corollary 2. Prove that:

(i) sinz A = 1=¢0524 = 24 (ii) coszA = 1te0524 = 24

_ _ s 2 2
cos2A:1 Q! zsm A):2cos A:sinzA

Proof. (i) !
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1—cos24
—2 .

sin2 A =

1+cos24 1+(2cos®> A—1) 2cos’ 4 _
2

(ii) cos’ 4

1+ cos24
—2 .

cos?2 A =

Aid to memory

1-cos(double angle)
2

1+cos(double angle)
2

(i) sin? (angle) = (ii) cos? (angle) =

Theorem II. Prove that

2tan A l—tan’ 4

() sin 2A = ———— (ii) cos 2A = —.
1+ tan” 4 l1+tan” 4

2sin Acos A 2sin Acos A

Proof. (i) sin 24 =2sin Acos A = > —
1 cos” A +sin” A4

2sin Acos A
C052 A . 2tanA

cos’ A sinAd l+tan>4
cos’ A cos’ A

2tan 4

sin 2A = —
l1+tan” A4

cos> A—sin> 4 cos’ A—sin’ 4

(i) cos24=cos’ A—sin’ 4= =— —
1 cos” A+sin” 4

cos’ A4 sin’ 4
_cos’d cos’d _l-tan’ 4
cos’ A4 sin’A4 l1+tan’ A4

cos’ A cos’ A

1—tan’* 4
l+tan® 4

cos 2A =

Caution. In the denominator of sin 2A, we have 1 + tan? A, whereas in the
denominator of tan 2A, there is 1 — tan? A.
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Theorem III. Prove that
(i) sin 3A = 3 sin A-4 sin3 A (ii) cos 3A =4 cos® A-3 cos A

3tan 4 —tan’ 4

(iii) tan 3A = 5
1-3tan” 4

Proof. (i) sin 3A = sin (A + 2A) = sin A cos 2A + cos A sin 2A
sin A(1-2sin?A)+cos A.2sin Acos A
sin A-2sin3 A+ 2 sin Acos? A
sin A-2sin3 A+ 2 sin A (1 — sin? A)
Sin A-2sinfA+2sin A-2sin3 A
3 sin A—-4 sind A.
sin 3A = 3 sin A - 4 sin3 A.
(ii) cos 3A = cos (A+ 2A) = cos A cos 2A — sin A sin 2A
=cos A(2cos?2A—-1)-sinA.2sin Acos A
=2cos3 A-cos A-2sin?2 Acos A
=2cos3A-cosA-2(1-cos?2A)cos A
=2 cos3 A- cos A—2 cos A+ 2 cos® A
=4 cos3A-3cos A
cos 3A = 4 cos3 A - 3 cos A.

tan 4 + tan 24

(iii) tan 3A =tan (A + 24) =
1—tan Atan 2 4

2tan 4
l—tan2 4 _ tan A(l—tan’ 4)+ 2tan 4

2 tan A l—tan* A —2tan? 4
l—tan? 4

tan 4 +

1—tan 4

_ 3tan 4 —tan® 4
1-3tan?* 4
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3tan 4 — tan > 4
1-3tan’ 4

tan 3A =

TRIGONOMETRIC FUNCTIONS OF SUB-MULTIPLE
ANGLES

The angles A/2, A/ 3, are called sub-multiple angles of A.

Theorem. Prove that:

1—cos 4 .. A 1+cosA
—_— (ii) cos—=+,|——
2 2 2

A 1—cos 4 . A ++l+tan* 4 -1
(iii) tan— ==+, | —— (iv) tan— =
2 1+cos A4 2 tan A

A 1-cosA4 ] A l+cosd
(v) tan—=—7—— (vi) cot—=———
sin 4 2 sin 4

Proof.(i) We have cos 4 = cos 2(?) =1-2sin’ g

2sin2§:1—cosA sinzé:#

sinézi 1—-cos 4
2 \ 2

(ii)) We have  cos 4 = cos 2[;) =2cos g—l

20052£=1+cosA cosZﬁ:M

2 2 2
cos£=i /1+cosA
2 2
ZA

A l—tan” —
(iii) We have  cos 4 = cos 2(;) -2

A
1+ tan®> —
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l—tanzé + 1+tan2£
cos A+1 2 2

cos 4 -1 (l—tanzAj—(l+tan2Aj
2 2

(Using componendo and dividend formula)

2 1
7
2

A
— tan ? tan 2 —
2

_cosA—l_l—cosA
cosA+1 1+cosA

+ /1 —cos 4
1+ cosA4
. A l1—cos A4
4 S + o) 1—cos 4
Alternatively, tan 5 124 = = i\/
cos > 4 1+ cos 4
2 - 2

1+ cos 4

A 1-cos 4
tan—=i1/—
2 1+ cosA4
2tané
2

(iv) We have tan 4 = tan 2(—) =<
2 1 , A

—tan” —

2

tan A(l — tan? ﬁj = 2tan£
2 2

tan 4 tan2£+2tan£—tanA:0
2 2

an A_—2E4+dtan’ 4 tl+tan’ 41
2 2tan A4 tan 4

A ++l+tan> 4 -1

tan — =
tan 4
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N
Sin ) Sin ) _l—COSA

sin A

A . A A
coS — 2sin —cos —
2 2 2

. . A A
sin— 2sin—coS—
2 2 2

A l+cosd
cot—=———.
2 sin 4

WORKING RULES FOR SOLVING PROBLEMS

2 tan A4

RuleI. (i) sin2A=2sinAcosA=———
I+tan” 4

(i) cos 2A =cos?2 A-sin?A=1-2sin2A=2cos2A-1= L—F‘Zillzj
2tan A

1—tan> 4

l-cos24 1+ cos24

Rule II. (i) sin? A = — (ii) cos2A = :

Rule III. (i) sin 3A=3sinA-4sin3 A (ii) cos BA =4 cos? A—-3 cos A

(iii) tan 2A =

3tan A —tan’ 4
1-3tan’ 4

Rule IV. (i) sin 4=+ 12604 (i) cos 4=+ [T+ cos 4

_ + 2 _
(iti) tan §:+,/—1 cos 4 (iv) tan A= ZYI a0 A -1

“Vl+cos4 tan A

(iii) tan 3A =

. A 1+cosA
(vi) cot —=———.
sin 4
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Example 1. Find sin 2A, cos 2A, tan 2A if: sin A =g

Sol. We have sin A =%.

Alternatively, cos24=2cos’ 4-1= (i %)

We have 4/5 i%.

cosA C+3/5

2tan A 2(+4/3)

tan 24 = — = >
l-tan" 4 1-(£4/3)

+8/3  +8/3 _24

T1-(16/9) —-7/9 7

i +
Alternatively, tan24 = sin 24 == 24/25 = 1&

cos24 -7/25 7

Remark. The sign 'F' means that if tan A = 4/3 then tan 2A = -24/7 and
tan 2A=24/7.

Example 2. Prove that (3 sin A — sin 3A)?/3 + (3 cos A + cos 3A)?/3 = 42/3,
Sol. L.H.S. = (3sin 4 —sin34)*’ + (3cos 4 + cos34)*"’

2/3

= [3sinA—3sin A—4sin® 4)" +[3cos A+ (4cos’ 4—3cos 4)]
(4sin’ A)*” + (4cos® 4)*"° =47 (sin” 4+ cos® A)

= 4*7(1)=4" = RH.S.
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TRIGONOMETRIC FUNCTIONS OF 18° AND 36°

Theorem. Find the values of trigonometric functions of 18° and 36°.
Proof. 0=18"° = 50=90" = 20-90°-30
sin 26 =sin(90° — 30) = cos 36
2sin @cos @ =4cos’ @ —3cos O cos @(4(1—sin* @) —3-2sinf) =0
4sin”* @ +2sin@-1=0 [+ cos 180 0]

—244/ 1+ -
sin @ = 2_84+16= IZ‘\E sinl80=% (. 18%is +ve)

cos18°=m=\/1_5+1—2ﬁ=\/10+26=J10+2J§.

16 16 4
Now, the other t- functions of 18° can be easily found out.

The identity cos20=1-2sin” § implies

5+1—2J§jzvg+1.

16 4

cos 36° :1—2£

Also, sin36°:m:\/l_5+l+2\/§:\/10_2\/§.

16 4

The other t- functions of 36° can now be found out easily.

J10+ 245

Corollary 1. (i) sin 720 = sin (909 — 189) = cos 180 = —

J5 -1
4

(i) cos 720 = cos (900 - 180) = sin 180 =

\/§+1

Corollary 2. (i) sin 549 = sin (90° — 369) = cos 360 = 1
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J10-24/5
(i) cos 549 = cos (900 — 360) = sin 360 = T*/_.

Example 3. Show that cos 369 cos 729 cos 1089 cos 1449 = %

Sol. L.H.S. = cos 369 cos 729 cos 1089 cos 1440
= cos 360 cos (90° - 189) cos(90° + 189) cos(180° - 369)

= cos 360 sin 189 (- sin 189) (-cos 369)

2 2 )
w55 (5

4 4 16

SHORT ANSWER TYPE QUESTIONS

sin x

. Show that =tan

Lm:tanzA.

, 2. Show that !
1+cos24

X
1+ cosx 2

. If cos A= 4/35, find the value of cos 2A.

. If tan A = 2/3, find the value of tan 2A.

1—tan’(45° + 4)
1+ tan*(45° + 4)

. Show that =—sin24.

LONG ANSWER TYPE QUESTIONS
. Show that sin 4A = 4 sin A cos3 A — 4 cos A sin3 A.
. Show that cos 4A =1 - 8 sin? A cos? A.

L If cosé’:%(awlj, then show that coszezé(az +L2j

a a

. (i) Find the values of sin 2A and cos 2A, when sin A = 3/5.

(ii) Find the values of sin 2A and cos 2A, when cos A = 20/29.
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4tan A(1 - tan> A)
1—6tan’ A+tan* 4

10. Show that tan44 =

2 2
11. Show that tan ~ 0 + cos ec”0 =—sec 20 .

tan’ @ —1 sec’ @ —cosec’d

12. Show that cos A cos 2A cos 4A cos 8A = sm¥6A .
16sin A

Answers
3.7/25 4.12/5

9. (i) +24/25,7/25 (i) +840/841, -41/841.
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SUMMARY

cos’ A—sin’ 4
2sin Acos A 1-2sin’ 4

1. (i) sin24=4 2tan4 (i) cos24=1 5.2 4_1
1+tan” A4 l—tan’ A

1+tan” 4
2tan A
1-tan” A4
2.(1) sin3A=3sinA-4sin’ A (ii)) cos 3A=4 cos3 A-3 cos A

(iii) tan24 =

3tan 4 —tan’ 4

(iii) tan 3A = 5
1-3tan” 4

3 sin? A :l—c;s2A cos2 A :1+cgs2A

\/§+l
4

J5-1

. sin 1890 :T cos 360 =

TEST YOURSELF

. Show that 8 cos’ X —6 cos-=1.
9 9
. Show that cos50=16cos’ 8§ —20cos’ 8 + 5cos b .
0
. Show that tan 82 1?:\/5+\/§+\/Z+\/_.

. Show that sin z sin 2—” sin 3—” sin 4—”
5 5 5 5

. Find the value of tan 22°, 30’.

. Show that sin (B-C)+sin (C-A)+sin(A-B)= -4

. Show that tan 69 tan 420 tan 660 tan 780 = 1.

Answer

V2-1
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SECTION - B

RELATIONS BETWEEN THE SIDES
AND THE TRIGONOMETRIC RATIOS
OF THE ANGLES OF A TRIANGLE

LEARNING OBJECTIVES

Introduction

Sine Formula
Cosine Formulae
Projection Formulae
Napier's Analogy
Half-Angle Formulae

INTRODUCTIONS

Every triangle contains three sides and three angles. In the present
chapter, we shall study some relations between the sides and the trigonometric
ratios of the angles of a triangle. These relations will be found very useful in
finding the areas of triangles, polygons and also in solution of triangles.

Let ABC be a triangle. The angles of AABC corresponding to the vertices A,
B, C are denoted by A, B, C themselves. The sides opposite to the angles A, B, C
are denoted by a, b, c respectively. The sides and angle of a triangle are called
its elements.
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SINE FORMULA

Statement. If ABC is a triangle with sides a = BC, b = CA, c = AB, then
a b c
sind sinB sinC A

Remark 1. Since formula is also known as the law of
sines.

Remark 2. We have 4 b ¢

sin A - sin B - sinC
Let each ratio be equal to k.
a=ksin A, b=ksin B, c = ksin C.

These equalities helps us to replace any relation involving sides of a
triangle by a corresponding relation involving sines of the corresponding
angles.

¢ A-B
an > a-b
A+B a+b
ni
2

Example 1. In any triangle ABC, show that
ta

a b

Sol. By law of sines, =k (say)

sind sinB sinC

a=ksinA,b=ksin B,c=ksin C
~a-b ksinA-ksinB sin A-sinB
a+b ksinA+ksinB sin 4+sinB

ZCOSA+BsinA_B (SinA_Bj/(COSA_B]
2 2 2 2

T A+B A-B . A+ B A+ B
2sin 5 cos sin 5 /| cos )

2

A-B
_ 2
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COSINE FORMULAE

Statement. If ABC is a triangle with sides a = BC, b = CA, c = AB, then

) b: +c? —a?
1 CosA= ———
W 2abc A

2 2 g2
(i) cos B = ¢ ta-b"
2ca

2 2 2
(iii) cos C = a +b’—c B
2abc

Remark 1. Cosine formula is also known as the law of cosines.

2 22
Remark 2. cos C= % implies ¢2 = a2 + b2 - 2ab cos C.
abc

2 2 2
Similarly, cos A =b+2% implies a2 = b2 + ¢2 - 2abc cos A
aoc

2 2 g2
c-+a —

and cos B= 2—b implies b2 = ¢2 + a2 - 2ca cos B.
ca

Example 2. Deduce cosine formulae by using sine formula.
Sol. The cosine formulae are :

2 2 2 2 2 g2 2 2 2
cos A=D T 7A=Y T nd cosc=d DT
2bc 2ca 2ab

Let us prove the formula for cos A.

b* +c¢* —a’ B (ksin B)* + (ksin C)* — (ksin A)*
2bc 2(k sin B)(ksin C)

(By using sine formula)

B sin® B+sin® C —sin’ 4 B sin® B +sin(C + A)sin(C — A)
2sin Bsin C 2sin Bsin C

_sin2 B+sin B*(C - A) sinB+sin(C — A)
2sin Bsin C 2sin C




Applied Mathematics

_sin(A+C)+sin(C—-A4) 2sinCcos A

= : - osA.
2sinC 2sinC

b* +c? —a’
2bc

CosA =

PROJECTION FORMULAE

Statement. If ABC is a triangle with sides a = BC, b =
CA, c = AB, then

) a=bcosC+ccosB

(ii) b=ccosA+acosC

(iiij ¢ =a cos B + b cos A.

Example 3. Deduce the projection formula from (i) laws of sines and (ii) laws of
cosines.

Sol. Let ABC be a triangle with a = BC, b = CA, c = AB.

(i) The law of sines is a b ¢

= = =k (say).
sin4d sinB sinC (say)

Now, b cos C+ ccos B=(ksin B) cos C+ (ksin C) cos B
= ksin (B+C) = ksin (180°-A)=ksin A= a.
a=bcosC+ccosB
Similarly, we can prove other projection formulae.

(ii) The laws of cosines are

2 2 2 2 2 2
cosA:bJrC—a —— — and cosC:u
2bc 2ab

2 2_ 2 2 2_ )
Now, b cos C + CCOSB=b[a +b" —c j+c(c +a” -b J

2ab 2ca

a’+b*-¢? +02 +a’-b?
2a 2a
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_al+bi-ct+ct+a’-b* 247 4
2a 2a

a=b cos C + c cos B.

Similarly, we can prove other projection formulae.

NAPIER’S ANALOGY

Theorem. If ABC is a triangle with sides a = BC, b = CA, c = AB, then
prove that

B-C b-c¢ A C—-4 c¢c—-a
= cot —, tan =
2 c+a

B
- cot —
2 b+c 2

tan

A-B

And tan 0
2 a+b

Proof. Let us establish the first relation.

R.H.S. = b-c cot 4 = k s%n Bk s%n ¢ cot 4 (By using law of sines)
b+c 2 ksinB+ksinC 2

B+C .
2 cos sin

sin B —sin C A
=—————cot

0
sin B +sin C . B+C
sin

. (180° — 4

sm| ———
2 B-C

A

cot

tan
. (180° — 2
sm| ——
2

tan B ; ¢ =L.H.S.

The proof of other relations are exactly similar to that of first relation.

Remark. The above relations are also called law of tangents.




Applied Mathematics

WORKING RULES FOR SOLVING PROBLEMS

Rule I. a b ¢

sin4d sinB sinC
b? +c* —a?

Rule II. (i) cos 4=
2bc

a’+b*-¢?

(iii) cosC =
2ab

Rule IIl. (i) a=bcos C+ ccos B (ii)) b=ccos A +acosC

(iiij c=acos B+ b cos A

SHORT ANSWER TYPE QUESTIONS
In any triangle ABC, show that:
1. asin(B-C) + bsin (C-A)+csin(A-B) =0

A-B a-b C ... . B-C
= cos? (ii) sin

2. (i) sin
c

(iii) sin c-4

a’sin(B - C) N b*sin(C — A) N c’sin(4-B) _
sin 4 sin B sin C

0

.acosA+bcos B+ ccos C=2asin Bsin C=2bsin Csin A =2csin A
sin B.

LONG ANSWER TYPE QUESTIONS

. If the angles of a triangle are as 1 : 2: 3, show that the corresponding sides
area as 1 :4/3: 2.

. (i) If acos A = b cos B, then the triangle is either isosceles or right angled.

(ii) If cot %: ath , show that the triangle ABC is right angled.
c




Applied Mathematics

. In any triangle ABC, show that :

(i) b> =(c—a)’ cos’ B, (c+a)’ sinﬁ(ii) ¢’ =(a—b)*cos’ L (a +b)’ sin’ <
2 2 2 2

. . B . .
. In a triangle ABC, if COZ _cos€ , prove that the triangle is isosceles.
c

. The sides of a triangle are x> +x+1, 2x+1land x* -1, where x > 1. Find the
greatest angle.

Answer

HALF-ANGLE FORMULAE

Theorem. If ABC is a triangle with sides a = BC, b = CA, ¢ = AB, then
prove that

() sin = [E=DNZO) i) cos L= [26=9)
2 bc 2 bc

A |(s=b)s—c)

(i) tan== R

Where s is the semi-perimeter of AABC, i.e., s 2%174_0.

Proof. (i) sin in> 24 A 900 = sin 50
2 2 2

2bc

_ la®> —(b-c)? _\/(a+b—c)(a—b+c)
4bc - 4bc

_ \/(a+b+c—2c)(a+c+b—2b) _\/(25—26)(2s—2b)
4bc - 4bc

4bc

+c2—a2]__J2h:—b2—cz+a2
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[a+b+c=2s]

_ [(s=b)(s—c)
bc

sinéz [(s =b)(s —c¢)
2 bc

{.°£<900 = cos£> 0}
2 2
_ l-cosAd l 1_|_bz+c2—a2 _\/Zbc+bz+c2—a2
\ 2 2 2bc 4bc
__kb+@2—a2_J@+c+aXb+c—@

4pc 4bc

=\/25(25—a—a)_\/5(s—a)
4bc V' be

A
(iii) tan—= = =
2 COS— s(s —a)
bc

siné (s—=b)(s—c)
2 N\ be \/(S—b)(s—c)

s(s—a)

4_ [s=b)s-0)

tan .
2 s(s—a)

Remark. The other half angle formulae are:

Sil’lEZ w’ Singz w
ca 2 ab

2
cosE = s(s =b) ,
2 ca

B_ [s=os-a)

tan ,
2 s(s—b)

cosg _ [s(s—c)
2 ab

talng = —(S —a)(s=b) .
2\ s(s-o
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Corollary. In any triangle ABC, we have

sin 4= Zsm _2\/(3_5)(5—0)\/5(5—@

=2 SG-a)e-bG-0)
bc

sin 4 zi\/s(s —a)(s—b)(s—c).
bc

Similarly, sinB = 2 Js(s —a)(s —b)(s —c)
ca

And sinC = %\/s(s —a)(s—b)(s—c).
a
Example 4. In any triangle ABC, show that:

(i) 2asin£sin£:(b+c—a)sin£ (i1) 2acos£cos£= (a+b +c)sin£.
2 2 2 2 2 2

Sol. (i) L.H.S. = 2a smgsm =2a \/(S —o)(s - a)\/(s —a)(s-b)

_ 2a(s—a) [(s —c)(s —b)
a bc

. A . A
= (2s—2a)s1n3:(a+b+c—2a)smz

= (b+c—a):S]ﬂ§:RHS

(ii) L.H.S. = 2acos£cos£ = 2a\/s(s —b)\/s(s —¢) = 2as /(S —b)(s —c¢)
2 2 ca ab a bc

= 2ssin§:(a+b+c)sin§=R.H.S.
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WORKING RULES FOR SOLVING PROBLEMS

RuleL (i) sincie [67D6-0 g g B [G-06-a)
2 bc 2 ac
(ifi) sin < = [ =0)
2 ab
Rule II. (i) cos= [2=%) (i) cosZ = [56=0)
2 be 2 c
(i) cos < = [SE=9)
2 ab

Rule IIL (i) tn = [0 i) an 7= (002
2 s(s—a) 5 o-b)
(iii) tan &= [(=DE=D)
2 s(s—c)

SHORT ANSWER TYPE QUESTIONS
. In a triangle ABC, if a= 13, b= 14, ¢ = 15, find:
o . A .. A A
_ _ t _
(i) sin 5 (i) cos 5 (iii) tan 5
. In a triangle ABC, if a = 24, b = 36, ¢ = 45, find:
(i) sing (i1) cosg (iii) tanﬁ.
. In a triangle ABC, if a= 13, b= 14, c= 15, find :

(i) tang (ii) tang.
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LONG ANSWER TYPE QUESTIONS
. . A C .
. In any triangle ABC, if 3tan3tan3 =1, show that a, b, c are in A.P.
. . . . . . A C
. If in a triangle ABC, sin A, sin B, sin C are in A.P. show that 3tan—tan—=1.
. . B C
. In any triangle ABC, if b + ¢ = 3a, show that cotzcotgz 2.
Answers

() (i) = (i)
5

1
J5 J5 2

. (1) 0.444 (i) 0.895 (iii) 0.496

L4 L2
. (i) 5 (ii) 3
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SUMMARY

If ABC is a triangle with sides a = BC, b = CA, c = AB, then:

1 a b c

sin A B sin B B sin C (Sine formula)

2 2 2

. (@) cos 4= bl zan
2bc

2 2 2
(b) cos B= C+2a—b (Cosine
ca
formulae)
a’ +b* -c’

(c) cosC =
2ab

(b) b=ccos A+ acos C
(c)c=acos B+ bcos A

(Projection formulae)

. (@ a=bcos C+ ccos B ]

B-C b-c A c—a B
= cot — cot —
b+c 2

A-B a-b C
(c) tan = cot—.
2 a+b 2

. (a) tan

TEST YOURSELF

. In any triangle ABC, show that :

b —¢? ¢ —a’ a’ -b?

(i)

= =+ =
cosB+cosC cosC+cosd cosA+cosB
bz_cz Cz_az az_bz

= + .
asin(B—-C) bsin(C—A4) csin(4-B)

(i)

sin4 _sin(4 - B)

. Ifin AABC, ——=—
sinC  sin(B—-C)

, show that a, b, c are in A.P.

. In any triangle ABC, if a?, b2, ¢? are in A.P., show that cot A, cot B, cot C
are also in A.P.

b+c:c+a:a+b’ then show that cosA:cosB:cosC.

. If in a triangle ABC,
12 13 7 19 25

215




Applied Mathematics

SECTION - B

B AREA OF A TRIANGLE

LEARNING OBJECTIVES

Hero’s Formula

Area of a Triangle
Area of a Triangle when One Side and Two Angles are Given

Area of a Triangle when Two Sides and One Angle are Given
Area of a Triangle when All Sides are Given

HERO’S FORMULA

Theorem. In any triangle ABC, prove that the area (A) of triangle
ABC is given by

A= \/s(s —a)s-b)s-c¢),
where s is the semi-perimeter of the triangle.

Proof. Let ABC be the triangle with a = BC, b = CA, ¢ = AB.

A
1
i
i
i

O . X

|
B~ a D a Cc(D) B a

Z C is acute Z C=90° Z C is obtuse

The angle C is either acute or right angle or obtuse

From A draw AD | BC (produced if necessary).
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We have A:lbasexheight= lBC><AD:la. AD:la.A—D.AB
2 2 2 2 AB

1 . .
=—qg .sin B. c :lac s1nB:lac. 2s1n£cos§
2 2 2 2 2

_ ac\/(s —)s = ").\/S(S —b) _ Js(s—a)s—b)(s—c) .
ca

ca

A= \/S(S —a)(s—b)(s—c).

This formula is known as Hero’s formula.

Remark. In the above theorem, we have also proved that A= lac sin B.
o 1 : 1, .
Similarly, we can prove that A= Eab sinC and A=—bcsinA4.

A:labsinC :lbcsinA :lacsinB.
2 2 2

Corollary. Prove that

Ao a’ sin Bsin C 3 b? sinCsin 4 ¢? sin Asin B
2sin A 2sin B 2sin C

Proof. We have A= %bc sin 4

b c

By sine formula, ———=——=—
sin4d sinB sinC

i B )
b:as%n and C:as%nC
sin 4 sin 4

(1) implies

sinBI sian ) a’sin Bsin C
a simnd=—————

sin 4 sin 4 2sin A

2 . . 2 . .
Similarly, A b* sin 'C sin A and A ¢~ sin ‘A sin B
2sin B 2sin C
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AREA OF A TRIANGLE

We shall consider the method of finding the area of a triangle in the
following three cases :

I. When one side and two angles are given.
II. When two sides and one angle are given.
III. When all sides are given.

AREA OF A TRIANGLE WHEN ONE SIDE AND TWO
ANGLES ARE GIVEN

Let ABC be a triangle with sides a = BC, b = CA, ¢ = AB. Let one side and two
angles be known. The third angle is found by using the fact that A+ B+ C=
1800.

The area (A) of the triangle ABC is found by using the formula:

3 a’ sin Bsin C 3 b?* sin Asin C 3 ¢? sin Asin B
2sin B 2sin B 2sin C

Example 1. Find the area of the triangle ABC, when a = 2(\/5 + 1)3 =45°,C=60"°
Sol. We have

a=2(3+1)B=45".C=60°.

A=180" —(B+C)=180" —(45° +60°)="75°

2 . .
Using A :M, we have
2sin A4

(23 +1) sin45°sin60° _ 4(3 +1) (1/42)33/2)

2sin 75° 2sin(45° +30°)

A=

Gl T 2t

3 _ V3+1 sq. units.
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AREA OF A TRIANGLE WHEN TWO SIDES AND ONE
ANGLE ARE GIVEN

Let ABC be a triangle with sides a = BC, b = AC, ¢ = AB. Let one side and two
angles be known. The given angle may or may not be the angle included
between the sides. We shall consider these possibilities separately.

Case I. The given angle is the angle included
between the given sides.

To be specific, let the elements b, ¢, A be given. The
area A of the triangle is found by using the formula :

A:lbcsin A
2 B a C

Example 2. Find the area of the triangle ABC, when a = 23.3 cm, b = 21.5 cm,
C=12]0.

Sol. We have a=23.3cm, b=21.5cm, C= 1219,

Using A= %ab sinC, we have

A= %(23.3)(21 5)sin121°

= 250.475 sin (1800 — 1219) = 250.475 sin 599

= 250.475 (0.8572) = 214.707 sq. units.
Case II. The given angle is not the angle included between the given sides.
To be specific, let the elements b, ¢, B (opposite to side b) be given.
By law of sines,

b c

sinB sinC

) c .
sin C =—sin B
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If sin C= 1 then C = 900

If O < sin C < 1 then there are two supplementary values of C i.e., if one value is
C: (say), then the other value is 1800 = C; = Cy, say. If B + C;, and B + C:z are
both less than 1809, then two triangles are possible. If either B + C; or B + C2 is
not less than 1809, then that corresponding value of C is rejected, because in
that case, triangle cannot be sketched. The angle A is found by the relation
A + B + C = 1800. The area (A) of the triangle ABC is found by using the
formula.

AREA OF A TRIANGLE WHEN ALL SIDES ARE GIVEN

Let ABC be a triangle with sides a = BC, b = CA, ¢ = AB. Let all sides be
known. The area of the triangle is found by using Hero’s formula.

A=./s(s —a)(s—b)(s—c), where s= %(a +b+c).

Example 3. Find the area of the triangle ABC, when a =28.16, b = 60.15,
c=51.17.

Sol. We have a=28.16, b=60.15,c=51.17.

,_atbtc 2816+60.15+51.17
2 2

=069.74

Hero’s formula is

A=/s(s—a)(s —b)(s—c)

A =/69.74(69.74 — 28.16)(69.74 — 60.15)(69.74 — 51.17)

= /(69.74)(41.58)(9.59)(18.57) = 718.6 sq. units.




Applied Mathematics

LONG ANSWER TYPE QUESTIONS

. Find the area of the triangle ABC when :
(i) c¢=23cm, A=20%and C= 150
(i) c¢=23 cm, A=200and B= 159
(iii) a= 12 cm, B=65% and C= 359
(iv) b=34.9cm, A=37 100 and C = 62030’.

. Find the area of the triangle ABC when :
i) a=5,b=6,C=300 (i) a=112, b=219, c= 209
(iii) b=27,c= 14, A=430
(iv) a=14.27 cm, ¢c=17.23 cm, B= 86° 14’
(v) a=123, b=96.2, A=41050".

. Find the area of the triangle ABC when :
i a=3,b=4,c=5 (ii)) a=4, b= 13, c= 15.

Answers
1. (i) 200 sq. cm (ii) 41 sq. cm
(iii) 38 sq. cm (iv) 331 sq. cm
2. (i) 7.5 sq. units (ii) 4600 sq. units
(iii) 130 sq. units (iv) 122.7 sq. cm
(v) 5660 sq. units

3. (i) 6 sq. units (ii) 24 sq. units.
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SUMMARY

1. In the triangle ABC with sides a, b, ¢, we have

i AzlbcsinA ii AzlacsinB 1ii A:labsinC.
2 2 2

2. In the triangle ABC with sides, a, b, ¢, we have

2 . . 2 . . 2 . .
(i) A= a’ sin .B sin C (i) A = b~ sin 'C sin 4 (iii) A = ¢’ sin 'A sin B
2sin A 2sin B 2sin C

3. In the triangle ABC with sides a, b, ¢, we have

A:\/S(s—a)(s—b)(s—c) , Where s:%(a+b+c).

This formula is known as Hero’s formula.

TEST YOURSELF

. If the area of a triangle is 75 sq. cm and two of its sides are 20 cm and
15 cm, find the angle between these sides.

. In any triangle ABC, show that :
(i) A=s(s—a) tan% (i) A =s(s—b)tan§
(iii) A =s(s—c)tan % .
. In any triangle ABC, show that :
C

(i) abcs.sin isin Esin —=A
2 2

Answer




Applied Mathematics

SECTION - B

m SOLUTION OF TRIANGLE

LEARNING OBJECTIVES

Introduction

Solution of Triangle

Solution of Triangle when one Sides and Two Angles are Given
Solution of Triangle when Two Sides and One Angle are Given
Solution of Triangle when all Sides are Given

Solution of Triangle when all Angles are Given

INTRODUCTION

We know that the three sides and the three angles of a triangle are called
the elements of the triangle under consideration. When any three elements
(with at least one side) of a triangle are given, then the remaining elements can
be found by using trigonometric formulae. The process of determining
remaining elements of a triangle is called ‘solution of triangle’.

The three angles of a triangle are not independent because their sum is
always 1809°. In the process of solving triangles, we shall require the values of
t-ratios for other angles in terms of t- ratios for all possible angles of a triangle.

We have already learnt the methods of finding the values of t-ratios for
acute angles like 0°, 150, 300, 450, We also know the method of finding
the tratios for other angles in terms of t-ratios for acute angles.

In general, the values of t-ratios for any desired angle are found by using
trigonometrical tables.
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SOLUTION OF TRIANGLES

We shall consider the solution of triangles in the following four possible cases :

I. When one side and two angles are given
II. When two sides and one angle is given
When all sides are given
IV. When all angles are given

Remark. In case of a right triangle i.e., when one angle is given to be 90°, we
have an added advantage of making use of Pythagorean result. We have
stream-lined the process of solving triangles by avoiding solving right triangles
and oblique triangles separately, because there is no technical difference
between the methods, except for the availability of Pythagorean result for right

triangles.

SOLUTION OF TRIANGLE WHEN ONE SIDE AND TWO

ANGLES ARE GIVEN

Let ABC be a triangle with sides a = BC, b = CA, ¢ = AB. Let one side and
two angles of AABCbe known. To be specific, let the elements a, B, C be known.

The elements to be determined are b, c, A.
Now A+ B+ C=1800implies A= 180°- (B +C).
A is known.

a b c

By law of sines

sin4d sinB sinC

b:as?nB
sin A

_ sinC

sin 4

The triangle ABC is solved.

Remark. In case of a right triangle, the third side can also be found out by

using Pythagorean result.
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WORKING RULES FOR SOLVING TRIANGLES
Step I. Find the third angle by subtracting the given angles from 180°.
Step II. Put the values of all angle and the known side in the ‘sine formula’:

a b c

sin4 sinB sinC

Step III. Let the known side be ‘a’.

Example 1. In a right triangle ABC, A = 269, C = 909, and c = 6.5. solve the
triangle.

Sol. We have A=260, C=90° c=6.5.
Tofind B. A+B+C=180° = B=180°-(A+C)

= 1800 — (269 + 909) = 649°.
To find a, b. By sine formula :

a b c

sin4d sinB sinC

a . b . C 26°
sin26°  sin64°  sin90° A b="?

a=6.5sin 26° and b= 6.5 sin 64°

(1) = a=6.5X0.4384 = 2.8496
(2) = b=6.5X0.8988 = 5.8422

Remaining elements are  B= 64", a=2.8496 and b = 5.8422.
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SOLUTION OF TRIANGLE WHEN TWO SIDES AND ONE
ANGLE ARE GIVEN

Let ABC be a triangle with sides a = BC, b = CA, ¢ = AB. Let two sides and
one angle be given. The given angle may or may not be the angle included
between given sides. We shall consider these possibilities separately.

Case I. The given angle is the angle included between the given sides.
To be specific, let the elements A, b, c be given.
To find B, C. By law of tangents,

B_C:b_ccoti (Assuming b > c)
2 b+c 2

tan

By using, the table of natural tangents, we shall find the

value of B 5 ¢ and so the value of B - C.

Also, B+ C=1800- A. B and C are known.

To find a. By law of sines,

a b c
= or .
sin4 sin B sin C

sin A . sin A
a=>b B (or equivalently ¢ Py )

The triangle ABC is solved.

C-B c¢-b A
= ot —.

Remark 1. If b < ¢, we use the formula, tan c
2 c+b 2

Remark 2. In case of a right triangle, the triangle can also be solved in a
slightly different way. The process is explained in the examples.
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WORKING RULES FOR SOLVING TRIANGLES
Let the known elements be A, b and c.
Step 1. Ifb > c putthe values of A, b and c in the ‘law of tangents’:

nB_C—b_ccoti. ...(1)

ta =
2 b+c 2

If b < ¢, put the values of A, b and c in the ‘law of tangents’:

C-B_cobod 1)

tan C
2 c+b 2

Step II. Using trigonometrical tables, find the value of B — C (or C- B).

Step III. Put the value of A in the relation A + B + C = 1809 and get the
value of B + C. This equation and that obtained in Step II, give
the values of angles B and C.

Step IV. To find side ‘a’, use : a __b (or < j

sin4 sin B sin C

sin 4

a=>b (or equivalently a = ¢ sin4 )

Sin B sinC

Example 2. Solve the right triangle ABC, given that C = 909, a = 50.4, b = 26.2.

Sol. We have C=909, a=50.4, b=26.2.

To find A, B. By law of tangents, tan A-5

0
A B:50.4 26'200‘[ 90 :24'2><1:0.3159
2 504 +26.2 2 76.6

% =17%2 (From tables)

tan

A —-B=3504" ....(1)
Also A+B+C= 1800

A+ B=1800-C=1800=900=900




Applied Mathematics

A+ B=900°
Solving (1) and (2), we get A =520 32" and B= 270 28".

To find c. By sine formula: —= .C .
sin4d sinC
. . 0
c=a s%n ¢ =50.4 % —'sm 98
sin 4 sin 62 °32°

=50.4 x ! =56.3

0.8873

. Remaining elements are c = 56.8, A = 62° 32, B= 27’ 28"

WORKING RULES FOR SOLVING TRIANGLES

Let the known elements be b, c and B.

c

Step I. To find angle ‘C’, use : ,b = — .
sin B sin C

) c .
sin C = —sin B

Step II. Sin C is either > 1 or = 1 or between O and 1.
(i) If sin C > 1, then there is no triangle.
(ii) If sin C = 1, then C = 90° and there is exactly one triangle.

(iii) If O < sin C < 1, then there exist two values say C; and C2 of C
satisfying C1 + C2 = 1809. If B + C; and B + C2 are both less than
1809, then there are two triangles with given elements. If either
B + C; or B + C2 is not less than 1809, then reject that value of C.

Step III. To find angle A, use : A = 1809 — (B + C). If there is one value of C,
Then A has one value. If there are two values of C, say C; and Co,

then A has two values, say A; and A2 respectively.

Step IV. To find side ‘a’, use :

a b c
- =— or
sin4d sinB
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sin 4 . sinA
(or equivalently c — )
sinC

a=b—
sin B

If there are two values of C, namely C; and Co, then ‘a’ has two values, say a;
and ag respectively and are given by

sin 4 sin 4
a, =b— l,azzb 2
sin B sin B

sin A
i

(or equivalently a; = ¢

SinCq

SOLUTION OF TRIANGLE WHEN ALL SIDES ARE GIVEN

Let ABC be a triangle with sides a = BC, b = CA, ¢ = AB. Let all the three
sides a, b, ¢ be known.

a+b+c
S =
2

To find A. an Lo [6=bs—c)
2 s(s—a)

By using the tables of natural tangents, we find the values of A.

To find B. an B - [6=96-a)
2 s(s—b)

By using the tables of natural tangents, we find the value of B.

We have

To find C. A+B+ C=180° implies C=180°- (A + B).

The triangle is solved.
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Remark 1. When one or more sides of a triangle are irrational number, then

2 2 2
the angles A and B should be found by cosine formulae : cos 4 2174_2%,
C

¢’ +a’ -b?

cos B =
2ca

Remark 2. If the values of a, b and c are small numbers, than the angles can
be easily found by using ‘cosine formulae’.

WORKING RULES FOR SOLVING TRIANGLES

Stepl. Find S:a+b+c

Step II. Put the values of s, a, b, c in any of the formulae :

sindo [6=BD—0) A |ss-a) A s=b)s—c)
2 bc 2 bc 2 S(S—a)

Find the value of A by using ‘trigonometrical tables’.
b*+c*—a’
If the values of a, b, c are small numbers then use cos A= T ope c
C
Step III. Find angle B by following the same method.

Step IV. Find the third angle by subtracting the angles A and B from 180°.

Example 3. Find the greatest angle of the triangle ABC in whicha =2, b = J6
and c=+3- 1.

Sol. The greatest side is b = /6 . -. The greatest angle is B.

By cosine formula,

c>+a’-b> (\/5—1)2 +(2) —(\/g)z

cos B = =

2ca 23 -1)2))
3+1-23+44-6_2-23 _—2(3-1)_ 1

a3 -1 aVz-1) 4alz-1) 2

B =1200°.




Applied Mathematics

SOLUTION OF TRIANGLE WHEN ALL ANGLES ARE
GIVEN

Let ABC be a triangle with sides a = BC, b = CA and c = AB. Let all the
three angles A,B,C be known.

By sine formula, a b ¢

sin4 sinB sinC

a, b, c are in the ratio of sin A, sin B, sin C.

In this case, we will not be able to find the actual
values of a, b, and c, rather the ratio of the sides can

be determined. o
a="7 C

Remark. In the above case, it is sufficient to know only two angles, because
the third can be found by using fact A + B+ C = 1800.

WORKING RULES FOR SOLVING TRAINGLES
Step I. If only two angles are given, then find the third angle by subtracting
the given angles from 180°.
Step II. Put the values of the angles in the ‘sine formula’:

a b c

sin4d sinB sinC

Step III. The sides of the triangle are in the ratio sin A : sin B : sin C.

Example 4. The angles of a triangle are in the ratio 1 : 2 : 7. Show that the ratio
of the greatest side to the least side is V54145 1.

Sol. Let the triangle ABC be with sides a = BC, b = CA, ¢ = AB.

The angles are in the ratio 1 : 2 : 7.
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_A+B+C _180° 18"
1+2+7 10

A=180, B=2(189 =360 C=7(18% = 1269
The greatest and the least sides are c and a respectively.

By law of sines, ——= ,c .
sind sinC

V541
¢ sinC sin126° sin(90° +36°) cos36° 4 5+l
a sind sinlg" sin18° sin18°  f5-1 /51
4

The greatest side and the least sides are in the ratio J541: 51,

|_EXERCISE 16.1
LONG ANSWER TYPE QUESTIONS

Type 1

1. Solve the triangle ABC, given that b = 4.5, A= 399, C = 90°.
. Solve the triangle ABC, given that b = 302, A = 50° 10", C = 729.

Type 11
. Solve the triangle ABC, given that a= 123.4, b = 234.5, ¢ = 900.

L If a=\/§+1,b=\/§—1 and C = 609, find the other side and the angles of the
triangle ABC.
Type III

5. Ifa= 35, b=7 and sin A = 3/4, solve the triangle ABC, if possible.
6. If a=6, b=8 and A = 309, find c of the triangle ABC.

Type IV

The sides of a triangle are x> + x +1,2x +1 and x2 — 1, where x > 1. Find
the greatest angle.

. Solve the triangle ABC, given that a = 25, b = 26, ¢ = 27.
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Type V

9. If the angle of a triangle are in the ratio 1 : 2 :3, show that the sides are in

the ratio ﬁﬁﬁ

10. In the triangle ABC, A =459, B= 759, C= 600, show that a + cv2 = 2b.

Answers
1. B=519 a=3.644, c=5.79
2. B=57950’, a= 274, c= 339
3. A=27045 20", B= 620 14’40”, ¢ = 265
4. A=1059 B= 159 c= /6
5. Not possible
6. 443 —24/5 ord4/3 +245
7. 1200

8. A=056015"4”, B=59”51"10”, C= 63053’ 46".
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SUMMARY

1. When any three elements (with atleast one side) of a triangle are given,
than the process of determining remaining elements is called the solution
of triangle.

2. The solution of triangle is possible in the following cases :
(i) When one side and two angles are given.
(i) When two sides are one angle is given.
(iii) When all sides are given.

3. In solving triangles the following formulae are used :
(i) Sine formula
(ii)) Cosine formulae
(iii) Napier analog.

TEST YOURSELF

. Solve the triangle ABC, given that c= 72, A = 569, B = 659°.
. Solve the triangle ABC, given that a= 18, A =25°, B= 1800.

. Solve the triangle ABC, given that a = 40, c = 40+/3, B = 300.

. If the sides a and b of a triangle ABC are in the ratio 7 : 3 and the included
angle Cis 609, find A and B.

5. In the triangle ABCif b= 14, c= 11 and A = 609, find B and C.

6. Solve the triangle ABC, given that a = 843.2, ¢ = 1020, C = 900.
Answers

1. C=59, a=69.63, b=76.12 2. C=479 b=40.51, c=31.15

3. A=309, C=1209 b=40 4. A=94043’, B=250 17

5. B710 44’ 30”, C=48°15"30”

6. B=571.1, A=55945’, B= 340 15’.
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NATURAL TANGENTS

Mean
Differences
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Mean differences
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SECTION -C

CARTESIAN COORDINATES
1 7 * (TWO DIMENSIONS)

LEARNING OBJECTIVES

Introduction

Definition

Cartesian Coordinates

Distance Formula

Area of a Triangle

Condition for Collinearity of Three Points
Section Formulae

Centroid of a Triangle

Incentre of a Triangle

INTRODUCTION

The geometry which we have already studied in our earlier classes was
based upon certain concept like that of points, lines are planes. We accepted
certain axioms and developed results by using the methods of deductive logic.
Moreover, the tools of algebra were also not made use of in studying geometry.
This approach to geometry was initiated by Greek mathematician Euclid. He
wrote his treatise on geometry named ‘Elements’(Vol. I — XIII) around 300 B.C.
The approach of Euclid was named ‘synthetic approach to geometry’. This
approach to geometry continued for about 2000 years.

In 1637, a French philosopher and mathematician Rene Descartes (1596 —
1650) published his work on geometry in the book named La Geometrie. He
incorporated the use of tools of algebra in studying geometry by establishing
1- 1 correspondence between the points in a plane and the ordered pairs of real
numbers. He simplified the proofs of geometrical results by introducing the

241
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processes of algebra in geometry. The approach of Descartes was named
‘analytic approach to geometry’.

DEFINITION

Coordinate geometry is that branch of mathematics which treats geometry
algebraically.

CARTESIAN COORDINATES

Let X’OX and Y’OY be two perpendicular straight liens intersecting at O.
The line X’OX is taken horizontal. The point O is called the origin. The
horizontal line X’OX and vertical line Y’OY are respectively called the x-axis
and the y-axis. Taking O as the origin, the
number scale is made on both axes. The axes L, N

B P(xy)

divides the plane in four parts called Ty_]
quadrants. The quadrants XOY, X’OY, X’OY’
and XOY’ are respectively called I, II, III, and

Iyl

IV quadrants. ] xA

%

The axes X’OX and YOY are called
rectangular coordinate axes or simply
coordinate axes, provided there is no
involvement of oblique axes in the discussion.

Let P be any point in the plane. Draw PA | Y’OY.

Let x and y be the numbers corresponding to the points A and B on the axes
X’0OX and Y’OY respectively.

OA=|x|* and OB=Y|*.

Thus, we see that for a point P in the plane, there correspond an ordered
pair (x, y) of real numbers.

Conversely, let (x, y) be any ordered pair of real numbers. Let A and B be the
points on the axes X’OX and Y’OY corresponding to the real numbers x and y
respectively. Let the perpendiculars at A and B meet at P. The point P is unique
for a given ordered pair (x, y) of real numbers. Thus, we see that there is 1-1
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correspondence between the points in a plane and the ordered pairs of real
numbers.

This correspondence is called Cartesian coordinate system after the name of
Rene Desartes.

The real number x is called the x — coordinate of P or the abscissa of P.
Similarly, the real number y is called the y — coordinate of P or the ordinate of
P. The real numbers x and y are not reversible in (x, y). The ordered pairs (x, y)
and (y, x) represents the same point on the plane if and only if x = y.

The coordinates x and y of P are written as (x, y).

The reader would find it interesting to note that if:

(i) Pis on x-axis, then y = 0. (ii) Pis on y-axis, then x = 0.
(iii) Pis in the I = quadrant, then x> 0, y > O.

(iv) Pis in the I quadrant, then x< 0, y > O.

(v) Pis in the Il quadrant, then x < 0, y < 0.

(vi) Pis in the IV quadrant, then x> 0, y < 0.

For example, the points A(4, 0), B(O, -3) are on the x — axis and y-axis,
respectively. Also, the points C(1, 2), D( - 2, 4), E(- 2, - 4), F(4, - 5) are in the I,
II, III, and IV quadrants, respectively.

D(-2,4)
[ )

<1 I 1 L
X —4-83-2-10
-1

-2
-3¢
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Example 1. If three vertices of a rectangle are (O,
0), (2, 0) and (0, 3), find the coordinates of the fourth
vertex.

Sol. Let OAPB be the rectangle with vertices O(O,
0), A(2, 0), Px, y) and B(0, 3).

Now, x=BP=0OA =2 and y=AP=0B=3

Coordinates of fourth vertex = (2, 3). —
( ) 0 (0,0) A X

(2,0)

SHORT ANSWER TYPE QUESTIONS
. Plot the following points on a cartesian plane :
D) (3,4 (ii) (3, -7) (iii) (- 5, - 8)
(iv) (- 6, 2) (v) (O, 4) (vi) (0, - 6)
. In which quadrant the following points lie:
i) (5,9 (ii) (- 6, 8) (iii) (15, -7)
iv) (- 3, - 4) (v) (9, 2) (vi) (-6, 8) ?

. Draw the quadrilateral whose vertices are (- 4, 5), (0, 7), (5, - 5) and
(_ 47 - 2)

. If three vertices of a rectangle are (0, 0), (- 4, 0), (O, 5), find the coordinates
of the fourth vertex.

LONG ANSWER TYPE QUESTIONS

. The base of an equilateral triangle with side 7 cm lie along the y-axis such
that the mid-point of the base is at the origin. Find the vertices of the
triangle.

Answers
2. (i) First (ii) second (iii) fourth (iv) third

(v) first (vi) second.

449 5. (o2} (o-2) o) (o2} o 2){-229)




Applied Mathematics

DISTANCE FORMULA

Let P(xl, yl) and Q(xz, yz) be any two points in the plane. For the sake of

exactness, let us assume that the points P and Q are both in the I quadrant.
Draw PA and QB perpendicular to x-axis. Draw PC | OB.

Since, PCQ is a right-angled triangle, therefore by
Pythagoras theorem, er

PQ* =PC* +CQ*
(X4, Y1)

PO=+[PC* +CO? (1) i

Now, PC=A4AB=0B-04=x, —x,

and
CO=BQ-BC=BQ—-AP=y, -y,

(1) = PQ:\/(xz_x1)2+(y2_y1)2 .

. The distance PQ between the points P(x1, y1) and Q(x2, y2) is given by

_\/ yl) .

Remark 1. If P(x, y) be any point in the plane, then the distance of P from O

:OPZ\/(X—O)2 +(y-0)’ :\/)c2 +y°

Remark 2. The distance between points P(x1, y1) and Q(x2, y2) is given by
PO =\, =%,V + (v =3, ) =0, -, )F + [, -2,
= \/ — V2 ) :

Thus, in finding PQ, it does not matter whether we subtract x;
from x; or x;. In practice, we find it easier to subtract smaller abscissa from the
bigger abscissa. Similar arguments also work for ordinates.

Remark 3. (i) If PQ is parallel to x-axis, then y; = y2 and so

PQ:\/(XZ—X1)2+(y2—y1)2 :\/(xz_xl)2 =[x, —x, | .
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(ii) If PQ is parallel to y-axis, then x;= x2 and so

PQ:\/(xz_x1)2+(y2_y1)2 :\/(yz_y1)2 Hy,=nl.

Note 1. When three points are given and it is required to prove that they are
collinear i.e., they lie on a line, then show that sum of the distances between
two point-pairs is equal to the distance between the third point-pair.

Note 2. When three points are given and it is required to prove that they form :

i. an isosceles triangle, show that two of its sides are equal.
ii. an equilateral triangle, show that its all sides are equal.
iii. a right angled triangle, show that the sum of the squares of two
sides is equal to the square of the third side.

Note 3. When four points are given and it is required to prove that they form :

i. a parallelogram, show that opposite sides are equal.

ii. a rectangle, show that opposite sides are equal and diagonals are also
equal.
a parallelogram but not a rectangle, show that opposite sides are
equal and diagonals are not equal.
a square, show that all sides are equal and diagonals are also equal.
a rhombus, show that all sides are equal and diagonals are not equal.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. The distance between the points (x1, y1) and (x2, y2) is \/(x2 —-X, )2 +(y2 —y1)2 .

Rule II. The distance of the point (x1, yi1) from the origin is /x; +y; .

Rule III. Three points are collinear if the sum of two distance is equal to the third
distance.

Rule IV. The triangle ABC is a/an :
(i) equilateral triangle if AB = BC = CA.

(ii) isosceles triangle if two of its sides are equal.

(iii) right angled triangle if the sum of squares of two sides is equal to the
square of the third side.
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Rule V. The quadrilateral ABCD is a:
(i) parallelogram if AB = CD and BC = DA.

(ii) rectangle if AB = CD and BC = DA and AC = BD.

(iii) parallelogram but not a rectangle if AB = CD, BC = DA and AC = BD.
(iv) square if AB = BC = CD = DA and AC = BD.

(v) rhombus if AB = BC = CD = DA and AC # BD.

Example 2. If D is the mid-point of the side BC of a triangle ABC, prove that
AB? + AC? = 2(AD? + DC?).

Sol. Let DC be taken as the x-axis and perpendicular
to DC from D as the y-axis.

Let DC = a.
B =(-a, 0) and C = (qa, 0).
Let A =(h, k)

AB> + AC? =|(h+a) +(k-0) |+ (- a) + (k- 0)]

—2h* +2a> +2k> =2(h* + k> +a?)

Also, 2(4D*+DC?)=2((h-0) +(k-0) |+a?)

AB?Z + AC? = 2(AD? + DC?2).

EXERCISE 17.2
SHORT ANSWER TYPE QUESTIONS
1. Find the distance between the following pairs of points :
(i) (0, 0) and (4, 5) (ii) (5, -12) and (9, -9)

(iii) (x—y, y—x) and (x +y, x + y) (iv) (b +c,c+a)and (c+a, a + b)

. Show that each of the following sets of points are the vertices of a right
angled triangle:
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(1) (47 4)’ (37 5)7 (_17 _1) (11) (67 2)’ (37 _1)7 (_27 4)

. Show that the following sets of points are collinear :
(1) (-2, 3), (1, 2) (7, 0) (ii) (4, 3), (2, 0), (-4, -9)

Also verify the result by drawing the points on a plane.

. Using distance formula, show that (3, 3) is the centre of the circle passing
through the points (6, 2), (0, 4) and (4, 6). Find the radius of the circle.

. Show that the triangle whose vertices given below are equilateral :
@) (-1, -1), (1, 1), (-+/3,4/3) (i) 2a 4a), (2a, 6a), (2a+ V3 a, 5q)
LONG ANSWER TYPE QUESTIONS
. Show that the quadrilaterals whose vertices given below are parallelogram :
(i) (-1, 0), (0, 3), (1, 3), (0, 0) (i) (-2, -1), (1, 0), (4, 3), (1, 2)
. Show that the quadrilaterals whose vertices given below are rectangles:
@ (o, -1), (-2, 3), (6, 7), (8, 3) (i) (3, 2), (11, 8), (8, 12), (O, 6).
. Show that the quadrilaterals whose vertices given below are rhombuses:
@i (7, 3), (3, 0), (0, -4), (4, -1) (i) (3, -4), (4, 2), (5, -4), (4, -10).

Answers

1. (i) V41 (i) 5 (iii) 2¢/x> + >

(iv) Va> +2b> +¢? —2ab - 2bc 4. 10

AREA OF A TRIANGLE

Let ABC be a triangle with vertices A(xi, yi1), B(xz, y2) and C(x3, y3).
Draw AL, BM, CN perpendiculars on x-axis. Required area ABC
= area of trap. ALNC + area of trap. CNMB
— area of trap. ALMB
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= —(AL+CN)LN + % (CN + BM)NM —% (AL+BM)LM

AL=y;, BM=ys, CN=yszand
LN =ON-OL = x3 - x1
NM = OM - ON = x2 — x3
LM = OM - OL = x2 — xi
Area ABC =

1 1 1
5(}71 +y3)(x3 —x1)+5(y3 +y2)(x2 —x3)—5(y1 +y2)(x2 _X1)

1

=5[x1(_y1 — Y3+t Y)Yty =y =YX (v s — s _yz)]

:%[xl()ﬁ — ) +x3(yy =y +xs (v _yz)]'

The area of triangle A4ABC will come out to be a positive quantity only when the
vertices A, B, C are taken in anticlock direction.

. 1
Thus, is general A4BC =5[x1 (7, =)+ %, (s =y +x,(r, = »,)] -

Remark. The area of a quadrilateral can be found out by dividing the
quadrilateral into two triangles.

CONDITION FOR COLLINEARITY OF THREE POINTS

If the points A, B and C are collinear, then the area of triangle must be zero.
This also holds vice-versa. Thus, to show that given three points are collinear, it
would be sufficient to show that the area of the triangle with given points as
vertices is zero.

WORKING RULES FOR SOLVING PROBLEMS
Rule I. Area of triangle with vertices (xi1, Y1), (x2, Y2) and (x3, y3) is

:%[xl(yz =)+ x5y =) +x5(y _yz)]

Rule II. Three points are collinear if and only if area of triangle formed by
these points is zero.
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Example 3. Draw a quadrilateral in the Cartesian plane, whose vertices are
(-4, 5), (0, 7), (5, -5) and (-4, -2). Also, find its area.

Sol. Let the vertices of the quadrilateral be A(-4, 5), B(O, 7), C(5, -5) and
D(-4, -2). Join AC.

Area of

AABC =%|— 47+5)+0(=5-5)+5(5-7)|
1
= —|-48+0-10]
2

- %|— 58| = 29 sq. units.

Area of

AACD =%|—4—(—5+2)+5(—2—5)+(—4)(5+5)|

=l|12 —35-40]
2

= %|— 63| = 31.5 sq. units

Area of quadrilateral ABCD
= area of AABC + area of AACD

= 29 sqg. units + 31.5 sq. units = 60.5 sq. units.

EXERCISE 17.3
SHORT ANSWER TYPE QUESTIONS
1. Find the area of the triangle whose vertices are :
i (3,4), (2, -1), 4, -6) i) (1, -1), (-1, -1), (_\/5,\/5)

2. Show that the area of the triangle with vertices (4,1-2), (1+3,4) and
(A1+2,4+2)is independent of 1
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. Show that the following points are collinear :

) (1, 4), (3, -2), (-3, 16) (i) (-5, 1), (5, 5), (10, 7).

. Find the value of x so that the points (x, -1), (5, 7), (8, 11) may be collinear.
. Find y so that the points (a, 0), (O, b), (3a, y) are collinear (a #0).

. For what value of k do the points (-1, 4), (-3, 8) and (-k + 1, 3k) lie on the
straight line?

LONG ANSWER TYPE QUESTIONS

. Show that the points (p + 1, 1) 2p + 1, 3) and (2p +2, 2p) are collinear if
p=-1/2or?2.

. If the vertices of a triangle are (1,4),(4,-3),(-9,7) and its area is 15 sq.
units. Find the value of 1.

. Find the area of the quadrilateral whose vertices, taken in order, are:
i) (1, 1), (3, 4), (5, -2), (4, -7) (ii) (4, 3), (-5, 6), (-7, -2), and (O, -7).

Answers

. (i) 7% sq. units(ii) 1++/3 sq. units . 5.-2b

8. -3, or 12—; 9.(i) %sq. units  (ii) 84 sq. units.

SECTION FORMULAE

Definition of internal division. A point R is said to divide the line PQ
internally in the ratio m : n, if R is within PQ and

PR _m m '
RQ P R Q

In the next theorem, we shall derive a formula to find the coordinates of a point
which divide the join of two points internally in a given ratio.

Theorem 1. If the point R(x, y) divides the join of points P(x:, yi1) and
Q(x2, y2) internally in the ratio m : n, then prove that
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mx , + nx, my, +ny,
X = , Y = .
m+n m+n
Proof. The given points are P(x1, y1) and Q(xz,
y2). For the sake of exactness, let us assume
that the points P and Q are both in the I
quadrant. Let R be such that PR: RQ =m : n.

Draw PA, QOB and RC |s on the x-axis.
Through R, draw DE| |x-axis to meet AP

. ) (X4, ¥4)
produced in D and BQ in E.

As PRD and QRE are similar.

DR _PD PR m
RE EQ RQ n

..(1)
DR AC 0OC-04 x-x
RE CB OB-0C «x,-x

mxX, —mx =nx —nx, = mx,—nx, =(m+n)x

mx, +nx,
X=——.
m+n

m PD AD — AP  y-y,

n EQ BQ-BE y,—y

my,—my =ny—ny, = my,—-my, =(m+n)y

:myz"‘”yl
m+n

The coordinates of R are (

mx, +nx, my,+ny,
m+n  m+n

WORKING RULES TO FIND THE POINT OF INTERNAL DIVISION

Step I. Multiply m by the x-coordinate of the point remote from m and n by
the x-coordinate of the point remote from n as shown by the arrows.

Step II. Add the products of mx2 and nx;.
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Step III. Divide the sum mxz + nx; by m + n.
This gives the x-coordinate of the point
of internal division.

Step IV. Similarly, find y coordinate.

Remark 1. The above section formula also holds good even if either point or
both points are not in the I quadrant.

Remark 2. The ratio m : n is equivalent to - i(= 1) as well as to ﬂ(= L.
n n n m

Therefore, in a given ratio, 1 can be kept on either side.

Corollary. Mid-point of a line segment. Let M(x, y) be the mid-point of the
line joining P(xi, yi1) and Q(x2, y2).

PM = MQ

. M divides PQ in the ratio 1 : 1 internally. m
e 270

Clx, 41y x +x, Q (X, Yz)

I+1 2

v = Ly, +1.y, _N +), .
1+1 2

and

. The mid-point is M (

X, +X, i+,
2 72
Example 4. Find the mid-point of the line joining (3, 5)

) B |

and (-7, -3). Also draw the points on a cartesian plane. .
A@35 M

Sol. Let A= (3. 5) and B = (-7, -3).
Let M(x, y) be the mid-point of AB.
p e 3+(=7) _ -4 _

- / yd
_5+(=3) MAC 2, 1)

2, Y
Y 5 5 :

B(-7,-3)
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. The mid-point of the given line of (-2, 1).

In the adjoining figure, the points are shown on a
cartesian plane. “—m—>

P

R
Definition of external division. A point R is said to <
divide the line PQ externally in the ratio m : n, where
m#n, if Ris outside PQ and

PR_m

RO n’

Theorem II. If the point R(x, y) divides the join of points P(xi, yi1) and
Q(x2, y2) externally in the ratio m : n, where
m=n, then prove that

mx, +nx,  my,+ny,

m+n m+n

Proof. Let m > n.

.. The point of division R lies on the right of PQ.

In this case, we have similar triangles PRD are
ORE.

DR _PD PR m )
RE EQ RO n o

m DR AC OC-04 x-x,
n RE CB OC-0B x-x,

=  mx-—mx,=nx-nx, = mx,—hnx, =(m-n)x

mx, —nx . e
x=——-——1 (Division by m — n is justified, because m=n)
m-—n

Again (1) = m_PD_AD-AP _y-y
n EQ BE-BQO y-y,

— my —my, =ny—ny, = my,—-ny =(m-n)y

my, —ny,
m-—n

y:
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The coordinates of R are (

mx, +nx, my,+ny,
m+n  m+n

Alternative proof. We observe that Q(xz, y2) divides PR in the ratio m - n : n
internally.

3 (m —n)x + nx,

= X
? (m—n)+n

mx, —nx,
mx, =(m—-n)x+nx, = x=—-—"—
m—n

_(m—n)y+ny,
B (m—-n)+n

Also, v,

my, —ny,
m-—n

my,=(m-n)y+ny, or y=

) mx, +nx, my,-+n
The coordinates of R are 2 L. Vo T
m+n m+n

WORKING RULES TO FIND THE POINT OF EXTERNAL DIVISION

Step I. Multiply m by the x-coordinate of the point remote from m and n by
the x-coordinate of the point remote from n as shown by arrows.

Step II. Subtract the product of nx; and mxa.

Step III. Divide the difference mxz + nx; by
m — n. This gives the x-coordinate of the
point of external division.

Step IV. Similarly, find y- coordinate.

Remark 1. The above section formula also holds good even if either point or
both points are not in the I quadrant.

Remark 2. The ratio m : n is equivalent to n.n (= 1) as well as to ﬂ(: 1):£.
n n m m

Therefore, in a given ratio, 1 can be kept on either side.
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mx, —nx, my, —ny,

Remark 3. The coordinates ( j of the point dividing P(xi1, yi)

m-n =~ m-n
and Q(x2, y2) externally in the ratio m : n, where m# n can also be expressed as

(mxz +(—n)x, my, +(-n)y,

m+(-n) =~ m+(-n)

j and this can be thought of as the coordinates of

the point dividing PQ internally in the ratio m : - n.

Example 5. Find the coordinates of the points which divides the join of (1, 7) and
(-5, 6) in the ratio (i) 1 : 2 internally (ii) 3 : 2 externally.

Sol. Let the given points be A(1,7) and B(-

56 e
T .. 2

(i) Let P(x, y) divides AB in the ratio 1 : 2 .-
internally. AQ1,7) P (x,y) B (-5, 6)

x_lx(—5)+2><1 _=5+2
1+2 3

-1

CIx6+2x7 _ 6+14 20

1+ 2 3 3

. The point of division is (-1, 20/3).

(ii) Let Q(x, y) divides AB in the ratio 3 : 2 externally. This is equivalent to say
that Q divides AB in the ratio 3 : -2 internally.

LIXED DX —15-2
- 3+ (=2) 1

=17

_3x6+4(=2)x7 _18-14 A/?S\

3+(-2) 1 A(1,7)

. The point of division is (-17, 4).

Example 6. The vertices of a triangle are at (2, 2), (0, 6) and (8, 10). Find the
coordinates of the trisection point of each median which is nearer the opposite
side.

Sol. Let the given points be A (2, 2), B(O, 6) and C(8, 10). Let AD, BE, CF be the
medians.
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D=(0+8’6+10j:(4’8)
2 2
E=(8+2 10+2

2 7 2 j=(5’6)

and F= [&,i;j =(1,4)

&
5 (0, 6) (4, 8) (8, 10)

Let P be the trisection point of the median AD which is nearer to the opposite
side BC.

P divides DA in the ratio 1 : 2 internally.

P:(1(2)+2(4),1(2)+2(8)j:(m,6j
1+2 1+2 3

Let Q be the trisection point of the median BE which is nearer to the opposite
side CA.

Q divides EBin the ratio 1 : 2 internally.

9

1+2 1+2

0= (1(0) +2(5) 1(6)+ 2(6)) _ (Eﬁj

3

Let R be the trisection point of the median CF which is nearer to the opposite
side AB.

R divides FC in the ratio 1 : 2 internally.

R :(1(8) +2(1) 1(10) + 2(4)) :[Qﬁj

1+2 7 1+2 3

Coordinates of required trisection points are (10/3,6), (10/3,6) and
(10/3,6).

Remark. In the above example, the points P, Q and R are coincident. This point
is called the centroid, which we shall discuss in detail in the next section.
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CENTROID OF A TRIANGLE

The point of concurrence of three medians of a triangle is called its centroid.

Let A(x1, yi1), B(x2, y2), C(x3, ys) be the vertices of a triangle. Let D be the mid-
point of BC.

+ +
The coordinates of D are (xz 2x3 e : J’3j

Let G divide DA in the ratio 1 : 2 internally.

+
1(x,)+2 Yo T Xy
2 X X, X,

1+2 3

Yoty
l(y1)+2( 2 3j
2 ZJ’1+J’2+J’3

1+2 3 C (X3, ¥a)

X =

y:

G:(x1+x2+x3 y1+y2+)’3j
3 ’ 3

The symmetry of coordinates of G shows that it a vertices on the other two
medians through B and C. Thus, all medians meet at G i.e., it is the centroid.

. The centroid is

2

(x1+x2+x3 y1+y2+)’3j

3

Example 7. Find the centroid of the triangle with vertices (1, 7), (-3, -4) and
(_6) 4)

Sol. The vertices are (1, 7), (-3, -4) and (-6, 4).
Let G(x, y) be the centroid of the given triangle.

By us11’1g x:%’ yZW’ we get
x_1+(—3)+(—6)__§ _T+(H+4 T
3 377 3 3

The centroid is (-8/3, 7/3).
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INCENTRE OF A TRIANGLE

The point of concurrence of three internal bisectors of the angles of a
triangle is called its incentre.

Let A(x1, y1), Blxe, y2), C(x3, ys) be the vertices of a triangle. Let AD, BE, and CF
be the internal bisectors of the angles A, B, C respectively.

Let the sides BC, CA and AB be denoted by a, b, c
respectively.

By geometry, BD _ B4 _

o (1)

<
b

. Ddivides BC in the ratio c : b internally.

b+c ~ b+c

. The coordinates of D are (

bx, +cx, by2+qgj

BD +DC _c+b B (X2, ¥2)

DC b

DC
Let AD and CF intersects at L
Since, CIis the internal bisector angle C, we have

Al AC _ b _b+c
ID DC abl(a+Db) a

. Idivides AD internally in the ratio b + c: a.

b b
b+c b+c

a+(b+c) ’ a+(b+c)

.. The coordinates of I are

ax, +bx, +cx; ay, +by, +cy,
a+b+c ~  a+b+c
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The symmetry of the coordinates of I shows that it also lies on the internal
bisector through B. Thus, all internal bisectors meet at I i.e., it is the incentre.

The incentre is (

ax, +bx, +cx; ay, +by, +cy,
a+b+c = a+b+c

Remark. Let ABC be an equilateral triangle.
a=b=c

ax, +bx, +cx, ax, +ax, +ax, a(x, +x, +x3)= X, + X, + X,

a+b+c at+a+a 3a 3

ay, +by, +cy, _ Wty ty;s
at+b+c 3

Similarly,

. In an equilateral triangle, incentre and centroid are coincident.

Example 8. Find the incentre of the triangle whose vertices are (-36, 7), (20, 7)
and (0, -8).

Sol. Let the vertices of the triangle be A(-36, 7), B(20, 7) and C(0, -8).

a = BC= (0-20)> +(-8-7)°

=4/400 + 225 =25

b=CAd=4/(-36-0) +(7+8)

=4/1296 +225 =39

c=AB=1/(20+36)* +(7-7)> =~/3136+0 =56

Let I(x, y) be the incentre of the triangle.

B(20,7)
By using » o % +bx, +cx, ( )

a+b+c

_ay, +by, +cy,
y_—
a+b+c

L 25(=36)+39(20) +56(0) _ ~120 _

We get
25+39+56

-1,




Applied Mathematics

_25(7)+39(7)+56(=8) 0
25+39+56 120

=0.

The incentre is (-1, O).
EXERCISE 17.4
SHORT ANSWER TYPE QUESTIONS

1. (i) Determine the point that bisects the line segment whose end points are
(4, -6) and (12, 13).

(ii) Given A(-3, 2) and B(5, 4), find the mid-point of AB.
2. Find the centroid of the triangle whose vertices are :
(1) (1, 2), (3, 5), (6, 3) (ii) (0, 9), (-5, 6), (11, -7)

. One end of diameter of a circle is (4, 1) and the centre is (3, 3), find the
coordinates of the other end of the diameter.

. Show that the quadrilateral with vertices (1, 4), (-2, 1), (0, -1) and (3, 2) is a
parallelogram.

. Prove that the points (1, 1), (4, 4), (4, 8) and (1, 5) form a parallelogram. Is it
is a rectangle?

. If A(-1, 3), B(1, -1) and C(5, 1) are the vertices of a triangle ABC, find the
length of the median through A.

. Find the third vertex of a triangle if two of its vertices are at (-1, 4) and (5, 2)
and the medians meet at (0, -3).

LONG ANSWER TYPE QUESTIONS

. In what ratio does the point (1/2, 6) divide the line segment joining (3, 5)
and (-7, 9) ?

. If a vertex of a triangle be (1, 1) and the mid-points of the sides through it
are (-2, 3) and (5, 2), find the other vertices.

. If two adjacent vertices of a parallelogram are (3, -2) and (4, 0) and the
diagonals intersect at (9/2, -5/2), find the other vertices.

. If the coordinates of the mid-points of the sides of a triangle are (1, 2), (O, -1)
and (2, -1), find the vertices of the triangle.

. Find the coordinates of the point which is on the line joining the points
A(5, -4) and B(-3, 2) and is twice as far from A as from B.

261
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13. The line joining the points (2, -2) and (-2, 4) is trisected. Find the points of

trisection.

1. (i) (8,9/2)

3. (2, 5)

8. 1: 3 internally

11. (1, -4), (3, 2), (-1, 2)

13. (2/3, 0), (-2/3, 2).

Answers
(ii) (1, 3)
5. No.

9. (-5, 95), (9, 3)

2. (i) (10/3, 10/3) (i) (2, 8/3)

6. 5 7. (-4, -15)

10. (6, -3), (5, -5)

12. (-1/3, 0)
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SUMMARY

. If P(x1, y1) and Q(x2, y2) be any two points in the plane then
PQ:\/(xz _'xl)z +(y, _yl)z

. If A(xi, yi1), B(xe, y2) and C(xs, y3) be the vertices of a triangle, then area A,

of the triangle ABC is given by

Azé[xl(yz -yt x, (v, —y)+x(y, _yz)]’

. (i) A point Ris said to divide PQ externally is the ratio m : n, where m# n, if
R is outside PQ and
PR m
RO n
(ii)) If R(x,y) divides the join of P(x;, yi) and Q(x2, y2) externally in the ratio
m : n, where m#n, then
mx, —nx, my, —ny,

X = ’y:
m-—n m-—n

. If M(x, y) is the mid-point of the join of P(xi, y:) and Q(xz, y2), then :

X, tX, ity
x=—"1—2 y=""1-2

2 2

5. If A(xi, y1), B(x2, y2) and C(x3, y3) be the vertices of a triangle, then :

Xp+X,+X; Y +Yy,+t);
3 3

(i) centroid = ( ,

ax, + bx, +cx; ay, +by, +cy,

(ii) incentre = ( j, where a = BC, b = CA, c = AB.

a+b+c ’ a+b+c

TEST YOURSELF

1. Where will the points lie if :

(i) the ordinate is equal to 2 (ii) the abscissa is equal to — 3?

263
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. The vertices of a triangle are (1,2\/§), (3, 0) and (-1, 0). Is the triangle

equilateral, isosceles or scalene ?

. Find the value of x if the distance between the points (x, -1) and (3, 2) is 5.

. If the point (2, 1) and (1, -2) are equidistant from the point (x, y), show that
x+ 3y =0.

. If the line segment joining the points P(x;, yi) and Q(x2, y2) subtend an
angle 6 at the origin, show that

OP.OQ cos@=x,x,+y,y,.

. Show that (1, -3/2), (-3, -7/2) and (-4, -3/2) are the vertices of a right
angled triangle.

. Prove that(2, -2), (-2, 1) and (5, 2) are the vertices of a right angled
triangle. Find the area of the triangle and length of its hypotenuse.

. Find the value (s) of x if the points (2x, 2x), (3, 2x + 1) and (1, 0) are
collinear.

. Three points A(xi, yi), B(x2, y2) and C(x, y) are collinear. Prove that
(x = x1) (Y2 —y1) = (x2 = x1) (Y = Y1)
Answers
1. (i) On the line parallel to x-axis at a distance 2 units above x-axis.

(ii) On the line parallel to y-axis at a distance 3 units on the left of y-axis.

2. Equilateral 3.-1 7. 12.5 sq. units, 5V2

1442

2

8.
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SECTION -C

LOCUS

LEARNING OBJECTIVES

e Locus and its Equation

LOCUS AND ITS EQUATION

Let A and B be any two points. Let P be a point which moves so that its
distances from A and B are equal. The point P cannot be at Q, because AQ is
not equal to BQ. It may be proved that the point P can be any where on the
right bisector of AB. We shall say that this line is the locus (path) of the point P,
under the above mentioned condition. Let us define the term ‘locus’ formally.

When a point moves so as always to satisfy a
given condition or conditions, the path it traces
out is called its locus under these conditions.
Technically, a locus represents the ‘set of all
points’ which lies on it.

In the above example, the right bisector of AB is
the locus under given condition.

If P(x, y) be a general point on the locus, then an equation involving x and y
which is satisfied by each point on the locus and such that each point
satisfying the equation is on the locus is called the equation of the locus.

WORKING RULES FOR FINDING THE EQUATION
OF THE LOCUS OF A POINT

Step I. Take a general point P(x, y) on the locus.
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Step II. Write down the given geometric conditions, under which the point
P moves.

Step III. Express the above said conditions in terms of x and y by the
help of the formulae and simplify the equation (by squaring both
sides if square roots are there and taking L.C.M. to remove the
denominators).

Step IV. The simplified equation so obtained is the required equation of
the locus.

Example 1. Find the equation of the locus of a point which moves so that :
(i) itis always 2.5 units above x-axis
(ii) it is always 4 units from y-axis.

Sol. (i) Let P(x, y) be a general point on the locus.
Draw PM | x-axis. By the given conditions, PM = 2.5.

y = 2.5.

This is the required equation of the locus.
(ii) Let P(x, y) be a general point on the locus.

By the given conditions, P is either on L;, or on L2 which are lines at
distance of 4 units from y-axis. If Pis on L; then we have x =4 and if Pis on Lo,
then we have ix = -4.

. For any point P(x, y), we have x = +4.
This is the required equation of the locus.

Example 2. Find the equation of the locus of a point
which is equidistant from the point (2, 4) and the y-
axis.

Sol. Let A(2, 4) be the given point. Let P(x, y) be a
general point on the locus. Draw PM | y-axis.

. By the given condition, @ PA = PM.
V(x=2) +(y—4)" = ||
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= x> +4-4x+y> +16-8y=x"
= y2 -4x - 8y + 20 - 0.

This is the required equation of the locus.

SHORT ANSWER TYPE QUESTIONS

.Show that the point (4, 3) lies on the locus of a point whose equation is
x+3y—-13=0.
.Show that the points (a, 0), (-a, 0), (O, b), (O, -b) lies on the locus of a point
2
whose equation is —-+ y_2 =1.
a b
. Which of the following points lie on the locus of X2 + y2 = 16 :

i 1 (i) (4,0)

(iii) (0, 4) (iv) (2v2,-242)?

. Find the equation of the locus of a point which moves so that:
(i) it is always 2 units above x-axis. (ii) it is always 4 units below x-axis.
. Find the equation fo the locus of a point which moves so that:

(i) it is always 6 units on the right of y-axis.
(ii) it is always 2 units on the left of y-axis.

. Find the equation of the locus of a point which move so that :

(i) the sum of the squares of its distances from the coordinates axes is p2.

(ii) the sum of the squares of its distances from the points (-a, 0) and (a, 0)
is 2k2, where k is a constant.

.Find the equation of the locus of a point which moves so that it is
equidistant from the points :

(i) (-1, -1) and (4, 2) (ii) (a2 + b2, a? — b?) and (a? - b2, a? + b?).
Answers

3. (i), (iii), (iv) 4. @) y=2 (i) y = -4
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5. () x=6 (ii) x=-2
6.(1) x> +y? =p? (i) x> +y° =k?-a?

7.(1) Sx+3y-9=0 (i) x—y=0.

SUMMARY

. When a point moves so as always to satisfy a given condition or conditions,
the path it traces out is called its locus under there conditions.

. To find the equation of locus of a point, we take a general point on the local
and find an equation between the coordinates satisfying the given
conditions.

TEST YOURSELF

. Find the equation of the set of all point P(x, y) such that the segment OP
has slope 3, where O is the origin.

. Find the locus of a point which is collinear with the points (x;, y:) and

(x2, y2).

. Show that the equation of the locus of a point which moves in such a way
that its distance from the point (-g, -f ) is always equal to a,

x*+y*+2gx+2fy+c=0where c=g° + > —a’.

. Find the equation fo the set of points for which every ordinate is greater
than the corresponding abscissa by a given distance.

. Find the equation of the set of all points P(x, y) such that the line OP is
coincident with the line joining P and the point (3, 2).

. Find the equation of the set of all points which are equidistant from the
points (a+b,a—-b)and (a—b,a+D).

Answers

l.y=3x 2. (yl—yz)x+(xz—xl)y+X1J/z—xzy1:0

4. y =x + k, where k is some constant 5.2x-3y=0
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SECTION -C

10. STRAIGHT LINES

LEARNING OBJECTIVES

Introduction

Inclination of a Line

Slope of a Line

Parallel and Perpendicular Lines

Description of a Line by an Equation

Equation of a Line Parallel to x-axis

Equation of a Line Parallel to y-axis

Point-Slope form

Two-Point form

Intercepts and Axes

Slope-Intercept form

Intercept form

Normal form

Symmetric form (or Distance form)

General Equation of a Line

Reduction of General Equation to Standard form
Angle between Two Lines

Condition for Parallelism of Lines

Condition for Perpendicularity of Lines
Intersection of Lines

Condition for concurrency of Three Lines
Coordinates of Orthocentre and Circumcentre of a Triangle
Distance of a Point from a Lines

Distance between Parallel Lines

Family of Lines

Equation of Family of Linear Passing Through the Point of
Intersection of Two Lines
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INTRODUCTION

In the present chapter, we shall learn the methods of finding the equations of
various types of straight lines. The concept of ‘slope’ would be used quite often
in this chapter. We shall conclude this chapter with the method of finding the
equation of family of straight lines passing through the intersection of two
straight lines.

INCLINATION OF A LINE

Any line in a coordinate plane may or may not be parallel to x-axis. If a line is
not parallel to x-axis, then the angle which is made by the line in the anti-
clockwise direction from the x-axis is called the inclination of the line. This
inclination lies between 00 and 1800. The inclination of a line is generally
denoted by ¢ . The inclination of a line parallel to x-axis is defined to be 0°.

SLOPE OF A LINE

The concept of slope is defined only for lines which are not parallel to the
y-axis. Let AB be a line which is not parallel to y-axis and let 6 be the
inclination of the line. The slope of the line AB is defined as tan 6.

b .

Y 4
B\
Gosithos 10 90°<6<180°

# N\

() (i) (il

In other words, the slope of a non-vertical line is the tangent of the inclination
of the line.

If 6=0°, then slope of line = tan 0’ = 0 [Fig. (i)]
If 0°< #<90°, then Slope of line = tan @ > 0 [Fig. (ii)]

If 90° <0<180°, then slope of line = tan#® < 0 [Fig. (iii)]

270
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The slope of a line is generally denoted by the letter m.
m = tang.

Remark. If a line is parallel to y-axis, then 6= 900 and so tan # = tan 900 is
not defined. That is why, we do not define the slope of a vertical line.

Example 1. (a) What is the slope of a line whose inclination is :
(i) 600 (i) 900 (iii) 1200°.

(b) What is the inclination of a line whose slope as :

i o (ii) 1 (iii) - 1.

Sol. (a) (i) Here 6 =600

Slope = tan@ = tan 600 = /3

(ii) Here 0=90°

.. There slope of line is not defined.

(iii) Here 0=120°

~. Slope = tan @ =tan120° = tan(180° —60°) = — tan 60° = —/3 .

(b) (i) Here m = 0. Let @ be the inclination of the line.

tanéd =0 = 0 =00
(ii) Here m= 1. Let 6 be the inclination of the line.

tan 6 =1 = 6 =450 v 00< 9<180°]
(iii) Here m=- 1. Let 6 be the inclination of the line.

tan 6 = —1 = 6 =1358°

Theorem. If a non-vertical line passes through two distinct points (xi, yi),
(%2, y2), then the slope, m, of the line is given by

Yo=W
Xy =X

m-=
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Proof. Let P(x;, yi) and Q(xz2, y2) be the given points on the line. Let § be the
inclination of the line.

Since the line is non-vertical, we have x, #x, ie., x,—x, #0.

M

P(xy, y4) Q(xz, ¥2)

(i)

Case I. #=0°. In this case, m=0

A].SO, yZ_yl:
Xy =X

Case II. 0° <0<90°. In this case,

OC _OB-BC _QB-AP _y,-y,
AB OB—-04 x,-x,

m=tan @ =

Case III. 90° <#<180°. In this case,

m =tan 6 = —tan(180° —49):_QC __9B-5C
PC AB

_OB-AP vy oy YT

04 -0OB  x,—x, X,—-x
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For any non-vertical line, m =
X, —

Example 2. If the slope of the line joining (2, 5) and (3, 1) is -2, find the value of
A.
Sol. Let the given points be A(2, 5) and B(3, 1).

Slope of AB= -2

-2=1-5 ie, A =3.

PARALLEL AND PERPENDICULAR LINES

In this section, we shall develop relations between slopes of lines which are
either parallel or perpendicular to each other.

Theorem I. Two non-vertical lines are parallel if and only if their slopes
are equal.

Proof. Let [;, [2 be two non-vertical lines with
respective inclinations 6,,6,.

Necessity. Let [; and [ be parallel.
Their inclinations are equal.

6, =6, .. tanf =tanb,

. Slopes are equal.

Sufficiency. Let the slope of [; and 2 be equal.

— tan d, =tan 6,

= 6, =06,, because ¢, and 6, lie between 0° and 1809, and there exist unique

angle 0(00 <6 <180 0) for a given value of tan 6 .

. The inclinations of the lines are equal.
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Theorem II. Two non-vertical lines are perpendicular if and only. If the
product of their slopes is minus one.

Proof. Let [;, [ be two non-vertical lines with respective inclinations 6,,6,.
Necessity. Let [; and 2 be perpendicular.
0,=0,+90°

|
tan @,

tan 6, :tan(é?1 +90°):—cot 0, =-

tan 6, tan 6, = —1.

Product of slopes is -1.

Sufficiency. Let tan 6, tan 6, = —1.

tan 6, = o —cotfd, = —tan(900 -0, ): tan[—(90° -0, )]
2

6,=—-(00'-0,) = 6,=6,+90°
. The lines are perpendicular.

Remark. If the slopes of two non-vertical lines be m; and my, then

(i) lines are || iff m; = mo (ii) lines are | iff mimo= -1.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. If m be the slope of a non-vertical line passing through the distinct
Vo= N
X, =4

points (x1, y1) and (xz2, y2), then m=

Rule II. Two lines are parallel if and only if their slopes are equal.

Rule III. Two lines are perpendicular if and only if the product of their slopes is
minus one.
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Let the slope of the required line be m.
5
m=—.
6

Example 4. ABCD is a rhombus. Its diagonals AC and BD intersect at the point
M and satisfy BD = 2 AC. If the coordinates of D and M are (1, 1) and (2, -1)
respectively, then find the coordinates of A.

Sol. Let (x, y) be the coordinates of the vertex A.

Since, diagonals of a rhombus bisects each other p1, 1)
at right angle, we have slope of AM x slope of MD
=-1

— y+1x—1—1:_1
x—2 2 -1

y+1

X (-2)=-1

x—-2y=4
BD=2AC = MD=2AM = (MD)'=4(4M)’
Q-1 +(-1-1* =4|(x=2)* +(y+1)°]
4x> +4y° —16x+8y+15=0
42y +4) +4y* —16(2y+4)+8y+15=0 [Using (1)]

20y +40y+15=0 = 4y>+8y+3=0 = y=-3/2-1/2

y:—% = x=2y+4=2

y:—% = x=2y+4=2

The coordinates of A are [1,— %j or
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EXERCISE 19.1
SHORT ANSWER TYPE QUESTIONS
. What can be said regarding inclination of a line if its slope is :
(i) positive (ii) zero
(iii) negative (iv) not defined ?
. Find the slope of the line passing through the points (3, -2) and -1, 4).

. Find the slope of the line, which makes an angle of 30° with the positive
direction of y-axis measured anticlockwise.

. Find the angle between the x-axis and the line joining the points (3, -1) and
(47 _2)

. A lien passes through (x;, y:) and (h, k). If slope of the line is m, show that

k—-y: = mh- xi).

. Find the value of x, if the slope of the line joining (1, 5) and (x, -7) is 4.

. Find the value of y, if the slope of the line joining (0, y) and (4, 3y) is -4.

LONG ANSWER TYPE QUESTIONS
. Show that the line joining (6, -4) and (-3, 2) is :
(i) parallel to the line joining (1, 3) and (-2, 5).
(ii) perpendicular to the line joining (0, 4) and (-2, 1).
Also verify your result graphically in each case.

. State whether the lines in each part are parallel or perpendicular or
neither:

(i) through (1, -12) and (4, 6); through (10, 5) and (16, 4).
(ii)) through (-3, -4) and (-1, 0); through (6, -3) and (7, -1).
(iii) through (0, O0) and (6, 7) ; through (0, O) and (7, 6).

Also verify your result graphically in each case.
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Answers
1. (i) Inclination is acute (ii) Either coincident or parallel to x-axis.
(iii) Inclination is obtuse (iv) Parallel to y-axis.
2. -3/2 3. -3 4. 1350 6. -2

7.-8 9. (i) perpendicular (ii) parallel (iii) neither.

DESCRIPTION OF A LINE BY AN EQUATION

An equation is called the equation of a straight line if the coordinates of
every point on the straight lien satisfies the equation of the straight line and
every point whose coordinates satisfies the equation of the straight line is on
the straight line.

We shall see that every first degree equation line ax + by + ¢ = O would be
the equation of a certain straight line and conversely, the equation of any
straight line would always be of the type ax + by + ¢= 0.

Remark. A straight line is briefly written as a ‘line’.

EQUATION OF A LINE PARALLEL TO x-AXIS

To find the equation of the straight line parallel to x-axis and at a given
directed distance from it.

Let [ be a straight line parallel to x-axis and at a
directed distance ‘h’from it.

Let P(x, y) be a general point on the line L

y = h.

This is the required equation of the line.

Remark 1. In particular, the equation of x-axis is y = 0.

Remark 2. If h > 0, then the line lies above the x-axis and if h < O, then the line
lies below the x-axis.
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Example 5. Find the equation of the line which is
parallel to x-axis and at a distance of 4 units below the
X-axis.

Y4

Sol. The gives line is parallel to x-axis and is at a
directed distance - 4’ from X-axis.

Using y = h, the equation of the line is y = -4.

EQUATION OF A LINE PARALLEL TO y-AXIS

To find the equation of the straight line parallel to y-axis and at a given

directed distance from it.

Let [ be a straight line parallel to y-axis and at a
directed distance ‘k’from it.

Let P(x, y) be a general point on the line.

x = k.
This is the required equation of the line.

Remark 1. In particular, the equation of y-axis is x = 0.

Remark 2. If k > 0, then the line lies on the right of y-axis and if k < O, then

the line lies on the left of y-axis.

Example 6. Find the equation of the line which is parallel
to y-axis and at a distance of 2 units to the left of it.

Y

Sol. The given line is parallel to y-axis and is at a
directed distance -2’ from y-axis.

Using x = k, the equation of the line is x = -2.

POINT - SLOPE FORM

To find the equation of the straight line having given one point on the

line and its slope.

Let a non-vertical line passes through point A(x;, y:) and having slope m.
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Let P(x, y) be a general point on the line. Since the line passes through A(x:, yi)
and P(x, y), so the slope of the line is equal to

Y=—N Yt
x—x *

Also, the slope of the line is given to be m.

Y =)
X - X,

=m

= y-y1=mx-x).

This is the required equation of the line. This represents the equation of a line
in point - slope form.

Remark. If a vertical line passes through the point (x;, y;) then its equation is
given by x = x1.

Example 7. The length L (in centimeters) of a copper rod is a linear function of its
Celsius temperature C. In an experiment, if L = 124.942 when C = 20 and
L =125.134 when C = 110, express L in terms of C.

Sol. Let the linear relationship between L and Cbe L+ mC + k.
C=20 = L=124.942 S 124942 =20 m+ k
C=110 = L=125.134 o 125,134 =110 m+ k

2 -1 = 0.192 =90m = m:%:0.0021333

L = mC+ k implies L = 0.0021333 C + 124.89934.

TWO - POINT FORM

To find the equation of the straight line having given two distinct points
on the line.

Let a non-vertical line passes through two distinct points A(x;, y:) and B(x2, y2).
Let P(x, y) be a general point on the line.

Since the line passes through A, B and P, we have slope of AB = slope of AP.
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This is the required equation of the line. i
xh Y1

Remark. The equation of the line passing through

the points (x;, yi1) and (x2, y2) can also be expressed
as

yZ_yl(

Xy, =X

Y=y, = X = X,).

The equations y -y, = u(x -x)and y-y, = u(x — x,)appear to be
Xy =X Xy =X
distinct, but these equations become identical, when expressed in the form

ax+by+c=0.

Example 8. Find the equation of the straight line passing through the points
(4, 2) and (-2, 8).

Sol. Let the given points be A(4, 2) and B(-2, 8).
The equation of the line passing through (x;, y:) and (x2, y2) is

Yo=Y
Y=> :;('X—xl)
Xy =X

The equation of the required line is y-2= 82_ 24 (x—4)

(Here x, =4,y, =2,x, =-2,y, =8)
y=2=(-1)(x—-4) or x+y-6=0.

y 8

Remark. Using y -y, = Ly‘(x— x,),weget y-8=

-2
X, — X, _2_4(x—(—2)).

= y-8=(-1)(x+2) = x+y-6=0.Thisis the same equation as obtained
above.
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WORKING RULES FOR SOLVING PROBLEMS

Rule I. (i The equation of the line parallel to x-axis and at a directed
distance ‘h’ fromitisy = h.

(ii) The equation of the line parallel to y-axis and at a directed
distance ‘k’ from it is x = k.
Rule II. The equation of the line passing through (x1, y:) and having slope
‘m’is y-y1=m (x - xi).
Rule III. The equation of the non-vertical line passing through (xi, y1) and

(x2, y2) is

y-y1= u(x_xl).

Xy =X

SHORT ANSWER TYPE QUESTIONS

. Write the equation of the straight line which is parallel to :
(i) x-axis and 2 units above it (ii) x-axis and 3 units below it
(iii) y-axis and 3 units to the right of it

(iv) y-axis and 2 units to the left to it.

. Find the equation of the straight line passing through (3, -4) and parallel
to:
(i) x-axis (i) y-axis.

. Find the value of k for which the line (k- 3)x- (4 - kJy + K2 -7k +6 =0 is
(i) parallel to the x-axis. (ii) parallel to the y-axis.
(iii) passing through the origin

. Find the equation of a line through the origin which makes an angle of 459
with the positive direction of x-axis.

. Find the equation of the straight line :
(i) passing through (\/5,2\/5) and having slope 2/3.
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(ii) passing through (2,2 NE) ) and having inclination of 750 with x-axis.

. Find the equation of the straight line passing through (3, -5) and parallel to
the line joining (1, 2) and (-3, 4).
. Find the equation of the right bisector of the line segment joining (1, 1) and

(3, 5).

LONG ANSWER TYPE QUESTIONS

. Show that the points (1, 4), (3, -2) and (-3, 16) are collinear and find the
equation of the line passing through these points.

. Find the equation of the straight which bisects the distance between the
points (a, b), (a’, b) and also bisects the distance between the points (-a, b),
(a’, -b?).

. Find the equations of the sides of the triangle whose vertices are (2, 1), (-2,
3), (4, 5).

. The mid-points of the sides of a triangle are (2, 2), (2, 3), (4, 5). Find the
equation of the sides.

Answers

(i) y = -3 (iif) x = 3 (iv) x = -2
(ii) x = 3 3. (i) 3 (i) +2

(iii) 1, 6 4. x-y=0 5. (i) 2x-3y+44/2=0

(i) 2+3)—y-4=0 6. x+2y+7=0

7. x+2y-8=0 8 3x+y-7=0 9.2bx-2ay+ab-a’b’=0
10. x+2y-4=0,x-3y+11=0,2x-y-3 =0

11.3x-2y-2=0,2x-y-1=0, x=4.
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INTERCEPTS ON AXES

If a line intersect the x-axis at A, then OA (with due
regard to sign) is called the intercept of the line on x-
axis or x-intercept of the line.

Similarly, if a line intersect the y-axis at B, then OB (with
due regard to sign) is called the intercept of the line on
y-axis or y-intercept of the line.

If a line intersect the axes at A and B, then AB is called o
the portion of the line intercepted between the axes.

A non-vertical line is completely determine if its slope and intercept on the y-
axis are given.

SLOPE - INTERCEPT FORM

To find the equation of the straight line having given its slope and its

intercept on the y-axis. 2
h

Let a non-vertical line has slope m and intercept on P(X,Y)
y-axis equal to c.

=tan® -
Let P(x, y) be a general point on the line. Let the line 5 B

intersect the y-axis at A.

The coordinates of A are (O, o). 4.)2

y—c
X —

Slope of line = (Assuming, Pis not at A.)

Also, the slope of the line is given to be m.

= y=mx+c

This is required equation of the line.
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Corollary. If a line passes through origin and has slope m, then its equation is
y=mx+0, ie,y = mx.
Example 9. Find the equation of a line whose slope in m and the x-intercept is d.

Sol. Let P(x, y) be a general point on the line. Let the
line intersect the x-axis at A. Yir m =tan a

N
The coordinates of A are (d, 0). P (X, Y)

Slope of line = 2~ 0 (Assuming P is not at A)

= y = m(x —-d).

This is the equation of the required line.

INTERCEPT FORM

To find the equation of the straight line having given the intercepts
which the line makes on the axes.

Let a line make intercepts a and b on x-axis and y-axis respectively, where
a+0.

The line is non-vertical, because b is finite. Let P(x, Yy
y) be a general point on the line.

Let the line intersects x-axis and y-axis at A and B B (xz ¥2)
respectively.

The coordinates of A and B (a, 0) and (0, b)
respectively.

A (Xq, Y1)

Since the line passes through A, B and P, we have

Slope of AB = slope of AP

—-a
— Y
xX—a
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bx —ab = —ay
bx + ab = ab

bx +ﬂ:ab = £+l

- = =1.
ab ab ab a

This is the equation of the required line.

Example 10. Find the equation of the line which makes intercepts — 4 and 5 on
the axes.

Sol. Here a=-4 and b=5.

The equation of the line in the intercept form is S
a

L4+%=1 — —5x+4y=20 = 5x-4y+20=0.

NORMAL FORM

To find the equation of the straight line on which the length of the
perpendicular from the origin and the angle which this perpendicular
makes with the x-axis are given.

Let [ be a non-vertical straight line on which the length of perpendicular from
he origin is p and this perpendicular makes an angle a(;t)O with the positive
direction of x-axis.

ZKAX =180° — Z0AK =180° —(90° —at)

%;

=90 +a.
Slope of [ = tan (90° + « )=—cota

Also oM :OK.%: p cota
OK

MK:OK.%zpsina.
OK

K= (pcosa, psina)
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Let P(x, y) be a general point on the line.

Slope of [ = slope of KP

—psin« cosa —psinga

X— pcosa sinad  x—pcosa
—xcosa+pcos’a=ysina—psin’a
xcosa+ ysina = p(sin2 a +cos’ a)
X cos o + Yy sin o = p. This is the required equation of the line.
Remark. In the equation xcosa+ ysina = p, we observe that:

(i) the constant term p on the R.H.S., being the length of perpendicular, is
positive.

(ii) (coeff. of x)2 + (coeff. of y)2 = cos” a+sin’ a=1.

Example 11. Find the equation of the line for which p = 5 and a =1359. Also
sketch the line.

Sol. We have p=>5and a=135". e

b

The equation of the line in the normal form is

xXcosa+ysina=p.

=  xcos135° +ysin135° =5

b

x—y+5\/§=0.

SYMMETRIC FORM (OR DISTANCE FORM)

To find the equation of a straight line having given one point on the line
and its inclination.

Let a non-vertical line passes through the point A(x;, y:) and having inclination
0 ie., making an angle ¢ with the positive direction of x — axis.
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Let P(x, y) be a general point on the line. Let AP=r.
ZPAD = ZPMX =6

From AAPD, we have

AD BC OC-OB x-x,
AP AP AP r

cos @ =

PD _ PC —CD
AP AP

sin 8 =

_PC—-4B y-y,
AP r

X —Xx -
L-y and 22—,
cos O sin 0

X — X —
= Lo YTV

cos 6 sin €
This is the required equation of the line.

Remark 1. The distance ‘7 is positive for all points lying on one side of the
given point A and negative for all points lying on the other side of the given
point A.

X=X _ V=W

Remark 2. From the equation .
cosf sind

=r, we have x = x1 + r cos § and

y=y, +rsinf.
The coordinates of any point on this line are (x1 + r cosé, y1 + r sing).
Here ‘Y is called the parameter and represent the distance between the points
(x, +rcos@, y, +rsin@) and (x1, y1).

Example 12. Find the equation of a line which passes through the point (-2, 3)
and makes angle 60° with the positive direction of x-axis.

Sol. Here given point, (x1, y1) = (-2, 3) and 6 = 600.

x—(-2) y-3
cos 60°  sin 60°

—X _Y=W

Using il =
cos @ sin &

=r, the equation of the line is
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x+2 y-3
112 \3/2

=r, where ‘r is the distance between (x, y) and (-2, 3).

Example 13. Find the equation of the straight line which passes through the
point (2, 9) and making an angle of 45° with x — axis. Also find the points on the
line which are at the distance of (i) 2 units (it) 5 units from (2, 9).

Sol. Here given point, (x1, y1) = (2, 9) and 6 = 450.

X=X _V=h
cos ¢ sin @

The equation of the line in the symmetric form is =r,where 7’1is

the distance between (x, y) and (xi1, yi).

x=2 y-9 x=2 y-9
p— = =7 p— = =
cos45°  sin 45° 1/42  1/4/2

r

(1) implies x-2=y-9 = x-y+ 7 =0. This is the required equation.

(1) = x:2+Lr y:9+Lr ....(2)

V2 V2

(@) Let r=2. .. (2 = x=2+%(2)=2+\/5

¥

and x=9+L2(2)=9+\/5.

=

The point (2 + V2 9 + NG ) is on the lien and at a distance of 2 units from
(2,9).

(i) Let r=5. .~ (2) = x=2+%(5)=2+i

V2 V2
1 5

\/5(5):94'5

and x=9+

The point (2+i +ij is on the line and is at a distance of 5 units

9
V2 2

from (2, 9).
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WORKING RULES FOR SOLVING PROBLEMS

Rule I. The equation of the line having slope ‘m’ and y-intercept ‘c’ is
y =mx + c.

Rule II. The equation of the line having intercepts ‘a’ and ‘b’ is R A

a

Rule III. The equation of the line for which the length of perpendicular from
the origin is ‘p’ and this perpendicular is inclined at an angle a to
the x-axis is

X cosa +ysina=p.
Rule IV. The equation of the line passing through (xi, y1) and having
inclination ‘0’ is
X=X, _ Y= _

cos @ sin &

‘r’ is the distance between the points (x, y) and (xi1, yi).

SHORT ANSWER TYPE QUESTIONS

1. Find the equation of the straight line which makes :

(i) an angle 300 with x-axis and cuts off intercept 4 from the positive
direction of y-axis.

(ii) an angle tan-! 2 with the x-axis and cuts off intercepts 5 from the
negative side of y-axis.

2. Find the equation of the straight line cutting off intercepts a and b from
the axes where :

ia=1,b=4 (i) a= 5, b=-10.
3. Find the equation of the straight line for which :

@ p=1, a=30" (i) p= 2, a=135".
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. Find the equation of the straight line in symmetric form which passes
through the point (x;, y:) and having inclination 6, where :

(@) (x1, y1) = (-2, 1), 6=45" (ii) (x1, Y1) = (-1, 0), 6=120".

. Find the equation of the line which passes through (2, 5) and cuts off
equal intercepts on the axes.

. Find the equation of the line which passes through (3, -5) and cuts off
intercepts on the axes which are equal in magnitude but opposite in
sign.

. A line passes through (1, 3) and its y-intercept is three times its intercept
on x-axis. Find the equation of this line.

. Find the equations of the liens which cut off intercepts on the axes
whose sum and product are 1 and -6 respectively.

. Find the equation of the line which passes through (4, 1) and is such
that the portion of the line intercepted between the axes is divided by
this point internally in the ratio 1 : 2.

. Find the equation of the line which passes through (2, 2) and the sum of
whose intercepts on coordinate axes is 9.

. Find the equation of the line which passes through the point (22, -6) and
is such that the intercept on x-axis exceeds the intercept on y-axis by 5.

LONG ANSWER TYPE QUESTIONS

. A straight line is such that the segment of the line intercepted between
the axes is bisected at the point P(a, b). Show that its equation is

Lo,

a b

. If the straight line £+%=1 passes through the points (8, -9) and
a

(12, -15), find the values of a and b.

. Find the equation of the straight line at a distance of 3 units from the
origin such that the perpendicular from the origin to the line makes an
angle « , given by tana = 5/2, with the positive direction of x-axis.

. Find the equation of the line in the normal form for which p = 2,
sina =4/5.
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Answers
1. (i) x—/3y+4/3=0 (i) 2x—y—5=0
2. (i) 4x+y—4=0 (ii) 2x—y—-10=0

. .. . 2 y-l1
3. () Bx+y-2=0 i) x—y+242 =0 4. (1) LY,
W 4 () x=y ) /2 1/42

x+l y _,
-1/2 3/2

7. 3x+y—-6=0 8. 2x-3y-6=0, 3x-2y+6=0

(i) 5. x+y-7=0 6. x—y—8=0

9. x+2y-6=0 10. 2x+y=6, x+2y=6
11. x+2y-10=0, 6x+11y—-66=0 13.2,3

14. 12x+5y-39=0, 12x+5y+39=0 15. 3x+4y-10=0, 3x—4y+10=0.

GENERAL EQUATION OF A LINE

We shall prove that the equation of any line can be expressed in the form
Ax + By + C = 0. This will also hold conversely, ie., the points whose
coordinates satisfies the above equation would all lie on a straight line.

Theorem. Prove that every straight line has equation of the form
Ax + By + C = 0 and conversely an equation of the type Ax + By + C =0
(A, B are not both zero) always represents a straight line.

Proof. Let | be any straight line. The line is either perpendicular to x-axis or
not.

Case I. 1 is perpendicular to x-axis.
Let the line be at a distance k from the y-axis.

.. The equation of the line x = k. This equation can be expressed as 1(x) + O(y)
+ (-k) = 0.

This equation is of the type Ax+ By + C=0, where A=1, B=0, C=-k.

Case II. 1 is not perpendicular to x-axis.
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Let m and c be the slope and y-intercept of the line respectively.

The equation of the line in slope-intercept form is y = mx + c.

This equation can be expressed as m.x + (-1)y + ¢ = 0.

This equation is of the type Ax + By + C=0, where A=m, B=-1, C=c.

. Every line can be represented by a linear equation of the type Ax + By + C=0

Converse. Let Ax + By + C = 0 be a linear equation in x and y with A, B not
both zero.

Case I. B = 0. In this case, the equation reduces to Ax + 0. y + C= 0.
= x=-C/4 (- B=0 = 4%0)

This represents the straight line parallel to y-axis and at a distance -C/A from
it.

Case II. B=0. In this case, the equation reduces to By = - Ax - C.

= r=(

This represents the straight line whose slope and y-intercept are —% and —%

respectively.
Here, the result holds.

Example 14. Find the equation of the line passing through (3, 5) and (1, -2),
assuming the equation of the line to be Ax + By + C = 0.

Sol. The equation of the required line is Ax + By + C = 0. ...(1)
(3, 5) and (1, -2) are on the line.
3A+5B+C=0 ...(2)

A-2B+C=0 ...(3)

A B C
542 1-3 -6-5

(1) = T7kx-2ky-11k=0 or 7x-2y-11-=0.

=k (say)

This is the required equation.
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REDUCTION OF GENERAL EQUATION TO STANDARD
FORM

Let Ax + By + C = 0 be the general equation of a straight line.
. A and B are not both zero.

(i) Reduction of ‘slope-intercept’ form. Give equation is Ax + By + C = 0.

— By=-Ax-C = y :(—gj)w(—%j. (Assuming B # 0).

Comparing this with y = mx + ¢, we get slope = —g and y — intercept = —%.

WORKING RULES FOR REDUCING Ax + By + C=0
TO ‘SLOPE-INTERCEPT’ FORM
Step I. Keep only ‘By’ on the L.H.S. and get By = - Ax - C.

Step II. Divide both sides by ‘B’ and get y = [—gjx + [— %)

Step III. This expresses the given equation in the ‘slope-intercept’ form. Here

m=-A/Bandc=-C/B.

(ii) Reduction to ‘Intercept’ form. Given equation is Ax + By + C = 0.

= Ax+By=-C = icx+icy:1. (Assuming C = 0).

al + Y =1
(-C/4) (-C/B)

(Assuming A # 0, B # 0)

Comparing this with Xy

X 1, we get x — intercept = _c and y-intercept = _<
a b A B
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WORKING RULES FOR REDUCING Ax+ By +C =0
TO ‘INTERCEPT’ FORM

Step I. Shift constant ‘C’ to the R.H.S. and get Ax + By = - C.
Step II. Divide both sides by “C’ and get A—z+B—)é =1

Step III. Make coefficients of x and y occur as their denominator and get

b 4 y
(-c/4) (-C/B)

Step IV. This expresses the given equation in the ‘intercept’ form. Here

a=-C/A and b=-C/B.

Remark. The x-intercept can be obtained by putting y = O in the equation and
then solving for x. The value of x gives x- intercept.

Similarly, y-intercept can also be obtained by putting x = O in the equation and
then solving for y. The value of y gives y-intercept.

(iii) Reduction to ‘Normal’ form. Given equation is Ax + By + C= 0.

Let its normal form be x cos a+ysina=p.

A B C - Ap
= =— = = cosa =
cosa sma —p

2 2
l=cos’ a+sin’ a = —Ap + —Bpy _
C C C

and sina =

C

p=t—m—
\JA? + B?

Case I. C is positive. .. p=—— (** pis to be positive)




Applied Mathematics

and cosa=—£[ ¢ J=— B

ClVA* + VA + B?

B’ A
. [ y j [ B J 4
X cos a+ysin a=pbecomes| — ————= [x +| — y=
A° A4°

NA® + B? NA* + B? + B
This is the required normal form of the given equation.

¢ (-

pm———
VA? + B*?

Case II. C is negative. p is to be positive)

A C
cCoOSa =——
C{\/A2 + B? ]
B2

VA* + B?
A

A
j B
ClV4a? + NA? + B?

. B[ C
Smo =——

xcosa+ysina = pbecomes | ——= x+| —== |y =— 2
A

JA? + B? Ji+8 ) +B?

This is the required normal form of the given equation.

WORKING RULES FOR REDUCING Ax + By + C=0
TO ‘NORMAL’ FORM
Step I.  Shift constant ‘C’ to the R.H.S. and get Ax + By = - C.

Step II. Ifthe R.H.S. is not positive, then make it so by multiplying the whole
equation by - 1°.

Step III. Divide the whole equation by \A> +B* .

Step IV. This express the given equation in the ‘normal’ form.

Example 15. Reduce V3x+ y+2=0 to the ‘slope-intercept form’ and hence find
its slope, inclination and y-intercept. Also sketch the line on the coordinate plane.

Sol. We have \3x+y+2=0. .. y=—/3x-2.

Comparing it with y = mx + ¢, we get
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m=-+3 and c=-2.
Slope = —+/3 and y-intercept = -2.

Let inclination of the line be @.

tan @ = —/3 = — tan 60°

= tan(180° —60° )= tan 120°

0=120°.
. Inclination = 1200,
The sketch of the line is shown in the figure.
SHORT ANSWER TYPE QUESTIONS

. Reduce the following equations to the slope — intercept form and find the
values of slope and y-intercept:

(i) x+3y=10 (ii) 3x + 3y = 5.

. Reduce the following equations to the intercept form and find its intercepts
on the axes.
(i 2x+y-6=0 (ii) Sx-y-15=0.

. Reduce the following equations to the normal form and find the values of p
and « .

i x+y-2=0 (i) V3x+y +2=0.

LONG ANSWER TYPE QUESTIONS

. Reduce the equation x seca—ycoseca = a to the slope — intercept form and
hence find the slope and the coordinates of the point where it meets the y-
axis.

. Which of the lines 3x+4y-9=0 and 2x+6y+19=0is farther from the origin?
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. Find the intercepts of the line x sin a + ycosa =sin 2a on the axes. Also find
the mid-point of the line segment intercepted between the axes.

. Find the equation of the line passing through (- 1, - 2) and (-5, -3),
assuming the equation of the line to be Ax+By+C=0. Also reduce this
equation to the intercept form.

. Show that the origin is equidistant from the straight lines 4x+3y+10=0,
5x-12y+26=0 and 7x+24y=50.

Answers

1 10 1 10
- —x+ —, Slope = ——, y-intercept = —
3773 pe= =3,y PET 3

(i) y=-x+ %, Slope = - 1, y-intercept = %

2. (i) §+%: 1, x- intercept = 3, y-intercept = 6.

(ii) §+% =1, x-intercept = 3, y-intercept = - 15.

3. (i) xcos45” + ysin45® =~/2, p=~/2,a=45°
(ii) xcos210° +ysin210° =1, p=1,a =210°

4. y=xtan ¢ —asin «, tan a,(O,—asin a)

5. 2x+6y+19=0

6. a=2cosa,b=2sin a,(cos a,sin a)

7.x—4y—7=0,£+ A
7 =7/4

ANGLE BETWEEN TWO LINES

Two intersecting lines intersect at two angles, which are supplementary to
each other. For example, if angle between two intersecting lines is 60°, then the
other angle would be 180° — 60° = 1209. Generally, the angle which is not
greater than 900 is taken as the angle between the intersecting lines.
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Now, we shall find the angle between two lines with given slopes.

N

L
\
W

X )
0 (ii)

Let 1 and b be two non-vertical lines with slopes m; and m. respectively. Let
6,, 6, be the inclinations of these lines.

m, =tan @, and m, =tané,
Let & and 7z -6 be the angles between the lines (8 # z/2).
. Exterior angle, 0, =6, +f0implies =06, -6,

tan 6, — tan 6,
1+tan 8, —tan 6,

tan 6 = tan(6, — 6, )=

m, —m
tan @ = —=2——1.
I+m,m,

Remark. In Fig. (i), angle #is acute, so tand > O.

m, —m m, —m
—2 "1 s50and we have tan @ =|—2—11.
1+ m,m, Lt m,m,

In Fig. (ii), angle 6 is obtuse, so tand < 0.

m, —m
;<0 .
1+m,m,

In this case, the other angle -6 would be acute.

m, —m =|m2_m1|

Also, tan(ﬂ - 9)= —tan 0 = —
I+ m,m, ‘1 + mlmz‘
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The tangent of the acute angle between the lines with slopes m; and

. m, —m g m, —m
m: is equal to | ———'|, which is also equal to ! 2
1+ m,m, L+ mm,

WORKING RULES TO FIND THE ANGLE BETWEEN GIVEN LINES
Step I. Find the slopes of the given lines. Let these slopes be m; and mo,

Step II. Assume 6 to be the acute angle between the given lines.

Step III. Put tan 6 = MM | and simplify the R.H.S. to get the value of 6.

1+ mm,

Example 16. Find the angle between the lines 3x +y—-7=0and x+ 2y + 9 = 0.

Sol. Let m; and mo be the slopes of the given lines 3ax+y-7=0and x +2y + 9
= 0 respectively.

m, ==3 and mz=-1/2
[+ 83x+y-7=0 = y=(-3)x+7 and x+2y+9=0
= y=(-1/2)x-(9/2).]
Let & be the acute angle between the given lines.

~3+1/2 | |-5/2|

||

|
Ctemm, |1+ (3)=1/2) |52

tan @

-1 =1.

6 = 450.

Example 17. Find the equations of the lines which pass through (4, 5) and make
equal angles with the lines 5x — 12y + 6 =0 and 3x =4y + 7.

Sol. Given lines are
5x-12y+6=0 ....(1) and 3x=4y+7
Let m; and m2 be the slopes of (1) and (2) respectively.

m, :% and m, ==
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Let m be the slope of the required line.

Let 6 be the acute angle which the required line make with given lines.

12m =5|

ey | _‘12+5m|

|m = m,| ‘

tan 6

3
mem] |72 ] Janns)

tan 6 = =
‘1+mn2‘ |4+3m|

1+m.3‘
4

12m=5| |4m -3)| ., 12m-s5_ 4m-3

12+5m| |4+3m| 12+5m  4+3,

2m=-5_ 4m =3 = m?= - 1, which is impossible.
12 +5m 4+3m

12m -5 4m-3

12+5m  4+3m

= 28m?+33m-28=0 = ng,—
If m= ; , the equation of the required line is

y—5=§(x—4) or 4x -7y + 19 =0.
If m= —g, the equation of the required line is

y—5=—§(x—4) or 7x +4y -48 = 0.

SHORT ANSWER TYPE QUESTIONS
1. Find the acute angle between the lines whose slopes are:

(i) 3and 1/2 (i) ¥3 and 1/+/3.

2. Find the obtuse angle between the lines whose slopes are :

(i) ¥3 and 1/+/3 (ii) 2 - V3 and 2 + /3.
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3. Find the angle between the lines :;
i 3x+y-8=0 andx+2y+2=0

({i)2x-y+1=0and x+y+8=0

(iv) y—\/gx—5:0 and \/gy—x—6:0

(v) xcosa, +ysina, = p,and xcosa, + ysina, = p,, where o, > «,.
. Find the tangent of the angle between the lines whose intercepts on the
axes are respectively, p, -g and g, -p.

. The angle between two lines is 7 /4 and the slope of one of them is 1. Find
the inclination of the other line.

. Two lines passing through the point (2, 3) make an angle of 450. If the
slope of one of the lines is 2, find the slope of the other.

LONG ANSWER TYPE QUESTIONS

7. (i) Find the equation of the straight line which passes through (4, 5) and
making angle 459 with the straight lien 2x+ y+ 1 = 0.

(ii) Find the equations of the lines through the point (3, 2) and making angle
of 450 with the line x - 2y = 3.

8. The line through (4, 3) and (-6, 0) intersects the line 5x + y = 0. Find the
angle of intersection.

9. Find the angles of the triangle whose vertices are (3, 4), (4, 4) and (4, 5). It is
given that the triangle is not an obtuse angled.

10. Find the angles of the acute angled triangle whose vertices are (1, 2),
(37 _2)

Answers
1. (i) 459 (ii) 3009 2. (i) 1500 (ii) 1200

3. (i) 450 (ii) tan-! 3 (iii) 900 (iv) 300
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5. 09, 900

(i) 3x—y-7=0,x+3y-9=0

9. 450, 450, 900 10. tan"! ;,tan'l %,tan"l 2

CONDITION FOR PARALLELISM OF LINES

Let two lines with slopes m; and m2 be parallel.

Angle between these lines is 0°.

m, —m,

= =0 te, mi-mze=0 or m #m,.

1+ mm,
If two lines are parallel then their slopes are equal.

Corollary. The slope of the line Ax+By+C=0 is -A/B.

Any line parallel to this line will have slope —-A/B.

The equation of a line parallel to Ax + By + C = 0O is of the form

4
=—-—x+C'
4 B

where C’is the y-intercept of the line (1)
= Ax+By+BC’=0 = Ax+By+k=0,
where k = - BC’is some constant.

The equation of a line parallel to Ax + By + C = O is of the type Ax +
By + k = 0, where k is some constant to be determined by using other
given conditions.
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Equivalently, Ax + By + k = O represents the family of lines parallel to the line
Ax+By + C=0.

Example 18. Find the equation of the straight line that has y-intercept 4 and is
parallel to the straight line 2x — 3y = 7.

Sol. Given lineis 2x-3y=7. ...(1)

1) = y=2x-7 = yz%x—% - Slope of (1) is 2/3.

The required line is parallel to (1), so its slope is also 2/3. y-intercept of
required line = 4.

By using Y = mx + ¢’ form, the equation of the required line is

y=%x+4 or 2x-3y +12=0.

CONDITION FOR PERPENDICULARITY OF LINES

Let two lines with slopes m; and m2 be perpendicular.

Angle between these lines is 900.

tan 90° = |2 =™> | is not defined

I+mm,

= l+mm,=0 ie, mimy=-1,

If two lines are perpendicular then product of
their slopes is ‘-1°.

Corollary. The slope of the line 4Ax+By+C=0 is -A/B.

Any line perpendicular to this line will have slope equal to negative
reciprocal of —A/B, which is B/A.

The equation of a line perpendicular to Ax + By + C = 0 is of the form

y=§x+C' ....(1)
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where C’is the y-intercept of the line.
(1) == Bx-Ay+AC’=0 = Bx-Ay+k=0,
where k = AC’is some constant.

The equation of a line perpendicular to Ax + By + C = 0 is of the type
Bx - Ay + k = 0, where k is some constant to be determined by using other
given conditions.

Equivalently, Bx + Ay + k = O represents the family of lines perpendicular to the
line

Ax+By + C=0.

Example 19. Find the equation of the straight line passing through (2, 3)
perpendicular to 4x — 3y = 10.

Sol. Given lineis 4x- 3y = 10. ...(1)
_ . 4
1) = % > Slope of (1) is 3

The required line is perpendicular to (1), so its slope is negative reciprocal of
1

4/3, which is e —%. The required line is also to pass through (2, 3).

By using y — y1 = m (x — x;) form, the equation of the required line is
y-3 —%(x—z)i.e., 4y-12=-3x+6 or 3x+4y-18 =0.
Example 20. The line 7x — 9y — 19 = 0 is perpendicular to the line through the
points (x, 3) and (4, 1). Find the value of x.
Sol. Given lien is 7x—-9y - 19 = 0.

719
= 9y=7x-19 = y='x- - Slopeof= .
Y Y79 g P 9

Slope of line joining (x, 3) and (4, 1) = 3-1 _ 2
x—4 x-4

These lines are perpendicular.
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7 2
[—j[ j=—l = 14=-9x+36 = x=2.
9)\x—4 9

WORKING RULES FOR SOLVING PROBLEMS
Rule I. Lines with slopes m; and mz are :
(i) parallel if and only if m; = mo.
(ii) perpendicular if and only if mimzo = -1.

Rule II. The equation of a straight ling parallel to Ax + By + C = 0 is of the
form Ax + By + k = 0.

Rule III. The equation of a straight line perpendicular to Ax + By + C=0is
of the form Bx - Ay + k = 0.

SHORT ANSWER TYPE QUESTIONS

. Find the slope of a line which is parallel to the line :

(i) 2x-y+8=0 () T+2=1
a b

. Find the slope of a line which is perpendicular to the line :
i x+y-9=0 (ii) x cos a+ysina= p.

. (i) Find the equation of the straight line parallel to 2x + Sy = 7 and passing
through (-1, 4).

(ii) Find the equation of the straight line parallel to 2x —y + 8 = 0 and
having y-intercept 4.

. (i) Find the equation of the straight line perpendicular to 2x + 4y - 7
and passing through (9, 2).

(ii) Find the equation of the straight lien perpendicular to 2x + 4y — 7
and having y-intercept 5.
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. The perpendicular from the origin to a line meets it at the point (-2, 9), find
the equation of the line.

. Find the equation of the straight line which is (i) parallel (ii) perpendicular
to the line 4x — y + 8 = 0 and passing through the mid-point of the line
segment joining (1, 5) and (3, 11).

. Find the equation of the straight line which is (i) parallel (ii) perpendicular
to the line Ax + By + C = 0 and passing through the point (x;, yi).

. Find the equation of the right bisector of the line segment joining the
points (e, 8) and (8, a).

. For the triangle ABC whose vertices A (-2, 3), B (4, -3) and C(4, 5), find the
equation of the :

(i) right bisector of BC (ii) altitude from A.
(iii) straight line parallel to BC and passing through A.
Answers

1. (i) 2 (ii) -b/a 2. (i) 1 (ii) tana

3.(1)2x+5y-18=0 (i) 2x-y+4=0
4

() 3x-2y-23=0 (ii) 2x-y+5=0
2x-9y+85=0 6. (1) 4x-y=0 (ii) x+4y-34=0
. (i) Ax+ By - (Ax; + By;) =0 (ii)) Bx— Ay — (Bx: — Ay:) =0

. x-y=0 9.()y-1=0 ({)y-3=0 (iif) x + 2 = 0.

INTERSECTION OF LINES

Two lines are said to be intersecting if there is exactly one point which is
common to both lines.

Let Arx+Biy+C;=0 ...(1)
and Axx+By+ C2=0 ....(2) be the equations of two lines.

The point of intersection of (1) and (2) will on both lines. So, the coordinates of
the point of intersection will satisfy both equations.
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Solving (1) and (2) by cross — multiplying, we get

X B y B 1
BICZ —32C1 C1A2 _C2A1 Ale _A2Bl .

Blc2 _BZCI
X=—
Ale - AzBl

CA,-C,A .
y=—12_"21 'provided A;B> - A2B;#0.
Ale _AZBI
Blcz _BZCI C1A2 _CZAI
AB,—A,B, AB, - A,B,

The lines intersect at the point (

] , provided

AB,—A4,B, #0

A, B, s .
In case — = —, two possibilities arises :

2 2

A B C . . e
If A—l = B—l;t C—l, then the lines are coincident and there are infinitely many
2 2 2

points which are on both lines.

Example 21. Find which of the following pairs of lines are intersecting, parallel
or coincident :

() 2x-y+7=0and 2x+y-9=0 (i) x+6y + 11 =0 and 2x + 12y = - 22.
(iii) 3Sx-y+6=0and 2y-6x+ 11 =0
Sol. We know that the lines A;ix + Bijy + C1 =0 and A2x+ Boy + C2 =0 are :

A B A B
(a) intersecting if — = —_ (c) parallel if —L=—L = <
AZ B2 CZ

(b) coincident if i:
2

(i) Given lines are 2x—-y+7=0 and 2x+y-9=0.

A B —
Here 1—2:1 and —1=—1=—1.
A 2

2 B, 1
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A, B, : . .
— # —, so the lines are intersecting.
AZ BZ

(ii) Given lines are x+ 6y + 11 =0 and 2x+ 12y + 22 =0.

B
Here = —1=£:
BZ

1 ¢, 11
12 2

and —_—=l.
c, 22 2

Here

CONDITION FOR CONCURRENCY OF THREE LINES

Three lines are said to be concurrent if all the three lines passes through a
common point. The common point of three lines is called the point of
concurrence of the lines.

Let Ax+By+C =0 ...(1)
A, x+B,y+C, =0 ...(2)
and Ax+Byy+Cy, =0
be any three lines.

b% 1

Solving (1) and (2), we get al = = .
BICZ _BZCI CIAZ _C2A1 Ale _AZBI

x:BICZ_BZCI and y:CIAZ_CZAl
Ale - AZBI Ale _AZBI

, assuming 4,B, - 4,B, #0.

(1) and (2) intersect at the point (

BICZ_BZCI C1A2_C2A1
Ale_AzBlele_AzB1 .
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The given lines are concurrent if the point of intersection of (1) and (2) lies
on (3),

" 4 &cze&cl+83cﬁg—cﬂg
AIBZ_AZBI AIBZ_AZBI

]+C3 =0

or if A3(B1C2 - B2C)) + B3(C1A2 — C2A;) + C3(A1B2 — A2B1) = 0.
This is the required condition.

Remark. The three lines are concurrent, them the lines must be mutually non-
parallel.

WORKING RULES FOR SOLVING PROBLEMS
Step I.  Find the point of intersection of any two lines.
Step II. Check wheather this point lie on the third line or not.

Step III. If this point lie on the third line then the lines are concurrent and
the point obtained in Step I, is the point of concurrence of the given
lines.

Example 22. For what value of k, are the three lines:
x-2y+1=0,2x-5y +3=0and 5x—- 9y + k = 0 are concurrent ?
Sol. Given lines are x-2y+1=0

2x-3y+3=0
and Sx-9y+ k=0

x  _y 1
—6+5 2-3 -5+4

Solving (1) and (2), we get

The lines (1) and (2) intersects at the point (1, 1).
Let the given lines be concurrent. ~. (1, 1) must lie on the line (3).

=N 51)-9(1) +k=0 = k=9-5=4.
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COORDINATES OF ORTHOCENTRE AND
CIRCUMCENTRE OF A TRIANGLE

The orthocenter of a triangle is the point of
concurrence of the altitudes drawn from the
vertices to the opposite sides of the triangle.

Orthocentre
. : : . 7
The circumcentre of a triangle is the point of Circumcentre
concurrence of the right bisectors of the sides
of the triangle.

Remark. We have already proved that the g
altitudes of a triangle are always concurrent, so

the definition of orthocenter is justified. Similar argument also work for the
circumcentre.

Example 23. Find the coordinates of the orthocenter of the triangle whose
vertices are (0, 1), (1, -2) and (2, -3).

Sol. Let the vertices of the triangle be A(O, 1), B(1, -2) A0, 1)
and C(2, -3). The orthocenter of the triangle is the
point of concurrence of the altitude from the vertices.

Let AD, BE and CF be the altitudes, and G(h, k) be the
orthocenter of the triangle.

AG | BC = slope of AG X slope of BC = - 1.

k=1 -3+2 _
h-0" 2-1

= -1

= —k+1=-h = h-k+1=0

Also BG | AC - k+2 -3-1_
-1 2-0

= - 4k-8=-2h+2 =
(-2 = k+6=0 =
(1) = k—=(-6)+1=0 =

The orthocenter is (-7, -6).
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WORKING RULES FOR SOLVING PROBLEMS

RuleI. Thelines 4 x+B,y+C, =0 and 4,x+B,y+C, =0 are:

o . .. A B 3 4 B
(i) intersecting if — # —- (ii) parallel if 2 =51 i
Az Bz Az 82 Cz
. A B
(iii) coincident if —=—L1= ﬂ
4, B, C,

Rule II. [f the point of intersection of two lines also lie on the third line, then the
lines are concurrent.

Rule III. The altitudes of a triangle are concurrent and their point of
concurrence is called the orthocenter.

Rule IV. The right bisectors of a triangle are concurrent and their point of
concurrence is called the circumcentre.

EXERCISE 19.7

SHORT ANSWER TYPE QUESTIONS

. If 2x+y+a=0and 4x+by+3 =0 represent the same line, find the values of

a and b.

. Find which of the following pairs of lines are intersecting, parallel,
coincident :

(i 6x—y+7=0 and y—-6x=38 (i) 4x+y+9=0 and 8x+2y=-18

(iii) x—y=0 and x+y=0 i) L+ 2 =1 and T+ =1, a=b.
a b b a
. Find the point intersection of the lines :

(i) 3x+2y-9=0 and x—y+2=0 () 2+2=1 and 2+2=1.

a b b a

LONG ANSWER TYPE QUESTIONS

. Find the foot of perpendicular from the point (-1, 2) on the straight line
x—y+5=0.
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. Obtain the coordinates of the foot of perpendiculars drawn from the origin
upon the lines 3x—5y+2=0 and 4x-3y+5=0 show that the equation of the

straight line joining these feet is 26x+53y =11.

. The line 2x-3y—-4=0 is the perpendicular bisector of the line AB and the

coordinates of A are (-3, 1). Find the coordinates of B.

. (i) Find the area of the triangle formed by the lines y—x=0,x+y=0 and x = k.

(ii) Find the area of the triangle formed by the lines x+y-6=0,x-3y-2=0
and 5x-3y+2=0.

. Show that the diagonals of the parallelogram formed by the four lines
3x+y=0, 3y+x=03x+y=4and 3x+y=4are perpendicular.

Answers
1.a=3/2,b=2 2. (i) Parallel (ii) Coincident

(iii) Intersecting (iv) Intersecting 3. () (1, 3)

a+b’ a+b

(ii)[ ab_ _ab j 4. (-2, 3) 5.(-3/17, 5/17), (-4/5,3/5)

6. (1, -95) 7. (i) k2 sq. units (ii) 12 sq. units.

DISTANCE OF A POINT FROM A LINE

The perpendicular distance of the point P(x’, y’) from the line Ax + By + C
Ax'+By'+C

NVEEW R

Proof. Given line is Ax+By +C=0.

= 0 is equal to

SIS A
(-C/4) (-C/B)

Let the given line intersects the axes at the point M
and N.

The coordinates of M and N are respectively (-
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C/A, 0) and (0, -C/B).

Let us assume that Pis not on the given line.

Area of AMNP:lx' O+£ + _< —E:y' 0.(y'-0)
2 B A B

1o ¢ oy
— + +
2|B 4B 4|

1 i(Ax'JrBy'JrC = e
2|4B 2|AB

= |Ax'+By'+C|.

1 1 cY (¢ .Y
Also,areaofAMNPzaMNxPQ=§ O+Z +—E—O x PQ

2 AZ BZ
CU B ) po :%|%|\/A2 B xPQ.

1
2 A’B’?
Equating the values of area of AMNP, we get

‘—\/A2 +B* x PQ——‘ ‘ |Ax+By+C|

|Ax +By'+C| _ |Ax +By +C|
JA? + B? ‘\/A +Bz‘

The distance of P(x’, y) from the line Ax + By + C = 0 is equal to %\/Ltc .
A" +B

If P(x’, y) is on the Ax + By + C =0, then Ax’ + By’ + C = 0 and its distance from
the line is ‘0.
|Ax'+By'+C| | 0
= =0].
a2 +B2 | a2 +B

Also,

The distance of P(x’, y’) from the line Ax + By + C = O is equal to
Ax'+By'+C

Jar+B* |
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Remark. The length of perpendicular from the origin to the line Ax + By + C=0
A0+BO0+C| . C

Le., |—/——.
\NA? +B? NA* + B?

is

DISTANCE BETWEEN PARALLEL LINES

Let y = mx+ ci ...(1)
and y=mx+ co ....(2)
be two parallel lines.

(1) = mx-y+c=0 ....(3)

2) = mx-y+c=0 ....(4)

Let A(h, k) be any point on the line (3).
mh-k+c =0 ...(9)
Distance between lines (1) and (2)

= perpendicular distance of A(h, k) from line (4)

€ —C

|
‘Vm2+1y

Similarly, we can show that the distance between parallel lines Ax + By + C; =0
Cl — Cz

Jar+ B

Example 24. Find the length of perpendicular from (4, 2) to the line

S5x-12y-9=0.

‘ mh—k+c, ‘ |—c1 +—c

) Wm?+ (02| | m®+1

.|

and Ax + By + C2 = 0 is equal to

Sol. The line is 5x—- 12y -9 = 0.

\5(4)—12(2)—9\_|20—24—9|

e+ |13

:‘ﬁ:|_1|= 1.
13

Length of | from (4, 2) =
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Example 25. Find the distance between the lines
I9x+40y -20=0and 9x + 40y + 21 = 0.
Sol. The lines are 9x + 40y - 20 =0
and 9x+40y+21=0
These lines are parallel because their slopes are same.

Distance between given lines is equal to
perpendicular distance from any point on (1) to the
line (2) and vice — versa.

Ah, k)
.9 +40y-20=0

Let A(h, k) be any point on (1). &

9h + 40k—20 = 0 (3) s L LT
Distance between lines

= length of | from A(h, k) to line (2)

\(9h+40k)+21\_| 20 + 21

1o+ @0y | VBT +160

WORKING RULES FOR SOLVING PROBLEMS

| |41 ,
0‘=4—1=|1| = 1. [Using (3)]

Rule I. The distance of (x’, y’) from the line Ax + By + C = 0 is equal to

|Ax '+ By '+C|
| V4> +B* |

Rule II. To find the distance between two parallel line, take any arbitrary point
on one line and find its distance from the second line. This gives the

required distance.

SHORT ANSWER TYPE QUESTIONS

1. Find the distance of the point from the line in the following cases :

i (-2,-1);4x+3y-50 mnmbﬁf+%=ha>0,b>0
a

315
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. If p be the length of the perpendicular from the origin to the line whose
1 1
St

1
intercepts on the axes are a and b, then show that — = R
p° a

. Find the distance between the parallel lines 5x—-12y+2=0 and 5x—-12y-7=0

. Show that the origin is equidistant from the lines 4x+3y+10=0,
5x-12y+26=0 and 7x+24y-50=0.

LONG ANSWER TYPE QUESTIONS

. Which of the lines x + 6y — 9 = 0 and 2x - Sy + 8 = 0 is farther from the
point (1, 5)?

. If 5x - 12y — 65 = 0 and 5x — 12y + 26 = O are the equations of a pair of
opposite sides of a square, find the area of the square.

. Find the length of the perpendicular from the origin to the line joining two
points whose coordinates are (cos @, sin §) and (cos¢, sin ¢).

. Find the length of the altitude of the triangle with vertices (-2, 3), (2, 1) and
(-10, -13).

. (i) What are the points on the axis of x whose perpendicular distance from
the line =+ 2 =1is 4?
3 4
. (ii) What are the points on the axis of y whose perpendicular distance from

the line £+1=Iis 4?
3 4

. Show that the product of distance of the line ad cose+%sin6’=1 from the
a
points (*\/az -b* ,0) is b2.

Answers

1.(1)% (i) —2 3. 2 5. X+6y—-9=0

Na’+b’ 13

6. 49 sq. units 7. 0050;¢ 8\/_ 24/5,8/5

9. (1) (8, 0), (-2, 0) (ii) (0, 32/3), (0, -8/3).
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FAMILY OF LINES

We have already observed that two independent conditions are necessary and
sufficient to identify a straight line in a plane. Just one condition is not
sufficient to identify a line.

For example, if we say that a particular line is parallel to x-axis, then the line
cannot be identified, because there are infinitely many lines which are parallel
to x-axis. Similarly, if it is known that a particular line passes through a point,
say, (a, b), then also the line cannot be identified, because there are infinitely
many lines passing through (a, b).

A set of lines satisfying a given condition is called a family of lines. A family of
liens can be represented by a linear equation in x and y and involving one
arbitrary constant, which is called the parameter of the family of lines, under
consideration.

For example, 3x+ ky + 9 =0,y = mx+ 9, x= k etc., represent family of lines

EQUATION OF FAMILY OF LINES PASSING THROUGH
THE POINT OF INTERSECTION OF TWO LINES

Let a,a+b,y+c, =0 (1) and a,a+b,y+c,=0
be two intersecting lines. Let P(x’, y) be their point of intersection.
Consider the equation a,x+b,y+c, +k(a,x+b,y+¢,)=0.
where k is any constant.
Now a,x+b,y'+c, + k(a,x'+b,y'+c, )= +k.0= 0.

[** P(x’, y) lies on the lines (1) and (2)]
" P(x’, y) lies on the locus of equation (3).

The equation (3) can also be expressed as (a, +ka, )x +(b, +kb,)y +(c, +kc,) =0.
This equation is linear in x and y.
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Equation (3) represents a straight line for all values of k.

For any k, (3) is a straight line passing through the point of intersection of
the given lines.

The equation a; x + biy + c1 + k (a2x + b2y + c2) = O is a family of
straight lines passing through the point of intersection of the lines
aix + b1y + ¢c1 = 0 and azx + b2y + c2 = 0.

Example 26. Find the equation of the line passes through the point of
intersection of the lines 4x + 7y — 3 = 0 and 2x — 3y + 1 = 0, that has equal
intercepts on the axes.

Sol. Given lines are 4x+ 7y -3 =0and 2x-3y + 1 =0.
Let the equation of the required line be
4x+ 7y -3+ A2x-3y+1)=0
4+20)x+(7-340)y=3-1

x X
3-4 3-1
4424 T-34

=1

3-4 and 3-4

Intercepts on axes are .
4424 7-34

This line has equal intercepts. .. 34 _ 34
4+24 T7-32

1 1] o [7-31-4-227]
(3_’1){4+2z_7—31}_0 = @ ﬂ){(4+2/1)(7—3/1)}0

= (3-1)3-52)=0 = A1=33/5
Casel. 1=3
(1) = 4x+7y-3+32x-3y+1)=0 = 5S5x-y=0.

CaselIl. 1=3/5

(1) = 4x+7y—3+%(2x—3y+1)=0
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20x+35y—-15+6x-9y+3=0 = 13x+13y-6=0

The required lines are 5x =y = 0 and 13x + 13y - 6 = 0.

SHORT ANSWER TYPE QUESTIONS

. Find the equation of the line passing through the point (-4, 5) and the point
of intersection of the lines 4x-3+7=0 and 2x+3y+5=0.

. Find the equation of the lines which passes through the point of
intersection of the lines x+2y—-3=0and 4x-y+7=0is parallel to the line y —

x+ 10=0.

. Find the equation of the straight line which passes through the point
intersection of the lines 3x—4y+1=0 and 5x+y-1=0 cuts off equal

intercepts on the axes.

. Find the equation of the line passing through the point of intersection of
the lines 2x-5y+3=0 and x-3y-7=0 perpendicular to the line whose

equation is 4x+y—-1=0.

. Find the equation of the line passing through the point of intersection of
the lines 2x-3y+1=0and x+y—-2=0 is parallel to y-axis.

. Find the equation of the line passing through the point of intersection of

the line x-3y+l=0and 2x+5y—9=0 whose distance from the origin is /5 .

. Find the equation of the straight line passing through the point of
intersection of 5x-3y=1and 2x+3y=23perpendicular to the line x = 0.

. Find the equation of the straight line drawn through the point of
intersection of the lines x+ y = 4 and 2x — 3y = 1 and perpendicular to the
line cutting off intercepts 5, 6 on the axes.

. Find the equation of the line parallel to y-axis and drawn through the point
of intersection of the lines x- 7y + 5 =0 and 3x+y = 0.

. Find the equation of a line drawn perpendicular to the line

through the point, where it meets the y-axis.
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Answers

1.8x+3y+17=0 2.3x-3y+10=0 3.23x+ 23y =11

4. x—4y-24=0 5.x-1=0 6.2x+y-5=0  7.21y-113=0

8.25x-30y-23=0 9.22x+5=0 10. 2x-3y + 18 = 0.
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SUMMARY

1. (i) The equation of a straight line parallel to x- axis and at a distance h from
it is given by y = h.
(ii)) The equation of the straight line parallel to y-axis and at a distance k
from it is given x = k.
(iii) The equation of the straight line having slope m and intercept on y- axis
as cis given by y = mx + c. (Slope-intercept form)
(iv) The equation of the straight line having intercept a and b on x-axis and

y-axis respectively is given by AR I (Intercept form)
a

b
(v) The equation of the straight line passing through (x:, yi) and having
slope mis given by y—y, =m(x-x,). (Point- slope form)
(vi) The equation of the straight passing through the points (x;, yi;) and
(x2, y2) is given by y—yp, =221 (x—x,). (Two - point form)

Xy =X

Here we assume that x, #x,.
In case x, # x,, then the line is vertical and its equation is x =x,( or x2).
(vii) The equation of the straight line passing through (x;, y:;) and making
—X Y=V

angle ¢ with the positive direction of x — axis is given by a _
cosf sind

b

(Distance form)
were r is the distance between the point (x, y) and (x1, yi).
(vii) The equation of a straight line for which the perpendicular from the
origin makes an angle « and is of length p, is given by xcosa+ysina=p.
(Normal form)

. Three lines are said to be concurrent if all the three lines passes through a
point. The common point of concurrent lines is called the point of
concurrence.

. () The orthocenter of a triangle is the point of concurrence of altitudes
draw from the vertices to the opposite sides of the triangle.

(ii)) The circumcentre of a triangle is the point of concurrence of right
bisectors of the straight line ax+by+c=0 is equal to
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4. The length of perpendicular of the point (x;, y:) from the straight line

1.

ax+by+c=0is equal to

ax, + by, +c|

Jarror |

. A set of lines satisfying a given condition is called a family of lines. A family

of lines can be represented by linear equation in x and y involving one
arbitrary constant, which is called the parameter of the family of lines
under consideration.

TEST YOURSELF

. The mid-points of the sides of a triangle are (2, 1) (-5, 7), (-5 7), (-5, -5).

Find the equations of the sides.

. Find the equation of the straight line whose inclination is 1359 and is at a

distance of 2 units from the origin. Also sketch the line.

. Find the equation of the straight line whose x-intercept is 12 and is at a

distance of 12 units from the origin. Also sketch the line.

. Find the equation of the straight line whose nearest point to the origin is

(-3, -2).

. Find the acute angle between the lines y- V3x—6=0 and \/gy -x+1=0.

. Find the orthocenter of the triangle whose vertices are (-1, -1), (2, 4) and

(5, 1).

. Find the circumcentre of the triangle whose vertices are (-2, 2), (2, -1) and

(4, 0).

. Find the point on the line x + y = 4 which is at a unit distance from the line

4x+3y-10=04.
Answers

6x—Ty+79=0, 6x+7+65=0, x- 2 =0.

2.xc0s45% + ysin45° =2ie.,x+y—-22 =0, xc0s 225" + ysin225° =2i.e., x+y+24/2=0
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3. x 12 +y El =12 ie., 12x+5y-156=0, x 12 +y 2 =12
13 13 13 13

Le., 12x- Sy — 156 = 0.

3 2 .
4. x| ——— |+ y| ——— |=+13 ie., 3x+2y+13=0.
( «/13j y( «/13j

5,5) 7. [3 éj 8. (-7, 11), (3, 1).

2°2 2’2
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SECTION -C

0. CIRCLES

LEARNING OBJECTIVES

Definition of a circle

Standard form of the Equation of a Circle.

General form of the Equation of a Circle, its Radius and Centre.
Equation of a Circle when the Coordinates of End Points of a Diamete
are Given.

DEFINITION OF A CIRCLE

A circle is the locus of a point which moves so
that its distance from a fixed point is constant.

Moving point

Radius
The fixed point is called the centre of the circle and

the constant distance is called the radius of the Centre
circle.

STANDARD FORM OF THE EQUATION OF A CIRCLE

Let C(h, k) and r be the centre and radius of a Y%
circle respectively.

Let P(x, y) be a general point on the circle.

By definition, PC=r.

Jx=h) +(=k)* =7
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= (x-h2+(y-k2=r2 .. (1)

This is the required equation of the given circle and is called the standard
form of the equation of a circle.

If in the equation (x—#)’ +(y—k)* =72,

(i) 7 > O, then there do exists points which satisfies the equation. In this case,
the circle is called a real circle.

(ii) 72 = O, then there exists just one point, namely C(h, k) which can satisfy the
equation. In this case, the circle is called a point circle.

(iii) 72 < O, then there does not exist any point which may satisfy the equation.
In this case, the circle is called an imaginary circle.

Remark 1. If centre of a circle is at the origin, then the equation of circle is in

the form (x—0)’ +(y—0)’ =r? or x2+ y2=r2. (r is the radius of circle)
Remark 2. The equation of the circle with centre (h, k) and radius 7 is

(x=h)+(y—-k)> =r>.

This can be written as (xz —2hx+h2)+(y2 —2ky+k2): re.

= x4+ y° =2hx—2ky+(h* +k>—=r*)=0

= x> +y* +2gr+2gy+c=0, where g=-h, f=-kand c= h?2 + k2 - r2,

. The equation of any circle can be expressed in the form
xX2+y2+2gx+2fy+c=0.

Example 1. Find the equation of the circle whose centre is at (-3, -2) and radius
equal to 7.

Sol. Here (h, k) = (-3, -2) and r= 7.

Using (x— h)2 + (y — k)2 = 2, the equation of the circle is
(x+3)"+(y+2)° =(7)°.

= X2 +y2+6x+4y-36=0.
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GENERAL FORM OF THE EQUATION OF A CIRCLE, ITS
RADIUS AND CENTRE

Let us consider the equation x>+ +2gx+2fy+c=0

This implies (x> +2g0)+ (> +24)=—c.

— (xz+2gx+g2)+(y2+2ﬁ/+f2):g2+f2—c

= (x+e)’+(y+ ) =g’ +f*~c

2
= (=) + (= = e+ 77 =) - (2)
Equation (2) represents a circle in the standard form whose centre is at (-g, -f}

and radius equal to g’ +f’ —c.
g’ +f*—c>0 = radius=+g’+f*—c>0

Equation (2) (i.e., (1)) represents a real circle.
g’+f -c=0 = radius=+0=0
Equation (1) represents a point circle.
g’+f?-c<0 = radius is imaginary

Equation (1) represents an imaginary circle with real centre and
imaginary radius.

Thus, we see that the equation (1) represents a circle. This is called the general

form of the equation of a circle.

. The general second degree equation ax2 + 2hxy + by2? + 2gx + 2fy+c = 0
represents a circle if (i) a =b and (ii) h = 0.

Remark. The general equation of the circle x*>+y°+2gx+2fy+c=0contains
three constants g, f and c. Thus is order to fix the position of a circle, three
independent conditions are required.
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Example 2. Find the centre and radius of the circle x> +y* —4x+6y=5.
Sol. The given equation is x° +y> —4x+6y =5 (1)
= (x* —4x)+ (> +6y)=5 = (x> —4x+4)+(>+6y+9)=4+9+5
= (=22 +(r+3)2=18 = (x-2)2+(y—(-3)’ =(32)> e(2)

Equation (2) represent a circle, in the standard form, whose centre is at (2, -3)
and radius equal to 2.

Alternative method. The given equation is x*+y> —4x+6y =35 (1)
= x?+y?—4x+6y-5=0.
Comparing this equation with equation of circle in general form

x*+y +2gx+2fy+c=0, we get g=-2, f=3, c=-5.

Centre = (-g, -f] = (-(-2), -3) = (2, -3)

Radius = g2+ /> +c =(-2)* +(3)> —(-5)

=+/4+9+5 =\/§:3\/§.

Example 3. Find the equation of the circle whose radius is 5 and which touches

the circle x” + y2 - 2x — 4y — 20 = 0 externally at the point (5, 5).
Sol. Given circle is x* + y’ - 2x -4y —20 = 0.
Here g=-1, f=-2, ¢=-20

Center = (-g, -f) = (1, 2)

and radius = /g’ + f* —c=4/1+4+20=5
Let B(h, k) be the centre of the required circle.
" (5, 5) is the mid-point of BA.

_h+1 _h+2

5 and 5

Equation of required circle is
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(x=9)" +(y=8)" =(5)".
X2 +y2-18x - 16y + 120 = 0.

SHORT ANSWER TYPE QUESTIONS
. Find the equation of the circle having :

(i) centre at (1/2, 1/4) and radius 1/12

(ii) centre at (-a, -b) and radius~va> —b>  (iii) centre at (a, a) and radius +2a

(iv) centre at (acos6,asin§) and radius a.

. Find the centre and radius of the circle given by :

(i) x> +y>—6x+12y-75=0 (ii) 2x* +2y° —x=0

(iii) 4x°> +4y* +12ax—6ay—a’ =0 (iv) x* + y* —2axcos@—2aysind =0.

. Show that Ax*>+ 4y*> + Dx+Ey+F =0 represents a circle. Find its centre and
radius.

. Determine whether the following equations represents a circle, a point
circle or no circle :

i) x> +y°+x—y=0 (i) x*+y>-3x+3y+10=0

(iii) x* + y* +2x+10y+26=0.

. Find the equation of the circle whose centre is (h, k) and which passes
through the point (p, g).
. Find the equation of the circle whose centre is at (4, 5) and which passes

through the centre of the circle x*+y> +4x-6y-12=0.

. Find the equation of the circle whose centre is (2, 3) and which passes
through the point of intersection of the lines 3x—2y—-1=0 and x+y-27=0.

. Show that the radii of the circle x?,y*=1, x*+3y>-2x-6y—-6=0 and
x*+y>—4x—-12y-9=0 are in A.P.
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LONG ANSWER TYPE QUESTIONS
. Find the equation of the circle passing through the points :
(i) (1, 0), (-1, 0) and (0, 1) (i) (1, -2), (5, 4) and (10, 5).

. Find the equation of the circle which passes through the origin (0, 0) and
cuts off chords of length 4 and 6 on the positive sides of the x-axis and
y-axis respectively.

. Find the equation of the circle which passes through the origin and cuts off
intercepts 3 and 4 from the positive parts of x-axis and y-axis respectively.

. Find the equation of the circle which passes through the origin and the
points where the line 3x + 4y = 12 meets the coordinates axes.

ANSWERS
1. (i) 36x” +36y° —36x—18y+11=0 (i) x> +y> +2ax+2by+2b> =0
(iii) x> +y* —2ax—2ay =0 (iv) x> +y* —2axcos@—2aysin@ =0
2. (i) (3, 6) ;24/30 (ii) (1/4,0). 1/4  (iii) (-3a/2. 3a/4); 7a/4

(iv) (acos@,asinb);a

E D’ +E>-44F
24

4. (i) Real (ii) Imaginary (iii) Point circle

5. x> +y* =2hx-2ky—p* —q> +2ph+2gk=0 6. x> +y* -8x—10y+1=0
7. x>+’ —4x—6y-237=0 9. () x *+y *=1

(i) x>+ —18x+6y+25=0 10. x> +y° —4x-6y=0

11. x> +y”> -3x-4y=0 12. x> +y* —4x-3y=0.
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EQUATION OF A CIRCLE WHEN THE COORDINATES
OF END POINTS OF A DIAMETER AREA GIVEN

Let A(xi, yi1) and B(x2, y2) be the end points of a

circle.
P(x, y)

Let P(x, y) be a general point on the circle
B(x,, ¥,)

PA | PB

(slope of PA) x (slope of PB) = -1

y_yl Xy_yz =_1
X=X X=X,

= -y)y-y)=-(x-x,)
= (x-x1) (x-X2)+(y-yi1)(y-y2) =0.
This is the required equation of the circle.

Example 4. Determine the equation of the circle if (3, 2) and (-1, 6) are the end

points of a diameter of the circle.

Sol. Let P(x, y) be a general point on the circle.
PA | PB
Slope of PA x Slope of PB = -1

y=2_y-6

X =—1
x—3 x+1

= y2—2y—6y+12:—(x3—3x+x—3)
= xX2+y2-2x-8y+9=0

This is the required equation of the circle.




Applied Mathematics

SHORT ANSWER TYPE QUESTIONS

. Find the equation of the circle when the end points of a diameter are :

(1) (57 _3) and (27 _4) (11) (p; q) and (r; S)‘

. The line 2x -y + 6 = 0 meets the circle x> +y’>-2y-9=0at A and B. Find the
equation of the circle on AB as diameter.

. Find the equation of the circle drawn on the intercept made by the line
2x+3y =6 between the coordinates axes as diameter.

. If one end of a diameter of the circle x*+y’>-4x-6y+11=0 is (8, 4), show
that the coordinates of the other end are (-4, 2).

LONG ANSWER TYPE QUESTIONS

. The sides of a square are x =6, x =9,y = 3 and y = 6. Find the equation of
the circle drawn on the diagonal of this square as a diameter.

. Find the equation of the circle drawn on a diagonal of the rectangle as its
diameter whose sides are given by x=5, x=8,y =4,y = 7.

. On the line joining (1, 0) and (3, 0) an equilateral triangle is drawn, having
its vertex in the first quadrant. Find the equations of the circles described
on its sides as diameter.

. Find the equations of the circles which pass through the origin and cuts off
equal chords of length ‘a’ from the straight linesy = xand y = -x.

Answers
) xXP+y?=Tx+T7y+22=0 (ii) x> +y* —(p+r)x—(g+s)y+pr+gs=0
x P+ y +4x—4y+3=0 3. x7+y*-3x-2y=0

X 4yt =15x-9y+72=0 6. x> +y> —13x-11y+68=0

X7 +yT—4x+3=0, x* +y° —3x—\/§y+2=0,x2 +y° —5x—\/§y+6:O

. x2+y2i\/§ax:0,x2+y2i\/§ay:0.
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SUMMARY

. A circle is the locus of a point which moves so that its distance from a fixed
point is constant.

The fixed point is called the centre of the circle and the constant distance is
called the radius of the circle.

. If (h,k) and r be respectively the centre and radius of a circle, then the
equation of the circle is (x—h)> +(y—k)* =r>.
. The equation x’+y’+2gx+2fy+c=0represents the circle whose centre and

radius are (-g,—f) and /g’ +f’—c respectively.

. If (x1, y1) and (x2, y2) are the coordinates of the end points of a diameter of a
circle, then the equation of the circle is (x—x,)(x—x,)+(y—y,)(¥y—»,)=0.

TEST YOURSELF

. Find the equation the circle passing through the point of intersection of the
lines x + 3y = 0 and 2x - 7y = 0 whose centre is at the point of intersection
of thelines x+y+1=0and x-2y + 4 =0.

. Find the equation of the circle which touches both axes at a distance of 6
units from the origin.

. Show that the centres of the circles x*>+y* —4x—6y—12=0,x" +y> +2x+4y—10

=0 and x° +y° —10x—16y—1=0are collinear. Find the equation of the line on
which the centres lie.

. Find the equation of the circle with the line joining the centre of the circles
x*+y*+6x—14y—-1=0 and x* +y* —4x+10y—-2=0as a diameter.

. Find the equation of the circle circumscribing the rectangle whose sides are
x-3y=4, 3x+y=22, x-3y=14and 3x+y=62 .

. Find the point of intersection of the circle x> +y* =25 and the lines x + y = 5.

. For what value of k will the line 4x+3y+k =0 touches the circle 2x* +2y* =5x?
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. Show that the line y= x+k+2 touches the circle x2 + y2 = k2.

Answers
X7+t +4x-2y=0 2. x*+y° —12x-12y+36=0 3. 5x-3y-1=0

XY +x—2y—41=0 5. x> +y*=27x-3y+142=0 6. (5, 0), (O, 5)
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SECTION-D

PLOTTING OF CURVES

e Introduction
e Plotting of Curve of y = f(x), where f(x) is a Linear Function of x.
o Plotting of Curve of y = f(x), where f(x) is a Quadratic Function of x.

INTRODUCTION

When a point P(x, y) moves under a given set of conditions then the path
traced by the point Pis called the curve (or graph) of P. In the present chapter,
we shall confine only to the plotting of curves when they y-coordinate of the
point P is of the form f{x), where f{x) is a linear (or quadratic) function of the
x- coordinate of P.

PLOTTING OF CURVE OF y = f(x), WHERE f(x) IS A
LINEAR FUNCTION OF x

Let y = flx), where fix) = ax + b. The curve of this function is always a straight
line. The constant a may or may not be zero.

Casel.a=0

y = ax+ breduces toy = b.

The curve of this function is a straight line parallel
to x-axis and at a distance of b (with due regard to
sign) from it. If a is +ve, the line is above x-axis. If a
is zero, the line coincides with x — axis. If a is —ve,
the line is below x — axis.
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In the adjoining figure the linesy =4,y = 0 and y = -2 are shown.
Case Il. a=0

We have y = ax + b. The curve of this function is a straight line. We known that
only two points are sufficient to fix the position of a line. We gives three
convenient values to x and find the corresponding values of y. We plot these
three points and join them to get the required straight line represent by the
function y = ax + b. It is advisable to find three points on the line instead of two
points. If these three points do not lie on the line then it is confirmed that some
mistake has occurred in finding the points on the line.

Example 1. Draw the graph of the function f given by

X
O for 0<x <1

fx)=49 5 for 1 <x <4

—x+4 for 4 <x <5

X
i for 0<x <1

Sol. The given function is f(x) = = for 1 <x <4

—x+4 for 4 <x <5
0 < x < 1. In this interval, flx) = x.
". The graph will be straight line.
For x=0,y=0.Forx=1,y=1.

" (0, 0), (1, 1) are on the graph.

We take these points on the graph and join them.

1 < x < 4. In this interval f{x) = -x

. The graph will be straight line.

For x=1, filx) = ﬂ:1. Forx=4,ﬂx)=%:0.

" (1, 1) and (4, 0) are on the graph.

We take these points on the graph and join them.
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4 < x < 5. In this interval, f{x) = -x + 4.
. The graph will be a straight line.
For x=4,f[x)=-4+4=0.Forx=35, flJy=-5+4=-1.

The point (5, -1) will be excluded from the graph, because 4 < x < 5. We take
these points on the graph and join them.

The graph of the given function is shown in the figure.

SHORT ANSWER TYPE QUESTIONS

Draw the graph of the following functions :

l.y=3 2.y=-5 3.y=2x+3
1-—x,

S5.y=-x+5 6.y=-3x+9 7.y=41,
x+1,

Answers
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PLOTTING OF CURVE OF y = f(x), WHERE f(x) IS A
QUADRATIC FUNCTION OF x

Let y = fln), where filx) = ax” +bx+c, a# 0. This function is also called parabolie
function. The graph of this function is always a parabola opening either
upward or downward. We have y=ax’ +bx+c.

> b’

_ (2.0 _ 2 ,0b
y=a/ x +—x|tc=al x" +2—x+—F——
a 2a  4a” 4a

b ? 4ac—b*
y=a/x+—| +
2a 4q

2
The least value of [x+2ij is zero and that will be so when x= —Zi.
a a

4ac—b* B 4ac—b*
4a

When x=--2, y=a(0)’+
2a

52
The point (—i,ﬂj is the vertex of the parabola.

2a da
_ 2

If a > 0, then by (1), the value of y will be greater than 4a2 for every value of
a

x other than —i .

2a
y> 4ac — b’
- 4a
Example 2. Draw the graph of the function

a>0 = . The parabola will open downward.
y=2x>+8x+3 .

Sol. The given function is

y=2x">+8x+3 (1)

The graph of this function is a parabola.
Here, coefficient of x? =2 (> 0).

. The parabola will open upward.

(1) = y=2(x2+4x)+3

=2(x" +4x+4)-8+3
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=2(x+2)* -5
y = 2(x+2)*-5
The least value of y is -5 and this is so when
X+2=0 1ie., x=-2.
. The vertex is (-2, -5).
Now we take some points on the graph :

x 5 -4 -3 2
13 3 3 5

The graph of the given function is shown in the figure.

SHORT ANSWER TYPE QUESTIONS

Draw the graph of the following functions :

1. y=x"+2x-3 2. y=x>-2x+3 3. y=2x>+3x-5

4. y=4x>-12x+9.

Answers
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SECTION-D

TRANSLATION OF AXES

¢ Introduction
e Translation of Axes

INTRODUCTION

It is sometime convenient to solve a problem by changing the position of
coordinate axes. The change may involve a change of origin or may involve
rotation of axes or both type of changes. A change of origin without changing
the directions of coordinate axes is called translation of axes. In this chapter
we shall consider only the method of translation of axes. This technique is also
used for finding the foci, vertices, directrices etc., of a conic when its equation
is given.

TRANSLATION OF AXES

Let XOX’ and YOY’ be a system of rectangular coordinate axes with origin O. let
P(x, y) be a general point in the plane. Y W\ YA

P(xy)
Let X;0:X;” and Y;0;Y;’ be a system of another 1

coordinate axes such that:

(i) X:0:1X;:’ is parallel to XOX’

(ii) Y:0:Y;:  is parallel to YOY'.

Let (h, k) be the coordinates of the point O; w.r.t.
new axes.

Now x=0OM=ON+NM =ON+O;M; =h+ x;
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Also y=PM=M;M+ M;P =01N+M1P=k+y1
x=x1+h and y=y:1+k

Remark. The above transformation equations also holds good even if h or k or
both h and k are not positive.

Aid to memory. If the new origin is (h, k), then we have
(i) old x-coordinate = new x-coordinate + h.

(ii) old y-coordinate = new y-coordinate + k.

WORKING RULES FOR SOLVING PROBLEMS
Step I. Let the axes be translated so that the new origin is the point (h, k).
Step II. Let (x1, Y1) be the coordinates of the point (x, y), under the translation.
Step IIl. Putx=x;+handy=y: +k.

Step IV. Simplify the given equation. The gives the required equation.

Example 1. Find the new coordinates of the following points if the origin is
shifted to (-3, -2) under a translation :

Q) (1, 1) (i) (-2, 1) (iii) (5, 0) (iv) (-1, -2).

Sol. New origin is (-3, -2). Let (x, y) be the coordinates of a general point
referred to original axes and let (xi, y1) be the coordinates of the same w.r.t.
Nnew axes

x=x,+(-3)=x,-3 and y=y +(-2)=y, -2.

x,=x+3 and y1 +y+2
i x=1,y=1 = x1=1+3=4 and y1=1+2=3
New coordinates of (1, 1) are (4, 3).
({i)x=-2,y=1 = x=-2+3=1and y1=1+2=3
New coordinates of (-2, 1) are (1, 3).
(i) x=5,y=0 = x1=5+3=8 andy1=2+0=2

New coordinates of (5, O) are (8, 2).
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(iv) x=-1,y=-2 => x=(-1)+3=2 and y1=(-2)+2=0
. New coordinates of (-1, -2) are (2, O).

EXERCISE 22.1
SHORT ANSWER TYPE QUESTIONS

. Find the new coordinates of the following points if the origin is shifted to
(2, -7) under a translations of axes :

(i) (1, 4) (ii) (O, -3) (iii) (-3, -5) (iv) (-8, 0).

. (i) Transform the equation x + y + 2 = O when the origin is shifted to the
point (1, 2), after translation of axes.

(ii) transform the equation 2x — 3y + 5 = O when the origin is shifted to the
point (3, -1) after translation of axes.

. What does the equation x*+y'—-4x—6y+11=0become, when the origin is

shifted to the point (1, 1) after translation of axes ?

. On shifting the origin to (4, -5), the axes remaining parallel to the original
axes, the equation of a curve becomes x — 6y + 9 =0. Find the original
equation of the curve.
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SUMMARY

1. A Change of origin without changing the directions of coordinate axes is
called a translation of axes.

. If the new origin is (h, k), then
(i) old x - coordinate = new x — coordinate + h.
(ii) old y — coordinate = new y — coordinate + k.

TEST YOURSELF

. Transform the equations :
(i) xy—x—y+1=0 (ii) x> +xy—3x+2=0
when the origin is shifted to (1, 1).

. Verify that the area of the triangle with vertices (2, 3), (5, 7) and (-3, -1)
remains invariant under the translation of axes when the origin is shifted
to the point (-1, 3).

Answers
1. () xy=0 (ii) x> +xy=0.
Hint
2. Vertices under the new system are (2 -(-1),3-3), (5-(- 1), 7-3) and

(=3—(=1),~1-3).
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SECTION-D

PARABOLAS

LEARNING OBJECTIVES

Conic Section

Definition of a Parabola

Equation of a Parabola in the General Form
Equation of a Parabola in the Standard Form
Some Definitions Related to a Parabola

Four Standard Forms of Parabola

Position of a Point with Respect to a Parabola
Problems Based on Translation of Axes

COIN SECTION

When a double-napped right circular hollow cone extending infinitely far in
both direction is intersected by a plane, the curve so
obtained is called a conic section. The shape of the conic
section depends upon the position of the intersecting
plane. Let o be the semi-vertical angle of the cone and let
p be the angle made by the intersecting plane with the

axis of the cone.

Case I. Plane passing through the vertex and o < f<
900

In this case, the section of the come is a point.

Case II. Plane passing through the vertex and f=c.
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In this case, the section of the cone is a straight line. We have already learnt
that the equation of a straight line is of the form ax+by+c—0.

T

7I3
—
—

a,

i
AW

Case 11 Case III Case IV

Case III. Plane passing through the vertex and 0 <f<«.

In this case, the section of the cone is a pair of intersecting straight lines.

Case IV. Plane not passing through the vertex, cutting only one nappe and
£ = 900,

In this case, the section of the cone is a circle.

Case V. Plane not passing through the vertex, cutting only one nappe and

f=a.

In this case, the section of the cone is a parabola.
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Case VI. Plane not passing through the vertex, cutting only one nappe and
a < <900,

In this case, the section of the cone is an ellipse.

Case VII. Plane not passing through the vertex, cutting both nappes and
O<f<a .

In this case, the section of the cone is a hyperbola.

In the following chapters we shall study parabola, ellipse and hyperbola in
detail. We shall consider these conic sections as plane curves and define these
conic sections alternatively in terms of some specific points and lines lying in
the plane containing the conic section.

DEFINITION OF A PARABOLA

A parabola is the locus of a plant which moves so that
its distance from a fixed point is equal to its distance
from a fixed line.

Moving point

The fixed point and the fixed lien are respectively
called the focus and the directrix of the parabola.

EQUATION OF A PARABOLA IN THE GENERAL FORM

Let S(h, k) and ax+by+c=0be the focus and the directrix of a parabola

respectively.
Let P(x, y) be a general point on the parabola.

". By definition, PS = length of | from Pto ax+by+c=0

ax+by+c
Na’ +b?

(a2 + b?) [(x — h)? + (y - k)?] = (ax + by + c).

Jax-h)? +(y—k)* =
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This is the equation of the required parabola.

Example 1. Find the equation of the parabola whose focus and directrix are
respectively (3, - 4) and 6x -7y + 5= 0.

Sol. Let P(x, y) be a general point on the parabola.

. By definition, distance of P from (3, - 4) is equal to the distance of P from the
directrix 6x—-7y+5=0.

= PS = PM

6x—-T7y+5

= Jx=3)+(y+4)’ = a0

=0

= 85(x>+9—-6x+y’ +16+8y)

6x-7y+5

=36x> +49y° +25-84xy—70y +60x

Or 49x> +36y° +84xy—570x+570y+2100 =0

Or (7x + 6y)2 - 570x - 750y + 2100 = 0.

This is the equation of the required parabola.

EQUATION OF A PARABOLA IN THE STANDARD
FORM

Let S be the focus and K;K>, the directrix of a parabola. Draw SZ perpendicular
to K;K». Let A be the middle point to SZ.

ox

By definition, A lies on the parabola. Let A be the
origin and AX and AY as coordinate axes.

X+a

Let AS =a.

DIRECTRIX

N

. The equation of the directrix is x + a = O and the
focus is S(a, 0).

Let P(x, y) be a general point on the parabola.

By definition, PS =PM
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X+a

N12 402

= x*+a’-2ax+y’ =x>+a’ +2ax

Jx—a)* +(y-0)* =

=|x+aq

= y2 = 4ax.
This is the required equation of the parabola in the standard form.

Remark. The parametric equations of the parabola y’ =4ax are x=at’,y=2at,

where tis the parameter.

SOME DEFINITIONS RELATED TO A PARABOLA

The equation of a parabola in the standard form is y® =4ax, where a is some

positive constant.

(i) The line through the focus and
perpendicular to the directrix is called the axis
of the parabola. For the parabola y* =4ax,0X
is the axis. A parabols is always symmetric
about its axis, because if (x, y) is on the
parabola, then (x, -y) is also on the parabola.

(ii)) The point of intersection of the parabola
and its axis is called the wvertex of the
parabola. For the parabola y?2 = 4ax, the point
O is the vertex.

(iii) The double ordinate at the focus is called the latus rectum of the parabola.
For the parabola y? = 4ax, the focus is (a, 0).
Putting x = ain y? = 4ax, we get
y? =4a(a) = 4a?
Le., y=*2a.

The coordinates of the double ordinate at the focus are (a, 2a) and (a, -24q).

347
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The latus rectum of the parabola is equal to the distance between the
points (a, 2a) and (a, - 2a) and this is equal to 4a.

Latus rectum = 4a.

FOUR STANDARD FORMS OF PARABOLA

There are four standard forms of parabola with vertex at the origin and axis
along either of coordinate axes.

1. Right handed parabola. The equation of this
type of parabola is of the form y*> =4ax,a>0.

For this parabola :
i. x > 0, so that parabola opens to the right
of the origin.
ii. Vertex : (O, O)
iii. Focus : (a, 0)
iv. Directrix : x+ a=0
v. Latus rectum : 4a
vi. Axis : y=0
vii.Symmetry : It is symmetric about x- axis.

| DIRECTRIX

X+a=0

2. Left handed parabola. The equation of this type of parabola is of the form

y? =—dax,a>0.

For this parabola : Lsp

i. x < 0, so the parabola opens to the left ' ‘
of the origin.

ii. Vertex : (0, 0)

iii. Focus : (- a, 0)

iv. Directrix : x—a=0

v. Latus rectum : 4a

vi. Axis : y =0

vii. Symmetry : It is symmetric about x —
axis.

DIRECTRIX

x-—a=0

3. Upward parabola. The equation of this type of parabola is of the form
x* =—4ax,a>0.
For this parabola :
i. y > 0 so the parabola opens upward of the origin.

ii. Vertex : (0, 0)




iii. Focus : (0, @)

iv. Directrix: y+ a=0

v. Latus rectum : 4a

vi. Axis : x=0

vii. Symmetry : It is symmetric about y-axis.

4. Downward parabola. The equation of this type

of parabola is of form x* =—4ax,a>0.

For this parabola :
i. y <0, so the parabola opens downward of
the origin.
Vertex : (0, O)
Focus : (0, - g
Directrix : y—a=0
Latus rectum : 4a
Axis : x=0
vii. Symmetry: It is symmetric about y-axis.

ii.
iii.
1v.
V.
vi.

Example 2. An equilateral triangle is inscribed in the parabola y?
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Y4

o
Il
»

(0, a)

X 0o
_Y+a=0

: X
DIRECTRIX

DIRECTRIX _

z

(0,-a)

o
n
>

¥

= - 8x, where

one vertex is at the vertex of the parabola. Find the length of the side of the

triangle.

Sol. The given equation is y? = - 8x.

= y’=-4(2)x = y*> =—-4ax, where a=2 > 0.

This represents a parabola with vertex at (0, 0)
and axis along OX.

A

e

Let AOB be the equilateral triangle. Let AB = 2k.

OD= A0co0s30° =2k . ? —J3k

and  AD=AOsin30° = 2k. %:k.

. Coordinates of A are (— \/gk,k) .

Since A lies on y* = -8x,we have k* = —8(— \/gk) or k=83.

. Side of triangle = 2k = 2(8\/5 ) = 16+/3 units.
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Example 3. The towers of a bridge, hung in the form of a parabola, have their
tops 30 metres above the road — way and are 200 metres apart. If the cable is 5
metres above the road-way at the centre of the bridge, find the length of the
vertical supporting cable 30 metres from the centre.

Sol. Let ABC be the bridge with B as the lowest point. Let the horizontal
through B and in the plane of the bridge be taken as the x-axis. Let vertical
through B be the y-axis.

o5 C(100, 25)

T

25m

P(30, h)
B | -7 - 30 m
5m |5 X i
Roadway T

200 m

. ABC is a parabola with axis along y-axis and opening upward.
Let its equation be x> =4ay, where a is some + ve constant.
The coordinates of C are (100, 25) and it lies on the parabola.

2
L _ (100)
100

=N (100)2 = 4a(25) = =100

. The parabola is x’> =4(100)y ie., x° =400y.
Let P(30, h) be the point on the parabola 30 metres from the centre.

_900 9

(30)> =400k or h =
400 4

Length of vertical supporting cable 30 metres from the centre

=5+2=7lm.
4 4
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POSITION OF A POINT WITH RESPECTTO A
PARABOLA

Let y’=4axbe a parabola and let P(x,,y,) be any B v1)

point. From P draw PR | OX meeting the parabola at

. . . Q(x,,
O(x,,y,), produce if necessary. Since Q(x,,y,)lies on itk

the parabola, we have

a
R

J’22 = 4ax,

Now P lies outside or on or inside the parabola

according as
PR> QR or PR=0R or PR<QR

ie, PR>>QR’ or PR* =QR*> or PR* <OR’

. 2 2 2 2 2 2
Le, Yy >, or > Y or > W

ie., Yyi12>4ax; or y12 = 4 ax1 or y12 < 4ax;.

Example 4. Find the position of the points (2, 3), (2, -4), (3, 7) w.r.t. the parabola
y? =8x.

Sol. We have y2 = 8x.

At (2,3), ' -8x=(3)"-8(22)=-7<0 ie, y2<8x

" (2, 3) is inside the parabola.

At (2, - 4), > —8x=(-4)"-8(2)=0 ie., y2=8x

-3, 7), y> —8x=(7)"-8(3)=25>0 ie., y2>8x

" (3, 7) is outside the parabola.

WORKING RULES FOR SOLVING PROBLEMS
Rule I.  For the right handed parabola, y* =4ax,a >0, we have :
(i) vertex : (0, 0) (ii) focus : (a, 0O)  (iii) directrix : x + a = 0
(iv) latus rectum = 4a (v) axis : y = 0.
Rule II. For the left handed parabola, y*> =-4ax,a >0, we have :
(i) vertex : (0, 0) (ii) focus : (-a, 0) (iii) directrix : x -a = 0
(iv) latus rectum = 4a (v) axis :y = 0.
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Rule III. For the upward parabola, x* =4ay,a>0, we have :
(i) vertex : (0, 0) (ii) focus : (0, @)  (iii) directrix : y + a =0
(iv) latus rectum = 4a (v) axis : x = 0.

Rule IV. For the downward parabola, x* =—4ay,a >0, we have :
(i) vertex : (0, 0) (ii) focus : (0, -a) (iii) directrix :y-a =0
(iv) latus rectum = 4a (v) axis : x = 0.

Rule V. The point P(xi, yi) lies outside, on inside the parabola y? = 4ax
according as y. >4ax,,y; =4ax,,y; <4ax,.

SHORT ANSWER TYPE QUESTIONS

. Find the equation of the parabola whose focus and directrix are
respectively:
i (2,0)and x=-2 (ii) (6, 0) and x=-6
(iii) (O, -2) and y = 2 (iv) (0,-3)andy =3
(v) B,-4)and x+y-2=0 (vi) (6,-3)and 3x—-5y+ 1=0.

. Find the equation of the parabola whose focus is (a, b) and directrix is

RS A

a b

. Find the coordinates of a point on the parabola y*> =18x whose ordinate is

equal to three times its abscissa.

. At what point of the parabola x> =9y is the abscissa three times that of

the ordinate?

. Find the position of the points (0, 3), (2, 4\/5), (4, 1), (5, 3) w.r.t. the
parabola y* =16x.

. If the parabola y* =4axpasses through the point (9, -12), then find the

value of a.
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LONG ANSWER TYPE QUESTIONS

7. Find the vertex, focus, directrix, lature rectum and axis of the parabola :
i) y2=10x (ii) y2=-8x
(iii) x2 = 6y (iv) x2 = - 9y.

8. A double ordinate of the parabola y2 = 4ax is of length 8a. Show that the
lines from the vertex to its ends are at right angle.

. PQ is a double ordinate of a parabola y2 = 4ax. Find the locus of its points
of trisection.

. Find the equation of the parabola with vertex at the origin and satisfying
the additional condition :
(i) focus at (O, 6) (ii) focus at (3, 0)
(iii) directrix : x+ 3 =0 (iv) directrix : y+ 2 =0
(v) axis along x-axis and passing through (2, 3)
(vi) axis along y-axis and passing through (2, -4)
(vii) passing through (5, 2) and symmetric with respect to y-axis.

Answers

1. (i) y*=8x (ii) y? =24x (iii) x> =-8y (iv) x> =—12y

(v) x> =2xy+y° —8x+20y+46=0
(vi) 25x% +30xy+9y° —414x+214y+1529=0
2. (ax—-by)*-2a’x-2b’y+a*+a’b* +b* =0 3. (2, 6)
4. (3, 1) 5. Outside, on, inside, inside
7. () (0,0),(5/2,0), x+5/2=0, 10 units,y =0
(ii) (0, 0), (-2,0), x-—2 =0, 8units,y=0
(iii) (O, 0), (0, 3/2),y +3/2 =0, 6 units, x=0
(iv) (0,0), (0,-9/4)y—-9/4=0,9 units, x=0
9. 9y? = 4ax
10. (i) x2 = 24y (ii) y2 = 12x (iii) y2 = 12x

(v) 2y2 = 9x (Vi) x2 = -y (vii) 2x2 = 25y.
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PROBLEMS BASED ON TRANSLATION OF AXES

Example 5. Find the vertex, focus, directrix and axis of the parabolas :

(i) (y—ﬂ)2 =4a(x—a),a>0 (ii) (x—a)* =4a(y-a),a>0.

Sol. (i) We have (y-p)’ =4a(x—a).

Let x=a+X and y=4+Y. .. (1) = Y?>=4aX,a>0
This represents a parabola opening on the right of Y-axis.
vertex = (0, 0), focus = (a, 0).
Directrix : X+a=0, axis : Y=0.
With respect to original axis,
vertex = (¢ +0,4+0)=(a, B)
focus = (a+a,+0)=(a+a,p)
Directrix: x-a+a=0, axis: y—f=0.
(i) We have (x-a)’ =4a(y—a),a>0.
We shift the origin to (&, f).
Let x=a+X and y=pg+Y. .. (1) = X’=4aY,a>0
This represents a parabola opening above X-axis.
vertex = (0, 0), focus = (0, q).
Directrix : Y+a=0, axis: X=0.
With respect to original axis vertex = (a +0, /)’+0)= (a,p) .
focus = (@ +a,f+a)=(a, f+a)
Directrix : y—f+a=0,axis: x—-a =0.

Example 6: Show that the following equations represent parabolas. In each
case, find vertex, axis, focus, directrix, latus rectum. Also draw rough sketch.

354
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3y —10x-12y-18=0
Sol. The given equation 3y -10x-12y-18=0.
= 3y* =12y =10x+18

3(p? —4y+4)=10x+18+12 or 3(y—2)> =10(x+3)
10
(y—2)2 :?(x+3) ....(2)

Let the origin be shifted to (- 3, 2) and let (X, Y) be the coordinates of the point
(x,y) w.r.t. new axis.

x=-3+Xandy=2+Y

(2 = Y2=%X or Y2=4[%jX or Y’=4aX, where a=%>0

", (3) represents a parabola opening on the right of Y-axis.

With respect to new axes.

vertex = (0, 0), axis is Y =0, focus = (a, 0) = [% ,Oj, differentis X +a=0

Le., X+%: 0, latus rectum =4a :4(%J :?.

We have x=-3+X and y=2+Y.
. With respect to original axis,

vertex = (-3+0,2+0)or (-3, 2), axisisy -2 =0,

focus = (—3+%,2+0J or (—%,2} , directrix is

(x+3)+%:0 or x+%=0, latus rectum = ?

The rough sketch of the parabola is shown in the figure.
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EXERCISE 23.2
LONG ANSWER TYPE QUESTIONS

Show that the following equations represent parabolas. In each case, find
vertex, axis, focus, directrix, latus rectum. Also draw rough sketches :

1. y°-8y—x+19=0 2. 4y’ +12x-20y+67=0
3. x*=5y+4x+9=0 4. x> —6x+y+14=0.

Answers

1. (3,4)y = 4,(%4}—2 =0,

4
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SUMMARY

. A parabola is the locus of a point which moves so that its distance from a
fixed point is equal to its distance from a fixed line.

The fixed point and the fixed line are respectively called the focus and the
directrix of the parabola.

. A second degree equation represents a parabola if and only if the second
degree terms form a perfect square.

TEST YOURSELF

. Find the vertex, focus, directrix, axis and latus rectum of the parabola,
y: =4x+4y.

. For the parabola y*> =4px, find the extremities of a double ordinate of length
8p. Prove that the lines from the vertex to its extremities are at right angle.

. At what point of the parabola x2, 9y, the abscissa is three times that of the
ordinate ?

. Show that the line y = mx + ¢ touches the parabola y’ =4a(x+a),if ¢ =am + 4
m

Answers
1.(-1,2),(0,2), x+2=0,y-2=0,4

2. (4p, 4p), (4p - 4p)
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SECTION-D

I ELLIPSES

LEARNING OBJECTIVES

Definition of an Ellipse

Equation of an Ellipse in the General Form

Equation of an Ellipse in the Standard Form

Existence of a Second Focus and a Second Directrix for the Ellipse
A Property of Ellipse

Some Definitions Related to an Ellipse

Two Standard Forms of Ellipse

DEFINITION OF AN ELLIPSE

An ellipse is the locus of a point which moves so
that its distance from a fixed point is in a
constant ratio, less than one, to its distance from
a fixed line.

Moving point

Directrix

The fixed point is called the focus of the ellipse.
The fixed line is called the directrix of the ellipse.
The constant ratio (< 1) is called the eccentricity
of the ellipse and is denoted by e.

EQUATION OF AN ELLIPSE IN THE GENERAL FORM

Let S(h, k) and ax+by+c=0be the focus and directrix of an ellipse respectrively.

Let e(< 1) be the eccentricity of the ellipse. Let P(x, y) be a general point on the
ellipse.
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By definition, PS = e (length of | from Pto ax + by + ¢ = 0)

ax+by+c

\/(x—h)2 +(y—k)® = e ——cc
Na’ +b®
= (a?2+b?) [(x-h)? + (y- k)?] = e? (ax + by + c)%.
This is the equation of the required ellipse.

Example 1. Find the equation of the ellipse, whose focus, directrix and

eccentricity are respectively (-1, 1), x—y + 3 = 0 and % .

Sol. The focus, directrix and eccentricity of the

ellipse are respectively, S(-1, 1), x—y + 3 = 0 and %

Let P(x, y) be a general point on the ellipse.

.. Distance of P from the focus (-1, 1) is equal to %

times the distance of P from the directrix x—y+3=0.

= PS=%PM

: _ 2_1 x—y+3
Je+D)2+(y-1) ==

= 8(x” +14+2x+y> +1-2y)=x>+y> +9-2xy -6y + 6x
= T7Tx?2+T7Ty2+2xy+ 10x-10y + 7 =0.

This is the equation of the required ellipse.

EQUATION OF AN ELLIPSE IN THE STANDARD FORM

Let S and K;K> be the focus and the directrix of an ellipse. Draw SZ 1 KK, . Let
e(< 1) be the eccentricity of the ellipse.
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Let A be on SZsuch that SA=eAZ
Produce ZS to A’such that SA’=eAZ
By definition, A and A’lie on the ellipse.
Let AA’= 2a and let C be the middle point of AA’
(2)+ (1) = SA’+SA=eAZ+eAZ
AA’ = ¢e[(CZ +A’C) + (CZ - CA)]

2a=e. 2CZ

cz=4
e

(2) - (1) = SA’-SA=eAZ-eAZ

=  (CS+CA)—(CA-CS) = eAZ—eAZ

= 2CS = €](CA + CA) - (CZ - AQ)]

= CS=es e (4)

Let C be the origin, CA’, the axis of x and a line through C perpendicular to
AA’, the axis of y.

. The coordinates of focus S are ( -ae, 0) and the equation of the directrix
KiK> is
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Let P(x, y) be a general point on the ellipse.
By definition, PS = ePM

x+ 2
\/(xwtae)2 +(y—0)2 =e ¢

V1% +0?

\/x2 +a’e’ +2aex+y’ =e

2

x> +y° +2aex +a’e’ =e

x>+’ +2aex+a’e’ =e’x* +a’ +2aex

(- 4yt =atoet) = 4 I
a’> a*(1-¢%)

2

g—zzl, where b=a+1-¢e”.

This is the required equation of the ellipse in the standard form.

Remark. The derivation of this equation is not required from the examination
point of view.

EXISTENCE OF A SECOND FOCUS AND A SECOND
DIRECTRIX FOR THE ELLIPSE

Let S’ be on the positive side of the centre C, such that CS’ = CS = ae.

. The coordinate of S’ are (ae, 0).

Let Z’ be on the positive side of the centre C, such that CZ’= CZ= —.
e

Draw K’;1K’> perpendicular to ZZ’ at Z’.

The equation of the line K’;K” is x=2 ie, x-2=0. Draw PM’ | Ki’ K2’
e e

361
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Equation (5) is x° +y” +2aex+a’e’ =e’x*> +a’ +2aex.
x*+yi+ate’ =e’x? +a’

2 2 22 2.2 2
X" +y  —2aex+ae =e x" +a” —2aex

2
(x—ae)’ +y? zez(x2 +a——2ﬂj

62 e

2
(x—ae)® +y° =€2(X—£j
e

a
xX——

J(x—ae)® +(y-0)* =e——=—| = PS’ = ePM".

. For any point P on the ellipse, the distance of P from S’is e times its
distance from K;’K>’.

.. We would have obtained the same ellipse if we had started with focus S’ and
directrix K;’K2’ and with eccentricity e.

. There exist a second focus and a second directrix for the ellipse.

2 2

Remark. The parametric equations of the ellipse x—2+z—2:1 are x = a cos b,
a

y = b sin @ ,where @ is the parameter.

A PROPERTY OF ELLIPSE

The sum of focal distances at any point on the ellipse is equal to the
length of its major axis.

P(x, y) is a general point on the ellipse.
Sum of focal distance of P(x, y) = PS + PS’=e PM + e PM’

e(PM + PM) = e. MM’ = e. ZZ’

e. 2CZ =2¢.4 =24 = A4
e
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= length of major axis.

. The sum of focal distance of any point on the ellipse is equal to the
length of the major axis.

SOME DEFINITIONS RELATED TO AN ELLIPSE

2 2

The equation of an ellipse in the standard form is x—2+y—:1, where a is some

a’ b’
constant, b=a+l-e’ and e is the eccentricity of the ellipse.

(i) AA’and BB’ are respectively called the major axis and the minor axis of
2 2

the ellipse x_2+y_2 =1. Since CA = a, the major axis is equal to 2a. Putting x =0
a b

2 2

in —2+Z—2:1, we get y==b. Thus, coordinates of B and B’ are (0, b) and (0, -b)
a

respectively. Therefore, minor axis is of length 2b. An ellipse is symmetric
about its major axis and minor axis both.

(ii)) The point of intersection of the major axis and the minor is called the
centre of the ellipse. For the above ellipse, C(0,0) is the centre.

(iii) The points of intersection of the Va
ellipse and its major axis are called the ’

i i . o.b)|g Latus rectum
vertices of the ellipse. For the ellipse (0.b) |B
2

Y

~—=1, the points A and A’ are the
b

vertices.

(iv) The double ordinate at a focus is

called the latus rectum of the ellipse. For
2 2
the ellipse, x_2+)b}_2:1’ a focus is (ae, 0).
a

2 2

Putting x = ae in —2+Z—2=1, we get
a

2

2
A y:ib«/l—ezzib(EJ:ib—.

b? a a
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. The coordinates of the double ordinate at the focus (ae, O) are (ae, b2/a) and
(ae, -b2/q).

The latus rectum of the ellipse is equal to the distance between the points
(ae, b2/ a) and (ae, -b?/a) and this is equal to 2b?/a.

Latus rectum = 2b2/a.

2 2

Remark 1. For the equation x—2+)b}—2:1, we have b=a+1-¢" .
a

= b’=d’(-€*) = b’=a’-a’e® = a’e’=a’-b

, _a’—=b’ Va® -b’

= e . = e=— " (v eis +ve)
a a

Remark 2. Since avl-e¢® < a, we have b < a.

2 2

Remark 3. For any point (x, y) on the ellipse x—2+z—2 =1,
a

2

2
We have x_2:1_y_2
a b

<1 ie, x*’<a’ or -a<x<a.

The ellipse lies between the lines x = -a and x = a and touches these lines.

2 2
X

yz =1- 2

b a

Also, <lie,y2<b? or -b<y=<h.

The ellipse lies between the lines y = - b and y = b and touches these lines.

TWO STANDARD FORMS OF ELLIPSE

There are two standard forms of ellipse with centre at the origin and axes along
coordinate axes. The foci of the ellipse are either on the x-axis or on the y-axis.

1. Foci along x-axis. The equation of this type of ellipse is of the form




Applied Mathematics

For this ellipse :

(i) Centre : (0, 0) (ii) Vertices : (+a,0)

(iii) Foci : (+ae,0) (iv) Directrices : x=+%
e

(v) Major axis : 2a (vi) Minor axis : 2b

(vii) Equation of major axis : y =0 (viii) Equation of minor axis : x=0

2

(ix) Latus rectum = —
a

(x) Symmetry: It is symmetric about both axes.

2. Foci along y - axis. This equation of this type of
2 2

ellipse is of the form x—2+y—2:1, where a >b >0.If e
a

be the eccentricity of this ellipse, then b=a+1-e”.

For this ellipse:

i. Centre : (O, O)

ii. Vertices : (0, aq)

iii. Foci : (0,% ae)

iv. Directrices : y = ta/e

v. Major axis :2a

vi. Minor axis : 2b

vii. Equation of major axis : x =0
viii. Equation of minor axis : y = 0
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ix. Latus rectum = —
a

x. Symmetry : It is symmetric about both axes.

2 2

Remark 1. The equation x7+y_ =1 always represents an ellipse whenever/ = m .
m

If I > m, then the foci of the ellipse are along x- axis and if [ < m, then foci of the
ellipse are along y-axis.

Remark 2. If in a question, an ellipse is to be found out in the standard form
then it is always assumed that the foci of the ellipse are along x-axis,
unless the contrary is stated explicitly.

Example 2. For the ellipse x2 + 3y? = a?, find the length of major and minor axes,
foci, vertices and the eccentricity.

2

2
Sol. The equation of the ellipse is x2 + 3y2 = a2. .. x—2+ 3/3 =1. ...(1)
a a
Since a? > a?/3, the major axis, foci and vertices are along x-axis. Let b2 = a2/ 3.

x2 y2
(].) f— a_2+b_2:1

. . \/az—b2 \/az—a2/3 2 6 . . . .
Eccentricity, e= = =,—= 3 major axis = 2a, minor axis
a a

=2b= Z(Lj = 2\3/5 a,foci = (i ae,O) = [i a 36 ,OJ and vertices = (ir a,O).

NG

Example 3. Find the equation of the ellipse whose foci are (-2, 3) and (2, 3) and

whose semi-minor axis is \/g .
Sol. Given foci are S (-2, 3) and S72, 3).
SS’ =4

Let 2a, 2b, e be the major axis, minor axis and eccentricity of the ellipse
respectively.

Using SS’= 2ae, we have 4 =2ae or ae = 2.

Also b =a’(1-¢’) = b =d*~a’¢ = (5] =a®-(2)
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= a’=9 = a=3
Let P(x, y) be any point on the ellipse.

We know that the sum of focal distances of any point on the ellipse is equal to
the length of the major axis.

PS + PS’=2a

Jax+2)2 +(y=3) +4/(x=2) +(y=3)> =2(3)

\/x2 +4x+4+y° —6y+9 :6—\/x2 —4x+4+y° —6y+9

X2 +dx+4+y> —6y+9=36+(x> —4x+4+y> —6y+9)

—12\/x2 —4x+4+1>—6y+9

12y/x% + % —4x—6y+13 =—8x+36

3x? + )% —4x—6y+13 =—(2x—9)
9(x*+y* —4x—6y+13)=(4x> —36x+81)

5x2 + 9y2 - 54y + 36 = 0.

WORKING RULES FOR SOLVING PROBLEMS

2 2

Rule I. Ifl and m are unequal positive numbers, then the equation T+y— =1

m
always represents an ellipse.
(i) If Il > m, then the foci of the ellipse are along the x-axis.

(ii) If I < m, then the foci of the ellipse are along the y-axis.

2 2 [ .2 2
Rule II. For the ellipse, x—2+z—2 =1,a>b >0, we have : e :a—b, centre :
a a

(0, 0), vertices : (0O, ta), foci: (0, tae), directrices : y = ta/e, major

axis =2a, minor axis = 2b, latus rectum = 2b?/a.
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2 2

Rule III. For the ellipse, z_z+y_z =1,a>b >0, we have : e :—b, centre :
a a

(0, 0), vertices : (0, ta), foci: (0, tae), directrices : y = *a/e, major

axis =2a, minor axis = 2b, latus rectum = 2b?/a.

SHORT ANSWER TYPE QUESTIONS

. Find the equation of the ellipse whose focus, directrix and eccentricity are
respectively :

i) (0,3),x+7=0ande=1/3 (i) (4,0),y-3=0and e =1/2

(iii) (-2, 3),2x+3y+4=0and e=4/5 (iv) (-1, 1), x-y+3=0and e=1/2.

. Find the equation of the set of all points whose distance from (0, 4) are %of

the distance from the line y = 9.
LONG ANSWER TYPE QUESTIONS

. Find the eccentricity, foci, directrices, major axis, minor axis and latus

rectum of the ellipse :

2 2 2 2 2 2
(i) =1 (if) o+ =1 (i) ——+2—=1.
16 7 25 16 169 25

. Find the eccentricity, foci, directrices, major axis, minor axis and latus

rectum of the ellipse :
2 2 2 2 2 2

(i) =+ =1 (if) = +2-=1 (ifi) ——+2—=1.
49 7 11 225 289

Answers
1. (i) 8x*+9y> —14x-54y+32=0 (i) 4x>+3y° -32x+6y+55=0
(iii) 261x” +181y> —192xy +1044x 2334y +3969 =0

(iv) 7x*> +7y° +2xy+10x—10y+7=0 2. 9x> +5y* =180
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32

3. (i) 5

(i) 2 (+12,0), x = + 92 2610 22
3 2 3

N

8

4. (i) ,(0,£4/5), y_ii,6,4,_

3 J5 3

2\/ 11 14
i) =~ (0,£2), y =+ —,24/11,2/7, —
) 2 NiT

(111) (0,_8) +& ,34,30, 450
8 17

Example 4. Find the equation of the ellipse whose axes are parallel to the
coordinate axes having its centre at the point (2, -3), one focus at (3, -3) and one
vertex at (4, -3).

Sol. We have : centre = (2, -3), one focus = (3, -3), one vertex = (4, -3).

Let the origin be shifted to (2, -3) and let (X, Y) be the coordinates of the point
(%, y) w.r.t. new axes.

x=2+Xand y=-3+Y
With respect to new axes: centre = (2, -2, -3 + 3) = (0, 0),
one focus = (3, -2, -3+ 3) = (1, 0), one vertex = (4 -2, -3 + 3) = (2, 0).

Since one focus and one vertex are on X-axis, both foci are on X-axis.

2 2

XY
Let the equation of the ellipse be —2+b—2 =1, where a>b >0and b=aVl-¢".
a

Here foci are (+ae,0) and vertices are (+4,0).
Since a> 0, we have a=2 and ae =1.
Now b=avl-ée* .

= br=a’(l-e’)=a’-a’e*=12)* -(1)>=3 =b=+3

The equation of the ellipse is
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We have x=2+X and y=-3+Y

. With respect to original axes, the equation of the ellipse is

(-2 (+3f
4 3

LONG ANSWER TYPE QUESTIONS

Show that the following equations represent ellipses. In each case, find
centre, vertices, foci, eccentricity, directrices, latus rectum, major axis,
minor axis, equation of major axis, equation of minor axis. Also rough
sketches:

1. x*+4y* +2x+16y+13=0 2. x*+2y” =2x+12y+10=0

3. 25x%+9y% —150x—-90y+225=0.

YA _
Answers -

(V3-1,-2) X

1. (-1, -2), (-3, -2) and (1, -2),

N

(_\/§ _1> _2) and (\/§ _1> _2)7 ;a

:_la 1> 47 27 y:—23X=—1

4
+
V3

2. (1, -3), (-2, -3) and (4, -3),

(_%+1,_3j and %m%

x=1342+1, 3,6, 342, y=-3,x=1
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3. (3, 5), (3, 0) and (3, 10),

4 5 45
3,1)and (3,9), —,y=—-"and y=—.
(3, 1) (3,9 V=77 y=

18

b

10,6, x=3,y = 5.
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SUMMARY

. An ellipse is the locus of a point which moves so that its distance from a
fixed point bears a constant ratio (less than one) to its distance from a fixed
line.

. The fixed point and the fixed line are respectively called the focus and the
directrix of the ellipse. The constant ratio is called the eccentricity of the
ellipse.

TEST YOURSELF

. Find the equation of the ellipse whose focus, directrix and eccentricity are

(1,-2),3x-y+1=0and e= Lrespectively.

V2

. Find the equation of the ellipse in the standard form whose minor axis is
equal to the distance between foci and whose latus rectum is 10.

. Find the equation of an ellipse, the distance between the foci is 8 units and
the distance between the directrices is 18 units.

Answers
1. 11x2 + 19y2 + 6xy — 46x + 82y + 99 =0

2. X2+ 2y%2 =100 3. 5x2 + 9y2 = 180.
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SECTION-D

D5 HYPERBOLAS

LEARNING OBJECTIVES

Definition of a Hyperbola

Equation of a Hyperbola in the General Form

Equation of a Hyperbola in the Standard Form

Existence of a Second Focus and a Second Directrix for the Hyperbola
A Property of Hyperbola

Some Definitions Related to a Hyperbola

Two Standard Forms of Hyperbola

Problem Based on Translation of Axes

DEFINITION OF A HYPERBOLA

A hyperbola is the locus of a point which
moves so that its distance from a fixed point is
in a constant ratio, greater than one, to its Moving point
distance from a fixed line.

The fixed point is called the focus of the .
hyperbola. The fixed line is called the
directrix of the hyperbola. The constant ratio
(> 1) is called the eccentricity of the
hyperbola and is denoted by e.
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EQUATION OF AHYPERBOLA IN THE GENERAL
FORM

Let S(h, k) and ax+by+c=0 be the focus and directrix of a hyperbola

respectively. Let e(> 1) be the eccentricity of the hyperbola. Let P(x, y) be a
general point on the hyperbola.

By definition, PS = e (length of | from P ax+by+c=0)

ax+by+c
Va® +b’

= (a2 + b?) [(x-h)2 + (y-k)?] = e?(ax + by + c)2.

Jx—h)? +(y—k)* =e

This is the equation of the required of the hyperbola,

Example 1. Find the equation of the hyperbola, whose focus, directrix and
eccentricity are respectively (3, 0), 4x — 3y = 3 and 5/4.

Sol. The focus, directrix and eccentricity of the hyperbola are respectively,
S(3, 0), 4x—- 3y - 3 =0 and5/4.

Let P(x, y) be a general point on the hyperbola.

. Distance of P from the focus (3, 0) is equal to 5/4 times the distance of P
from the directrix 4x-3y-3=0.

= PS=%PM

2 2 5 4x_3y_3
-3 == = -
V=37 + ()" =7 =5 ‘

= 16(x* +9—6x+y*)=16x> +9y* +9—-24xy —+18y —24x

= Ty?2+ 24xy-T72x- 18y + 135 = 0.

This is the equation of the required hyperbola.
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EQUATION OF AHYPERBOLA IN THE STANDARD
FORM

Let S and K;:K> be the focus and the directrix of a hyperbola. Draw SZ L K K, .
Let e(> 1) be the eccentricity of the hyperbola.

K,
Let A be on SZsuch that SA=eAZ

Produce SZto A’such that SA’=eAZ

By definition, A and A’lie on the hyperbola.

Let AA’= 2a and let C be the middle point of AA’
(2)-(1) = SA’-SA=eAZ-eAZ

=N AA’=¢[(AC+CZ) - (CA-CZ)] = 2a=e 2CZ

= cz=42
e

(2) + (1) = SA’+SA=eAZ+eAZ
= (A'C+CS) - (CS-AQ) = €[(A’C + CZ) + (CA - CZ)]

= 2CS=eAA’=e.2a = CS=es
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Let C be the origin, CA, the axis of x and a line through C perpendicular to
A’ A, the axis of y.

. The coordinates of focus S are (ae, 0) and the equation of the directrix
KiK> is

Let P(x, y) be a general point on the hyperbola.

By definition, PS = ePM.

x—2
\/()c—ae)2 +(y—0)" =¢e—5=

\/x2 +a’e’ —2aex +y’ =e

2

x>+ y® —2aex +a’e’ =e

x> +y?> —2aex+a’e’ =e’x* +a’ —2aex

(1-e)x*+y*=a’(1-e*) = (e’-Dx*—y>=a’(e’ 1)

2 2

X Y

a’ _02(62 —-1) -

2 2
x_z—;:—zzl, where b=a+e? -1.

a

This is the required equation of the hyperbola in the standard form.

Remark. The derivation of this equation is not required from the examination
point of view.
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EXISTENCE OF A SECOND FOCUS AND A SECOND
DIRECTRIX FOR THE HYPERBOLA

Let S’ be on the line SC produced, such that CS’ = CS = ae.

. The coordinate of S’ are (-ae, 0).

Let Z’ be on the negative side of the centre C, such that CZ’= CZ = a.
e

Draw K’;1K’> perpendicular to ZZ’ at Z’.

The equation of the line K’/ K’is x= -2,
e

ie., x+&-0. Draw PM’ | Ki’ K2’

e
Equation (5) is x> +y> —2aex+a’e’ =e’x’ +a’ +2aex.
x*+yi+ate’ =e’x? +a’

x*+y’ +2aex+a’e’ =e’x* +a’ +2aex

2
a
(x+ae)’ +y’ :ez(x2 +—2+—J
e e

2
(x+ae)® +y° :ez(x—i-ﬁj
e

a
X+ —
\/(x+ae)2 +(y-0) =e—- = PS’=ePM".

VI +0°

. For any point P on the hyperbola, the distance of P from S’is e times its
distance from the line K;’K>".

.. We would have obtained the same hyperbola if we had started with focus S’
and directrix K;’K2’ and with eccentricity e.

. There exist a second focus and a second directrix for the ellipse.
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2 2
Remark. The parametric equations of the hyperbola x—z—Z—zzl are x = a secl,
a

y = b tan § ,where @ is the parameter.

A PROPERTY OF HYPERBOLA

The difference of focal distances at any point on the hyperbola is equal to
the length of its transverse axis.

P(x, y) is a general point on the hyperbola.
Difference of focal distance of P(x, y)
= PS-PS’=e PM-e PM’

e(PM - PM)

e. MM’ =e. ZZ = e. 2CZ =2¢.£ =24 = 44"
e

= length of transverse axis.

.. The difference of focal distance of any point on the hyperbola is equal
to the length of the transverse axis.

SOME DEFINITIONS RELATED TO A HYPERBOLA

2 2

The equation of a hyperbola in the standard form is ——y—:l, where a is

2 2
a b

some constant, h=a+e’ —1 and e is the eccentricity of the hyperbola.

(i) AA’and BB’ are respectively called the transverse axis and the conjugate
2 2

axis of the hyperbola x—z—Z—z =1, where B(0, b) and B(O, -b) are points on the y-
a

axis.

Since CA = q, the transverse axis is equal to 2a. Since BB’ = 2b, the conjugate
axis is equal to 2b. A hyperbola is symmetric about its transverse axis and
conjugate axis both.
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———

(ii)) The point of intersection of the transverse and conjugate axis is called the
centre of the hyperbola. For the above hyperbola, C(0,0) is the centre.

(iij) The points of intersection of the hyperbola and its transverse axis are
2 2

called the vertices of the hyperbola. For the hyperbola, x—z—;—zzl , the points
a

A and A’ are the vertices.

(iv) The double ordinate at a focus is called the latus rectum of the hyperbla.
2 2

Y

For the hyperbola, x—z—b—z =1, a focus is (ae, 0).
a

2 2 2 2
. _oxk oyt (ae)” y°
Putting x = ae in a—z—b—z—l, we get 2 _b_2_1 .

2 2
2}—2262—1 = y:ib\/ez— =ib(éj:ib—.
a

a

. The coordinates of the double ordinate at the focus (ae, O0) are (ae, b2/a) and
(ae, -b2/q).

The latus rectum of the hyperbola is equal to the distance between the
points (ae, b2/ a) and (ae, -b2/a) and this is equal to 2b2/a.

Latus rectum = 2b2/a.
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2 2

Remark 1. For the equation x—z—;—zzl , we have b=ave’ —1.
a

=  b’=d’(’-1) = b’=d’e’-a’ = a’e’=a’+b’

, a’+b’ a’+b’ .
Ikl AN TS (-
a a

= e e is +ve)

Remark 2. Either b< a, or b > a.
For example, if e = 1.2, then b=a4/(12)° ~1=a+y0.44 < a
If e= 1.8, then b=a4(18)’ —1=ay/02.24 > q

TWO STANDARD FORMS OF HYPERBOLA

There are two standard forms of hyperbola with centre at the origin and axes
along coordinate axes. The foci of the hyperbola are either on the x-axis or on
the y-axis.

1. Foci along x-axis. The equation of this type of hyperbola is of the form

For this hyperbola :
(i) Centre : (0, O)
(ii) Vertices : (£a,0)

(iii) Foci : (+ae,0)

S'.

(~ae, 0)] A’

(iv) Directrices : x = +2
e

g m————

(v) Transverse axis : 2a

(vi) Transverse axis : 2b

(vii) Equation of transverse axis : y =0
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(viii) Equation of transverse axis : x=0

%
a

(ix) Latus rectum =

(x) Symmetry: It is symmetric about both axes.

2. Foci along y - axis. This equation of this type of hyperbola is of the form

2 2
y—z—z—zl, where a ,b > 0. If e be the eccentricity of this hyperbola, then
a

b=ae’ —1.

For this hyperbola:

i. Centre : (O, O)
ii. Vertices : (0, aq)

iii. Foci : (0,% ae)

iv. Directrices : y = ta/e

v. Transverse axis :2a

vi. Transverse axis : 2b

vii. Equation of transverse axis : x=0
viii. Equation of conjugate axis : y = 0
2b°

a

ix. Latus rectum =

x. Symmetry : It is symmetric about both axes.

2 2

Remark 1. The equation T_y_ZI’ where [, m > O, always represents a

m
hyperbola with foci x-axis.

2 2

The equation T m =1, where [, m > 0, always represents a hyperbola with foci
m

along y — axis.

Remark 2. If in a question, a hyperbola is to be found out in the standard form
then it is always assumed that the foci of the hyperbola are along x-axis,
unless the contrary is stated explicitly.
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2 2

Remark 3. For any point (x, y) on the hyperbola x—z—Z—zzl, we have
a

xZ y2

_2:1+sz1 Le.,x2>a?or x<-aor x> a.

a

. The hyperbola has two branches, one in the half-plane x < - a and the other

in the half-plane x > a.

2 2 2
y -0 .. *
Also, b—z—a—z—lzl—l—Ol.e., y2>0 or —wo<y<w. ( xzzazja—zzlj

. The ordinate of a point on the hyperbola may have any real value.

Example 2. For the equation of the set of all points such that the difference of
their distances from (4, 0) and (-4, 0) is always equal to 2.
Sol. Let P(x, y) be any point on the locus. e
XY,

|PA—-PB| =2

PA-PB= %2

PA=PB %2

Ja=47 (=00 +1/(x +4) +(y—0)* 2

Jx + 92 —8x+16=4/x? +)* +8x+16 +2

x> +y° —8x+16=(x2 +y° +8x+16)+4i4\/x2+y2 +8x+16

+4yx> +y° +8x+16 =—16x—4

i\/x2 +92 +8x+16 =—(4x+1)
x*+y? +8x+16=16x" +8x+1

15x2 - y2 = 15.

This is the equation of the locus. This represents a hyperbola.
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WORKING RULES FOR SOLVING PROBLEMS

2 2

Rule I. Ifl and m are positive numbers, then the equation xT_y_ =land

m

2 2
yT_X_ =1always represents hyperbolas.
m

2 2

(i) For the hyperbola xT_y_ =1, the foci are along the x-axis.

m

2 2

(ii) For the hyperbola yT_x_ =1, the foci are along the y-axis.
m

2 2 [ 2 2
Rule II. For the hyperbola, x—z—z—zzl, a, b > 0, we have : e:a—+b’ centre :
a a

(0, 0), vertices : (ta, 0), foci : (£ ae, 0), directrices : x = ta/e, transverse

axis = 2a, conjugate axis = 2b, latus rectum = 2b?/a.

2 2 [ 2 2
Rule III. For the hyperbola, Z—z—y—z =1, wherea > b > 0, we have : e =a—+b,
a a

centre : (0, 0), vertices : (0, *a), foci: (0, tae), directrices : y = ta/e,

transverse axis =2a, conjugate axis = 2b, latus rectum = 2b2/a.

SHORT ANSWER TYPE QUESTIONS

. Find the equation of the hyperbola whose focus, directrix and eccentricity
are respectively :

i) (0,4),y+3=0and e=4/3 (ii) (5,0),x—4=0and e =2
(iii) (1, 2), 2x+y -1 =0 and e=43 (iv) (6, 0), 4x—-3y -6 =0and e=5/4.

. If the length of the transverse axis and conjugate axis are respectively 3 and
4, then find the equation of the corresponding hyperbola in the standard
form.
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LONG ANSWER TYPE QUESTIONS

3. Find the eccentricity, vertices, foci, directrices, transverse axis, conjugate

axis and latus rectum of the hyperbola :
2 2 2 2

X y o X y 2 2
i) ———=1 i) ——=—=1 iii) 4x° —-25y° =100.
i) 75— T (i) y

. Find the eccentricity, vertices. foci, directrices, transverse axis, conjugate

axis and latus rectum of the hyperbola :
2 2
N X 2 2
i) =———-—=1 iii) 16y~ —9x° =144.
(i) 5 (i) 16y

Answers
1. (i) 9x*> —=7y* -168y =0 (i) 3x> -y’ -22x+39=0
(iii) 7x* —2y* +12xy—2x+14y-22=0 (iv) 7y> +24xy—144x-36y+540=0
2. 16x* -9y* =36.

3. (i) V14 /3,(£3,0), (£4/14,0),4/14x -9 = 0 and +/14x+9=0, 6 units, 2v/5 units,
10/3 units.

(i) 5/2+/3,(£2+/3,0), (£5,0),5x 12 = 0,4+/3 units, 2+/13 units, 13/+/3 units.

(i) @,(ﬁp),(i J29.0)x =+ 2210 units, 4 units, %units.

J29

4. (i) 3/2, (0, £4), (0, £6), 3y £8 = 0, 8 units, 445 units, 10 units

(ii) v7/2(0, £6), (0, £3y7), 7y £12 = 0, 12 units, 63 units, 9 units

(iii) % (0, £3),(0,£5), y =+ % 6 units, 8 units, % units.

PROBLEM BASED ON TRANSLATION OF AXES

Example 4. Find the equation of the hyperbola whose foci are (6, 4) and (-4, 4)
and eccentricity is 2.

Sol. The foci are (6, 4) and (-4, 4).
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6+(-4) 4+4
2 72

Centre = ( j =(1,4)

Let the origin be shifted to (1, 4) and let (X, Y) be the coordinates of the point
(%, y) w.r.t. new axes.
x=1+Xand y=4+Y
With respect to new axes,

Foci are = (6, -1, 4 - 4) = (5, 0)and (- 4 - 1, 4 - 4) = (-5, 0). These foci are on
X-axis.

Let the equation of the hyperbola be

X r* 1 2
_Z_b_Z:I, where a ,b > 0and b=a+e” 1.
a

e=2 = b=aJd—1=13a

Foci are (ae, 0) and (-ae, 0). .. ae=35

a@)=5 =bh=1, Also b:ﬁa:ﬁ(gj:¥

2 2 4X° 4y?
The hyperbola is X 1 or + =1

yooo_
2 5@2_ 25 75
) %)

or 12X2 - 4Y2 = 75.

We have x=1+X and y=4+Y
. With respect to original axes, the equation of the hyperbola is
12(x—1)> —4(y—-4)> =75
12x> —24x+12-4y? +32y—64-75=0

12x2 - 4y2 - 24x + 32y - 127 = 0.




Applied Mathematics

EXERCISE 25.2
LONG ANSWER TYPE QUESTIONS

Show that the following equations represent hyperbolas. In each case, find
centre, vertices, foci, eccentricity, directrices, latus rectum, transverse
axis and conjugate axis:

1. 9x*-16y° +18x+32y-151=0 2. 9x°-16y° —18x+32y-151=0
3. 4x*-5y° -8x-30y-21=0. 4. 4x* -y’ +8x+6y+11=0
Answers
. (-1, 1), (-5, 1) and (3, 1), (-6, 1) and (4, 1), %,5x+ 21 =0and 5x-11 =0,
%units, 8 units, 6 units
. (1, 1), (-3, 11) and (5, 1), (-4, 1) and (6, 1), %,5x+ 11=0and 5x-21 =0,

%units, 8 units, 6 units.

. (1,-3), (1, -5) and (1, -1), (1, -8) and (1, 0), % 3y+13=0and 3y +5 =0,

5 units, 4 units 245 units.

;s

. (-1, 3), (-1, 1) and (-1, 7), (1, 3 -2+/5) and (1, 3 + 2+/5), 75,y=3i%, 2

units, 8 units, 4 units.
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SUMMARY

. A hyperbola is the locus of a point which moves so that its distance a fixed
point bears a constant ratio (greater than one) to its distance from a fixed
line.

. The fixed point and the fixed line are respectively called the focus and the
directrix of the hyperbola. The constant ratio is called the eccentricity of
the hyperbola.

TEST YOURSELF

. Find the equation of the hyperbola whose focus, directrix and eccentricity
are respectively:

i) ((2,0),x-y=0and e=2 (i) (2, 1), x+2y-1=0and e= 2.

. Find the axes, eccentricity, foci, directrices and length of latus rectum of
the hyperbola 3xZ — y2 = 4.

. Find the equation of the hyperbola satisfying the following conditions :
(i) One focus at (4, 2), centre at (6, 2) and e = 2.
(ii) One focus at (5, 2), one vertex at (4, 2) and centre at (3, 2).

Answers

1. (i) x> +y*> —dxy+4x—4=0 (i) x* —11y* —16xy—12x+6y+21=0

2. 2,(ii0j,x=ii,4«/§ 3.(i) 3x> —y* —36x+4y+101=0

V3’ V3

(ii) 3x* —y* —18x+4y+20=0.
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SECTION-D
POLAR COORDINATES

LEARNING OBJECTIVES

Introduction

Polar Coordinates System

Conversion of Polar Coordinates to Cartesian Coordinates and Vice-
Versa

INTRODUCTION

We are well versed with the rectangular system of coordinates. In this system a
point is located by its distance from two perpendicular axes. There are various
types of coordinate systems. In this chapter, we shall study a new type of
coordinate system in which the coordinates of a point in a plane are its
distance from a fixed point and its direction from a fixed line. This system of
coordinates is called the polar coordinates system.

POLAR COORDINATES SYSTEM

Let O be a fixed point and OX a fixed line. The point O is called the pole (or
origin) and the line OX is called the initial line (or polar axis). Let P be
anypoint in the plane of the paper. We join OP. SE

The position of the point P is clearly known . P(r, 6)
when the directed angle XOP and the directed
length OP are given. The directed angle 0 is
defined to be positive or negative according as
it is measured counter clockwise or clockwise
from the initial line OX. The directed distance
OP is defined as positive if measured from the initial OX. The directed distance

—
X

o

388
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OP is defined as positive if measured from the pole along the terminal side of
angled and negative if measured along the terminal side extended through the
pole. Thus if # and r be the directed angle XOP and length OP respectively then
the polar coordinates of the point P are written as (r, 8 ). For a given point P,
we have a pair (r, ) of a polar coordinates. Conversely, given a pair (r, ), we
have a unique point in the plane.

The coordinates of the pole are (0, 6), whered may be any angle. Thus there
are infinitely many representations of the pole.

Illustrations:

1. In the given figure, angle XOP is 300 in the
counter clockwise direction. Also, directed
distance OPis 4.

P, (4, 30°)
4

The polar coordinates of the point P; are =,

(4, 300). f
P,(-2, 30°)

The directed distance OP» is -2 because the
distance of P> from O is 2 and it lies on the terminal side of angle 300 extended

through the pole.

.. The polar coordinates of the point P2 are (-2, 30°)

2. In the given figure, angle XOP is 430 in the
counter clockwise direction. Also, directed
distance OPis 5.

. The polar coordinates of the point P are (5, 40509).

The angle XOP in the clockwise direction is 3159.

The polar coordinates of the point P are
(5, -3159).

The angle XOP’ in the clockwise direction may also be considered as 2259
(=450 + 18009).

.. The polar coordinates of the point P can also be written as (-5, 2259).

Thus we see that the polar coordinates of a given point are not unique.
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3. Let directed angle of point P be 1500
and the directed distance of P be 2. The
polar coordinates of P can also be
expressed by any of the following pairs :
(2, 1509), (2, -2109), (-2, 3309), (-2, -
300).

. Let (r, @) be the polar coordinates of a point P.
Adding 3600 or any multiple of 360° to the
directed angle € does not alter the final position
of the revolving line. Thus, the polar coordinates
of P can also be given as (2 6+ n. 3609, where
nez.

Adding 180° or any odd multiple of 1800 to the directed angle 8 we get the
final position of the revolving lien which is same the terminal side of &
extended through the pole.

.. The polar coordinate of the point P can be written as (-r, § + (2n + 1)18009),
where neZ.

Example 1. Write three other pairs of polar coordinates for the points
represented by the following pairs fo coordinates, restricting the directed angle to
numerical values not exceeding 3600:

(i) (6, 309 (ii) (-4, 1200). . _~ (6, 30°)

Sol. (i) Given polar coordinates are (6, 309). We
know that the polar coordinates (r, § + n.3609)
and (-r, 0+ (2n + 1)1809), ne N represent the same
point as that by the polar coordinates (r, 8).

300 + 1.(3600) = 390°and | 390 | =390 > 360
300 + (-1)(3609) =-330°and | -330 | =330 < 360
300 + (2(1) + 1)180° = 570%and | 570 | =570 > 360
300 + (2(0) + 1)180° =210%and | 210 | =210 < 360
300 + (2(-1) + 1)180° =- 150°and |- 510 | = 150 < 360

300 + (2(-2) + 1)180° =-5109and |- 510 | =510 > 360
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.. The required other representations of given polar coordinates are (6, -3309),
(-6, 2109) and (-6, -15009).

(ii) Given polar coordinates are (-4, 1209). We know that
the polar coordinates (r, 8+ n. 360°) and (-r, 8+ (2n +
1)1809), ne N represent the same point as that by the
polar coordinates (r, &).

X

12009 + 1.(3609) = 480° and |480| =480 > 360

100 + (- 1) (360°) = -2400 and |- 240]| = 240 < 360

1200 + (2(1) + 1)180° = 6600 and | 660| = 660 > 360 ‘ (-4, 120°)

1200 + (2(0) + 1)180° = 300° and | 300| = 300 < 360
1200 + (2(-1) + 1)180° = -60° and | -60| = 60 < 360
1200 + (2(-2) + 1) 1800 = -4200 and |-420| = 420 > 360.

.. The required other representations of given polar coordinates are (-4, -2409),
(4, 300°) and (4, -609).

SHORT ANSWER TYPE QUESTIONS

1. Find the polar coordinates of the points given in the adjoining figure.
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Answers
1. A(3, 309), B(1, 1209), C(2, 2109

2. A4, -n/4), B4, n/4), C4, 3x/4), D3, Sr/4.

CONVERSION OF POLAR COORDINATES TO
CARTESIAN COORDINATES AND VICE-VERSA

Let (r, 8) be the polar coordinates of a point P. Draw OY perpendicular to OX.
We extend XO to X’ and YO to Y".

Considering XOX’ as x-axis and YOY’ as y- —
axis, we get a system of rectangular coordinates. Y4

Draw PM perpendicular to x-axis.

OO—Alf:cosé’ = OM = OP cosf = rcosd

and %:sinﬁ = MP= OPsinf =rsin 0.

. The cartesian coordinates of the point P(r, 8)
are (rcos@, rsin@).

Thus if the cartesian coordinates of P are denoted by (x, y) then we have
x=rcos 0 ...(1)
and y =rsiné ...(2)

Relations (1) and (2) are used to find the cartesian coordinates of a point if its
polar coordinates are given.

Squaring (1) and (2) and adding, we get

x> +y*> =r’(cos’ @+sin’ ) =r’

r=44x’ +y2

Also by dividing (2) by (1), we get
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y rsind
x rcos@

Y

tanfd == = @H=tan =
X

.4 (4)
X

The value of @ as given by (4) is not single value. Hence it is necessary to select
an appropriate value for d when applying this formula to find this coordinate of
point.

Relations (3) and (4) are used to find the polar coordinates of a point if its
cartesian coordinates are given.

Example 2. Find the cartesian coordinates of the points whose polar coordinates
are :

(i) (3, 609) (i) (-4, #/6)
(iii) (6, -27/3) (iv) (-5, =57/6).
Sol. (i) Let (x, y) be the cartesian coordinates of the point (3, 609).

x=rcos@=3cos60° :3(1 :E
2) 2

and y=rsin9=3sin60°=3[7

ﬁ}ﬂ

2

. The cartesian coordinates of the given point are (3/2, 343 /2).

(ii) Let (x, y) be the cartesian coordinates of the point (- 4, 76 ).

x=rcos@= —4cos% = —4[£j =243

2

and y=rsin¢9=—4sin£=—4[1—j=—2.
6 2

. The cartesian coordinates of the given point are ( —2./3, -2).

(iii) Let (x, y) be the cartesian coordinates of the point (6, -2 7 /3).
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. x=rcosf=6cos —2—” =6cos2—”=6cos 7Z'—£ :—6cos£
3 3 3 3

and y=rsinfd= 6sin[—2§j = —6sin2?ﬁ = —6sin(—7r—%j = —6cos%.

= _6[£j =33

2

. The cartesian coordinates of the given point are ( —3,-343 ).

(iv) Let (x, y) be the cartesian coordinates of the point (-5, -5 7 /6).

x=rcosf =-5cos —5—7[ =—5COSS—7Z-=—5C0S 7[—£
6 3 6

= (—5)(— cos %) - 5{£j 53

2 2

and y=rsinf =-5sin _z :5sin5—ﬁ:5sin ﬁ—zj.
6 6 6

=5sinZ =5 o3
6 2) 2

. The cartesian coordinates of the given point are (5\/§ /2,5/2).

EXERCISE 26.2
SHORT ANSWER TYPE QUESTIONS
. Find the cartesian coordinates of the points whose polar coordinates are:
i) (5,009 (ii) (4, 909) (iii) (3, 309)
(iv) (7, 4509) (v) (-3, 1209) (vi) (-5, 2709)
(vii) (2, -1500) (viii) (3, -4200) (ix) (-2, -1359)
(%) (-8, -39009).
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2. Find the polar coordinates of the points whose cartesian coordinates are:
(i) (2, 0) (i) (O, 4)

(iv) (1, 1)
3. Find the distance between the given pairs of points.
(i) (2, 309 and (4, 1209) (ii) (-3, 459 and (7, 1059).
4. Find the area of the triangle whose vertices are:

(@) (1, 309), (2, 609 and (3, 90°) (i) (-3, -309), (5, 1509) and (7, 2100).

Answers

ﬂzj

1. (i) (5, 0) (ii) (0, 4) (iii) ( )

(iv) (0, 7) ) 8 -2 vi) (0, 5)

2

(vii) (-+/3,-1) (viii) [g—ﬂ (ix) (v/2,+/2)

(®) (- 4+/3,4)
2. (i) (2, 09) (ii) (4, 900) (iii) (3, 300)
(iv) (V2 , 459)

3. (i) 2v/5units (ii) /79 units

743
4. (i) %(8—3\/5) sq. units (i) T\/_sq. units.
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SUMMARY

. In the polar coordinates system the coordinates of a point in a plane are
its distance from a fixed point and its direction from a fixed line.

. If the cartesian coordinates of the point (7, ) are (x, y) then x = r cos 6 and
y =rsinf .

. If the polar coordinates of the point (x, y) are (r, 6 ), then

r=tyx*+y’> and O tan~ 2
X

TEST YOURSELF

. Find the polar coordinates equation corresponding to the equation
xX+2y=6.

. Find the polar coordinates equation corresponding to the equation y2 = 6x.

. Find the polar coordinates equation corresponding to the equation xy = 4.

. Find the cartesian coordinates equation corresponding to the equation
r=2.

. Find the cartesian coordinates equation corresponding to the equation
0=60°.

4

. Find the cartesian coordinates equation to the equation r= 1=2cosp "
—2cos

Answers

1. r(cos@+2sind) =6 2. r=6cosfcosec’d

3. r* =8cosec20 4. x*+y* =4

5. y—3x=0 6. 3x> -y +16x+16=0.




